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Plane Quintic Curves which Possess a Group of Linear 

Transformations. 

By Virgil Snyder. 



1. Plane curves which are invariant under linear transformations are 
important because they furnish examples of configurations of points of inflexion 
which disprove Grassmann's theorem.* 

Thus far no general positive results have been obtained regarding the posi- 
tion and dependence of such points, and each new concrete case is of interest. 
The purpose of this paper is to discuss the plane quintic curves which are left 
invariant by linear transformations, without considering the important cases that 
are self-dual. 

2. Finite ternary linear groups may be divided into three classes : 

a) Those leaving a triangle invariant ; 

b) The regular body groups; 

c) Ternary groups not belonging to a) nor b). 

Of c), the only forms which have been found are G^^ (Jordan), Gi^ (Klein), and 
^860 (Valentiner). The invariant form of G^aie is the syzygetic pencil of Cg, that 
of the simple Gi^ is the c^ defined by a;®y + y^z + 2;^ a; = 0, and its co variants of 
orders 6, 12, 21 ; that of the simple group (raeo is a particular Cq and its co variants 
of orders 12 30, 45.t 



« u zur Tbeorie der Wendepunkte, besonders der Curveii vierter Ordnung/* by Justin GrassmanD, Disserta- 
tion, Berlin, (1875). Tbe tbeorem in question (p. 45) \^\ Jf a c^^_^ be passed through ^ (n — 2) (n + 1) piHnts of 
inflexion of a non-singular f«, the remaining J (n— 1) {n— 2) points of intersection will also be points of inflexion of tf„. 
For n =4, compare tbe remark by Klein, Math. Ann, Vol. 10, p. 897, (1876). 

t For tbe literature concerning tbese groups, see Encyclopadie, IB 2, vol. Ij, pp. 889-840, and IB 8f, 
vol. Ip pp. 528-529. To this list tbree recent papers by Ciani may be added: **Un teoremasopralaqnartica 

di Klein,'* 2iend. 1st. Lombardi (2), vol. 88 (1900) pp. 565-566. "I gruppi finite di colllneazioni '\ ibid, 

pp. 1170-1175. ^tContributo alia teoria del gruppo di 168 collineazioni piani.*' Annali (8), toI. 5, (1901) 
pp. 33-65. 
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2 Sntder: Plane Quintic Owrves which Possess a 

Of the regular body groups, the dihedral group and the invariant G^ of the 
tetrahedral group need not be considered, since they are contained in a). From 
the invariant forms of the remaining transformations it is seen that a c^ cannot 
be transformed into itself, hence we need only consider groups of the form a). 
These may be either cyclical perspectivities, a/ = aa:, y'=:y, 2^ = 2, a* = l or 
projections of rotations a:' = aaj, }/ = ar^ y, 2/ = z, or combinations of the two. 
The order of the first cannot exceed 5, that of the second cannot exceed 10, but 
the third may have a higher order. In case of the cyclical perspective of order 
6 the center cannot lie on the curve. The axis cuts the curve in points at 
each of which the tangent has five-point contact and passes through the center. 
No other tangents can be drawn from the center. If >fc = 4, the center is a 
simple point on c^, at which the tangent has five-point contact. The axis cuts 
C5 in five points at which the tangents have four-point contact and pass through 
the center. If A; = 3, the center is a double point and each tangent has five- 
point contact. The tangents at the five points of inflexion on the axis pass 
through the center. Finally, if h = 2, the center is either a point of inflexion or 
a triple point, each branch having an inflexion at the point. In the former case, 
five tangents have their point of contact on the axis, and six bitangents pass 
through the center. In the latter case, only five tangents can be drawn from 
the center, and these have their points of contact on the axis. 

It was shown by Maschke* that every curve which is invariant under a) is 
an integral function oixyz and a:"^ + y"2^-t-z*a:^ = 0, a, ^ being zero or posi- 
tive integers. The invariant curves of the cyclic perspectivities will first be 
considered. 

3. It can be easily shown that a c^ cannot remain invariant under two 
harmonic homologies having a common axis. For, let z = be the common 
axis, (0, 0, 1), (0, 1, 1) be the two centers. 

The first homology is( ^ ), and the second is( ^ ^ ). If Cg 

is invariant under the first, its equation can contain no odd powers of 2, 

^'fi (a^, y) + ^/s (^, y) +A (^, y) = o. 

On making the second transformation and equating the coefficients of the new 
terms which appear to zero the equation is seen to be factorable. 



*"0n ternary substitution groups of finite order which leave a triangle unchanged/* Joubnal, vol. 17 
(1896), pp. 168-184. 



Qroup of Linear Transformations. 3 

Moreover, two concentric harmonic homologies cannot leave a Cj invariant 
from the remark concerning the configuration of the tangents and bitangents 
from the center which we saw must lie on the curve. If A^ A' be the centers 
and a, a' the axes of two harmonic homologies which leave Cg invariant, either 
A lies on a', A' on a, or a third homology exists whose center is on AA. In the 
first case, by taking a, a', AA' for axes, the transformations may be expressed by 

^ X y z\ rx y z\ 

This requires that x, y enter the equation in even powers only, which is impos- 
sible. Hence if c^ admits two such homologies it also admits a third ; if there be 
a third, such that its center is not on the line joining the first two, we must have 
at least nine, forming a sort of Hessian configuration. Each center is a point of 
inflexion on the curve. The line joining three centers cannot be a tangent to the 
curve, nor pass through a double point. 

4. We now introduce the following notation : 

TT =f^ y ^\ T=:( ^ y ^\ u=(^ y ^\ 

^ \x z yj^ ^ \ — X y z)^ \y z xj^ 

^ Vcjx y zj^ ' * \vx y zj^ 

with corresponding symbols for similar changes in y and z. Let P^ represent a 
a A;-fold point on the quintic curve Cg, fj, (x, y) be a binary form in a, y of degree 
A;, and 4)^ (x, y) a symmetric form, so that ^j^ (x, y) = 4)^ (y, x). Let G^ be a 

group of order wi, in which ( ^ j is regarded as identity. 

5. The Cg having P4 at (1, 0, 0) and symmetric in y, 2 

^<?>4 (y; 2) + <?>6 (y, 2;) = 
is invariant under ?7i. P4 lies on the axis y — z= 0. The center (0, 1, — 1) 
is a point of inflexion from which can be drawn two bitangents; the simple 
tangent fi^om the center has its point of contact at the residual point on the axis. 
In particular, three forms may be considered that are non-symmetric : 

axy^ + hy^ + C2** = 0, 

oxyz^ + fty*^ + cz*^ = 0, (1) 

axy^ + W = 0. 
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4 Snyder: Plane Quintic Curves which Possess a 

The first two have a cyclic (rg, generated by V^, and the third a G^, generated 
by I2 and V^. All the point and line singularities of this last curve are concen- 
trated in the invariant points (0, 1, 0), (1, 0, 0). 

% The curve 

axy'7? + b{,/ + ^)=0 (2) 

has a (tjoi generated by V1V2 and U^. It has five points of inflexion, all on 
jj a; = 0, each one being the center of a harmonic homology. It has five bitan- 

gents, one through each point of inflexion. The curve 

is invariant under /g. The tangent at (0, 1, 0) has five-point contact. The axis 
y = cuts C5 in (1, 0, — 1) and at P^. In the former the tangent has four- 
point contact. The four remaining inflexions lie on a line passing through the 
center, upon which they form a harmonic range. 
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6. When c^ has a P3 and is invariant under Ti its equation becomes 

^/b {yy z) + A (y, 2) = 0. 
In particular, the curve 

Az^{a? + af) H- B7?{x^ + 6/) = (3) 

is invariant under TJ and S^. The center (0, 0, 1) of T^ is a Pg ^^^d (0, 1,0), 
I the center of /Si, is a Pg. Each tangent at both multiple points has five-point 

I contact. The line y = cuts c^ in two points of inflexion ; the remaining 12 are 

j arranged in two hexads. The tangents at P^ each count for one double tangent \ 

the remaining 30 are grouped in five hexads. 

The curve 

a;x?y^+hz^:=zO (4) 

is invariant under Tj, S^^ T^s, hence has a Ggo- The two binomial curves are 
r self-dual. They also have a continuous group. 



. 7. The curve 0;% (y, z) 4-/6 (y, z) = has /Si, and 

\ a^<?>2(y, z) + <?>5(y, 2) = o (5) 

! allows Si and Ui. The lines /5(^, ;2) = are all inflexional tangents passing 

through P2=(l, 0, 0), the points of inflexion lying on a; = 0. The remaining 
: 30 inflexions are arranged in groups of six, a line joining Pg to any one will 



Group of Linear Transformations. 6 

contain two others, and the line joining any one to (0, 1, — 1) will contain one 

other. 

The curve 

a7?f+hj/^+c^=0 (6) 

has a 6?]5, generated by /S'l and V^. It has a cusp and adjacent double point at 

(1,0, 0), the tangent y = having five-point contact. The side 2=0 cuts cj in 

three points at which the tangents have five-point contact and pass through 

(0, 0, 1). The side x = cuts the curve in five ordinary inflexions, the tangents 

passing through the singular point. The latter absorbs two inflexions and two 

double tangents. The remaining 15 inflexions form a set, of which one is real. 

The 46 remaining double tangents are arranged in three such sets. If y^ be 

replaced by y*x, the curve has a (7io of type (2). 

The curve 

aa?yz + h{y^+7?) = (7) 

is invariant under ITi, S^ and "Pi . F|, generating a O^, The curve has a P, at 
(1, 0, 0), each tangent having five-point contact. a = cuts the curve in five 
ordinary inflexions and the remaining 30 are arranged in two sets, conjugate 
under Ui. Only two are real. The 30 points are also situated on 10 lines 
passing through the node. Each point of inflexion on x = is the center of 
a harmonic homology ; six bitangents pass through each. 

8. The curve a*/i(y, z) -f f^iy^ z) = has the center (1, 0, 0) for a triple 

inflexion; four double inflexions lie on the axis of /i and the remaining 32 are 

arranged in eight harmonic groups on lines passing through the center. 

The curve 

ax*y+6(y^H-2*^) = (8) 

is invariant under Fg and /], making a Q^. The five points of c^ on x = 0, have 
four- point contact tangents, passing through (1, 0, 0) at which the tangent has 
five-point contact. Each point on z = has a five-point contact tangent. The 
remaining 20 form one cycle, two of them being real. They are arranged on 
four lines through (0, 0, 1), and on five through (1, 0, 0). No proper bitangent 
passes through the center of/]. 

9. The curve 

a^+<?>5(y, 2) = (9) 

belongs to V^ and Ui. Five points of five-point contact tangents lie on x = 0, 
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6 Snyder: Plane Quintic Curves which Possess a 

and the remaining points of inflexion are arranged on six lines, any three of 
which compose an improper Cg, whose complete intersection with c^ consists of 
points of inflexion, as does also the intersection of C5 and x^ = 0. 

10. The curve 

^f = x{x' + y') (10) 

has. the G^j^ generated by S^ . T^ . L. It also has a Cremona group of order 72. 
It has a tacnode cusp at (0, 0, 1). 



.|j 11. Of curves of the type a;*y^ + y* z^ + y* x^ = 0, a, /? =/= there are but 

two types to be considered. 

The curve 

x^z + ^y + y*x=Q (11) 

is invariant under 



£7 = r^ 2/ «) and /r= r*' y /y 

\y z xj \x ey e^zj ' 



6^»=1. 



At each vertex of the triangle of reference a side has four point contact. U is 
the product of 

^ \x ey 6 ^zj ^ \^ y f z/ 

The first is the projection of a rotation about (1, 0, 0), y = 0, z = being the 
isotropic lines, and JTj is a similarity transformation about (0, 0, 1), through 
which a real point goes into an imaginary point and return to its original posi- 
tions after 1 2 operations.* Since reality is not changed by Ki it follows that 
there can be at most three real points of inflexion, apart from those at the 
vertices, but as Uis 9, real transformation, there must be just three. 
The other curve of this type is 

a?;^ + ^7/ + y^a? = 0] (12) 

it has a cusp of the first kind at each vertex and is invariant under JJand 

^-{l ^^y (ih)' ^'~^' 

*The theorem that If a point Pbe saccessiyely transformed into Pj, P,, . . . Pn.^i P by a cyclic coliinea- 
tion of order n, the points P( aU lie on a conic is not necessarily true when the collineation is not real. In 
both statements of the theorem, a real collineation is tacitly presupposed. See J. Liiroth, <* Das Imaginiire in 
der Geometric and das Rechnen mit Wiirfen,** Math, AnndUn^ vol. 11, p. 84, and <<Ueber cyclisch-projectivische 
Panktgrnppen ...,'* ibid, vol. 18, p. 304. A. Ameseder, **Theorie der cyclischen Projectlvitaten," Wiener 
SitzungtiberiehU, vol. 98, Ila, p. 290. 
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Group of Linear Transformations. 7 

It has 21 points of inflexion of which three are real. Neither of these curves is 
invariant under any other collineation. 

12. The most general c^ which allows the three harmonic homologies Uiy 

^2, CTgis 

Aa\ + J?(Tf (Tg + Ga\ a^ + Z?(t, (^ + Ea^a^ = 0, (13) 

wherein <t< is an elementary symmetric function of x, y, z of weight i. The 
centers of these homologies lie on (ri= and their axes intersect in (1, 1, 1), 
pole of (Tj = as to the triangle of reference. Ci cuts c^ in three points of 
inflexion, and two other points defined by a:* + ary + y*= 0, which are the same 
for all curves of the system. The tangents at the points of inflexion will all pass 
through the pole if 3J[)+J^=0. In this case all curves of the net have 13 
points in common. The tangents at the simple intersection of a^ a^ are 
a + oy + 0*25 = 0. They intersect at (1, 1, 1) for every curve of the net. 
Each conic of the pencil 

(x + tty + u? z) (x + CO* y + oz) — Aj (x + y + z)* = 

is invariant in the group generated by IZj, U^^ Us, hence if it pass through a 
point of inflexion it will also pass through five others. The 42 points of inflexion 
are arranged by sizes on seven conies belonging to a double conta/^t pencil. The othej* 
three are on the line joining the points of contact These points on each c^ are in 
three-fold involution, having <Ti = for Pascal line. Similarly, a conic of the 
pencil touching a double tangent will touch five others; they form a system in 
triple involution, having (1, 1, 1) for Brianchon point. The 24 remaining 
common tangents to c^ and c^ form four perspective quadrilaterals. 

The six common tangents of a set may be expressed by <, tUi^ tU^y tU^, 

tU^U^j tU^Us. 

Of the 15 intersections of these lines, three lie on each axis, and the remain- 
ing six lie on a conic of the pencil, defining a three-fold involution. 

13. An interesting particular case is furnished by the curve 

x« + y« + 2j^ = (14) 

which is also invariant under Fi, V^, Fg making with Ui, U^, Us a group of 
order 150.* 

* For a dlscasalon of the (?,« leaying a e^ of similar eqaation Inyariant, see Dyclc ** Notis Uber eine regnl&re 
RiemaDnsche Flacbe yon Geschlecht drei and die zogehorige Normalcnrve ylerter Ordnnng.' Math, Ann. yol. 
17, (1887), pp. 610-516. 
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8 Sntder: Plane Quintic Curves which Possess a 

The 46 inflexions are arranged by fives on the sides of the triangle of refer- 
ence^ each one counting for three; the five-point-contact tangents pass through 
the opposite vertices. Here there are but two conies of the pencil 

{x + oy +o^z) {x + o^y + 02) — ^{x + y+ z)* = 

which contain points of inflexion^ since these two conies and the line (r^ = con- 
tain all 15 points. 

The line joining any two points of inflexion will always pass through a 
third. There are 25 such lines ; their equations are of the form 

x+ e^y + e^z = l,k = l, 5. 

If we denote the point on a: = in which y + 6*2; = cuts it by Xt and similarly 
for y, z and finally replace x,, y,,, Zi by (t, k, 1) we may say: Three points 
X,, yjc, Zi lie on a line when i + k + 1=0 (mod. 5). The equation of the line 
may then be written x + 6*y + 0*z= 0, and in five other equivalent forms. 
The lines (4, 4, 2), (1, 3, 1); (1, 2, 2), (4, 3, 3); (4, 2, 4), (1, 1, 3) ; (3, 3, 4), 
(2, 1, 2); (2, 4, 4), (3, 1, 1); (3, 4, 3), (2, 2, 1) intersect on x — y. Of these 
12 lines, each intersects two others in points not at inflexions nor on an axis of 
homology. By Ui, the sum of the second and third symbols in any line remains 
constant, and symmetrically for the others. By transforming ZJj, JJg, iTg through 
Fi, etc., we see that (rjBo contains 15 harmonic homologies. Each of the 25 lines 
is invariant in three homologies whose centers are the three points of inflexion 
lying upon it. The three axes of homology pass through the pole of the line of 
centers as to the triangle of reference, from which two tangents can be drawn 
to C5, meeting it at the residual intersection of (i, k^ 1). The pencil of conies in 
each case remains invariant, hence : The fifteen points of inflexion are arranged 
by sixes qn 50 conies^ by threes on 25 lines and by fives on three lines. 

Through the nine points of inflexion lying on any three lines a pencil of Cg 
can be passed, but no curve of any pencil can contain a tenth point of inflexion 
without becoming the sides of the triangle of reference. Similarly for the pencil 
formed by any line and either of inflexional conies, as 

xyz + X (x + y + z) C2 = 0. 

Similar configurations exist for the bitangents. Three are absorbed in each 
inflexional tangent, and five proper ones pass through each point of inflexion. 
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Group of Linear Trariaf or motions. 9 

14. Of the preceding types, those which are invariant under more than one 



cyclic perspective are here arranged for reference. 

axy^ + 62^ 

a7?{7? + a/) + b3?{Q^ + V) 

a^*^ + <?>6 (y, 25) 

x^2^+ z^y^ + y^a^ 

x'^ + y^ + 2« = 

Among these types, the only ones that have more than one harmonic 
homology are (2), (7), (13), (14), the numbers being respectively 5, 6, 3, 15. 

Cornell Univbbsitt, Augiut 7, 1906. 
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Oft Birationai Tran^ormations of Curves of High Genus. 

Bt YiBfflL Sntder. 



The purpose of this paper is to show that nonsiogular curves and others of 
genus exceeding a given number cannot be transformed into other curves of tlie 
same order bj birationai transformations other than collineations. The method 
employed will be two-fold ; for the nonsingular curves we consider sections of a 
eertain ruled surface then establish it for higher cases by induction. For the 
other cases, the ''n-gonal" series of Bertini and certain inequalities will be 
(I ' employed in coonecticm with linear transformations of hyperspace. 

1. Given two nonsingular plane curves of order four, C4, C4 in (i, ij point 

correspondence such that A, A' and B^ B' are two pairs of corresponding points. 

. Find el, projective with cj, such that A" = A, Bf'=B, but otherwise unrestricted. 

Turn the plane of el about AB through any angle. The lines joining pairs of 

corresponding points P, P" will generate a ruled surface of order 6 and genus 3. 

t; r But by Wiman's formula^ 

:: • p<i(n— 2)(n-3) 

wherein p is the genus, n the order of a ruled surface not contained in a linear 
congruence. Hence the seztic must belong to a linear congruence and the only 
quartic curves upon it lie in the planes of the pencil whose axis is a double 
generator. From the method in which the surface was generated, the points 
C, D in which AB cuts c^ and C", U^ in which it cuts cl must be corresponding 
points no matter what points were chosen for A^ B. Hence c^, cl are projective.f 
For nonsingular c^ and c^ exactly the same reasoning can be employed ; for 



■ti 
.»■ 

I n ^ 7, however, no new results are obtained, since the resulting ruled surfaces 



are of too high an order to preclude the possibility of the required genus. 



*A. WlBma, "KlftMllleation af regelytorna af ijette graden.** Diuertation, Lund, 189^. Se« alio Acta 
I Jrrttrwgffam, ToL 19 (1S9S). 

tTbU proof for c^ was giren by me in the Journal, toI. 35 (1904), p. 187, but only too brief an outline 
of ita exteaaion to higher ordera waa there given. 
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2. From the Brill-Noether theorem we know that if any c^ is birationally 
transformed into Cj^^, the adjoint curves 4>n-8 go over into 4>a^_8j *^d conversely 
every such transformation which transforms the entire system ^n-s ^^^o a system 
^n-d ^^11 transform c,^ into some Cj^. From what we have just seen, no trans- 
formation except collineations can transform the oo^Ci, the <x>^(^ or the »^c^ 
into themselves. 

If a C7 of 2> = 15 can be transformed into itself or any other c^, the 00^* 
system of 4^4 must also remain invariant ; but this system may be defined by 
fourteen nonsingular curves of the system, which must be linearly transformed. 

From § 1 this is only possible by collineations. In the same manner for Cg, 
since we can define the adjoint system by nonsingular ^5, and for Og, 4^5. Since 
tbe theorem is true for c^ , c^+i , c^+2 by repeating this process, it is true for all 
nonsingular curves, hence : 

When a (1, 1) correspondence can be established between the points q/* any two 
nonsingular plane curves ^ they are prqjectively equivalent* 

3. In case of C5 of jp = 5, 4>„_8 ^^^ conies passing through the node. If this 
point be (0, 0, 1), the equation of the system may be written 

aa? + 2hxy + by^ + 2gxz + 2fyz = 0. 

It must go into itself by all the birational transformations of c^ . If we put 

px^ = a?, px^ = xy, pX8 = 2^, px^ = xz, px^ = yz 

and regard Xt as homogeneous point coordinates in a linear space of four dimen- 
sions £4, the image of c^ is a Cg, whose intersections with R^ are the eight points 
common to 

X^ ^ ^1^3 ^3 ^i ^ ^2*^b3 ^ *^b ^ '^2^i*T 

*Thi8 theorem presapposes n ^ 3. Two cabic cnnres In (1, 1) correipondenee are projeciiTely equiyalent 
as a whole, though any nonsiDgular c, can be birationally transformed into itself by an infinite number of non- 
linear transformations. For n = 4 the resnlt Immediately follows from consideration of the adjoint curres, 
which are straight lines. The theorem is stated withont proof for n = 5 and n =r 6 by Wiman, **Ueber die 
algebraischen Knnren von den Geschlechtern p = 4, 5, 6, welche eindentige Transformationen in sich besitsen,** 
Stockholm Akademien Handlingar^ Bihang, vol. 21, no. S, pp. 1-48 (1895). The general theorem is similarly 
stated by me in the Journal, I, e. and also by C. Kiipper, ^'Ueber das Vorkommen yon linearen Sehaaren g* 
anf Kurren nt«r Ordnnng . . .," Prager SitsungtberichUy 1892, p. 264. 

f While this depiction has been eztensiyely employed by yarions writers, it has apparently not been used 
for the present purpose. The number of linearly independent quadratic relations among the ^ curyes was fonnd 
by Weber, xUeber gewisse in der Theorle der Abelschen Fnnktionen auftretende Ansnahmeffille,'* MoOl Ann, 
yol. 18 (1877). Other particular cases were discussed by Kraus in Math, Ann. yol. 16. 
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Bat not every curve of genas 5 can be reduced to a nodal quintic, hence we 
should expect certain relations in consequence of the reduced number of moduli.'^ 
In this case we have 

hence the quadrics have a ruled hypersurface in common, having x^ = x^ = ^ ^^^ 
directrix, and generators of the form Xj = Xxj, xjj = ^^; ^4 = ^^s* The directrix 

if : is the image of the node, and the generators are the images of the straight lines 

passing through it. Every linear transformation in B^ which leaves the system 
of quadrics invariant must also transform this ruled hypersurface into itself; 
incidentally, therefore the directrix must remain fixed and the generators can 
only be permuted among themselves. The node (0, 0, 1) and the pencil x = Xy 
of our plane Cg therefore go into themselves. Among the oo^ adjoint conies 
are oo' degraded ones, consisting of a line through the node and any other line, 

I V which must go into themselves; that is: A nodal plane quintic curve can he trans-- 

formed into itself or any other nodal quintic only by coHineations. 
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I ;' 4. Exactly the same method will apply to curves of any order greater 

* than 4 and having a single node. A number of the quadrics in R^ will have an 

invariant configuration in common which is the image of the node and the pencil 
of straight lines through it. As the oo**"^ system of ^„_3 can be transformed into 
itself by collineations only (by § 1), we may say: When two curves {p ^ 2) having 
a single node are in (1, 1) point correspondence^ they are prqjectivdy equivaJetd. 



v 









i 



5. Moreover, we can draw the same conclusions from curves of order n 
and having a single multiple point P< of order 2 ^ i ^ n — 3. In case t = n — 3, 
p:=,2n — 5 and the (2n — 7) (n — 4) quadrics have a ruled hypersurface in 
common, whose (n — 3) fold directrix is the image of P^ and the generators are 
the images of the lines through it. The adjoint ^^_i have an (n — 2) fold point, 
,;! '! hence the equation is of the form 

j; The only transformation that will transform this system into itself is a 

I coUineation.f 

^Tbe normal curres for general moduli are g^yen for every yalue of p in Cleb8ch-Lindemann*8 Oeometrie, 
■ ^ „ Tol. 1, p. 709. 

1 1 • tSee Jung, xRicerche sni sistemi lineari di cnrre algebriche di genere qualnnque/' Ann, di Mai. yol. 15 

(1887), and toL 16 (1888). This theorem has been employed by Kantor and by Wiman in their enumeration of 

finite groups of Cremona transformations. 
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If two plane curves of order n have a single multiple point of order i ^ n — 3, 
they can have no (1, 1) transformation into eojch other except by collineaMon. 

Such curves have a linear series g\, and when i = n — 3, they are particular 
cases of Bertini's trigonal curves.'^ 

Moreover, this result can also be derived from Zeuthen's formula 

c — cf=2€f{p — l) — 2e{p'—l). 

Here e = 3, c' = 1, c' = 0, jf/ = 0, hence c = 2jp + 4 = 4 n — 6 for the number 
of curves cutting gl which touch the given curve; but this is exactly the number 
of tangents to c„ from Pn-s* ^^ every case the three points of each group of g^ 
are collinear, and the .lines are always concurrent if ^ = 2 m — 5. If ^ > 4, 
evidently c^ cannot have two gl, no matter what its configuration of double points 
may be, for if 4> + (i^' = 0; ^ + ^^' = be two systems of adjoints of order 
n — 4, between (i, X would exist a (3, 3) relation, but such a correspondence has 
a maximum genus 4. No curve of order greater than 4 can have general moduli 
and possess a gl. 

6. A C5 having two nodes has a system of 00 "^ c^ with the nodes for common 
basis points for adjoint curves. Among these curves are 00^ which factor into 
a line through each node and one other line. The pencils through the nodes 
must either remain invariant or simply interchange, hence the third line must go 
into a line. 

A hinodal sextic curve cannot he transformed into another hinodal sextic except 
by coUineation. 

By means of §§ 1, 2 we can conclude in general : WTien between the points of 
two binodal curves (jp > 4) a (1, 1) correspondence exists, the curves are protectively 
equivalent. 

Now suppose c^ has a x-fold point, x ^ n = 4, and a double point, but no 
other singularities. The g[^_^ through P^ and the g^ through P^ must both 
remain invariant, and the residual ^^-h having a {x — 2)-fold point must go into 
a similar curve. From the last preceding case it is only possible by collineations 
when n = 6. By § 2, this is also true for n = 7 and n = 8. From three con- 
secutive sets we may build up any case, hence : When a c^ has a x-fold point 
{x ^ n — 4) and a double point it can be transformed into another c^ only by 
collineations. 

* Bertini, **La geometria delle serie linear! sopra ana cnrya plana aecondo 11 metodo algebrico," Ann. di 
Mat. Tol. 22 (1894), pp. 1-40. The resnlt of this § coald be obtained from g) p. SI. 
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1 4 Sntdib : On Biraiianal TranBfcfrmations of Ourves of High Qtm^. 

7. Two fundamental qaestions arise from the preceding theorems: a) What 
is the largest namber of doable points a curve may have «id not have a group of 
birational transformations except collineations ? h) What is the lowest order of 
a curve to which a nonsingular curve may be transformed by birational but not 
by linear transformations ? We shall answer these two questions in the order 
in which they are given. 

8. On any curve the straight lines of the plane cut out a series yj^ . When- 
ever it is possible to define another ^, whose groups are not on lines, the curve 
can be transformed into another curve of the same order. 

If h be the largest number of double points such a curve can have, h is less 
than the minimum for a space curve of the order n, since the latter has ^ formed 
by the oo' planes of space. By projecting upon a plane, only those groups will 
be collinear points whose planes pass through the center of projection. Hence 
every such curve will have proper gr* . First then 



i>>i(«-l)(n-2)-[(!^)*] 



For such values of/), no y^ exist, hence ^ are complete series. We are only 
i! i concerned with n ]> 6, hence ^ is a special series, and can therefore always be 

cut from c^ by a proper or composite ^„_8 • If one such G^ be given, and a ^,|_s 
be passed through it, the residual points of intersection of ^^^.s, c^ form the basis 
points of oo' such ^n-z\ ^^^ variable intersections then constitute the y^ to which 
the given G^^ belongs (Biemann-Roch theorem). It was shown by Kan tor '^ that 
if these oo' ^,^_, are all composite, they must consist of one fixed curve and a 
variable curve of order x, the latter constituting an irreducible net. 

Let d double points of c^ be among the basis points of the net. Of the n x 

intersections of c^^ c^, n are to be variable and d lie in the double points. The 

number of fixed basis points of the net is therefore n (x — 1) — d. It has been 

shown by Kupperf that the maximum number of fixed basis points of oo' c, is 

X* — (x — 1), hence 

dl{x—l){n — x) — l 



*S. Kantor, **Neae Theorie der eindentigen periodischen Transfoimationeii in der Ebene,** Acta MatK 
▼ol. 19 (1895), pp. 115-198. 

t C. K upper, in tlie Prager Abhandlwugen^ leries 7, yol. 8 (1889). 
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The Cj, which determine g^ on c^ must pass through at least {x — 1) (w — x) — 1 
double points on c^ . 

9. It is therefore necessary to take for x the value which will make 
d a minimum^ provided such a curve is possible. A few illustrations will 
be given. 

If n = 6y 3 = 3. Evidently any trinodal c^ can be transformed into a c^ by 
quadric inversion, using the nodes for fundamental points. No such conic is 
possible, however, if the three nodes are collinear, or coincident (§5). 

If n = 7, 3 = 7. Evidently <^^^4 are here the <»* c^ through the seven nodes. 
If the double points are coincident, 3 <[ 7. c^ with 2 Pg or Ps + 2 P^ can be 
transformed into similar c^ by quadratic inversion. If a P^ be present, no gl 
exists unless a double also exists, i. e. S = 7. 

If n > 7, a: > — - — , since Cj, must contain at least (a — l) (n — x) — 1 

double points of c^ among its fixed basis points. When n = 8, x = 4, and 3 = 11. 
These points can be assumed at will, but the resulting curve is a particular one 
of order 8 and genus 10. 

If w =: 10, a; may be 7, 6, 5. The corresponding values of h are 17, 19, 19, 
but 3 = 17 leads to a contradiction. Through 17 P« and a Gi^ we can pass a Cq, but 
when X = 6, 3 = 19. If Cjo has P^ + P5 (3 = 16) or P4 + 2 Pg (3 = 12) the 
transformation is possible, but not for P7, 3 =: 21 (§6). To construct a Cy^ having 
19 double points and a grfo, pass two c^ through any four fixed points on C|. 
These c^ will intersect in 21 further points which are basis points of a net of c^ . 
Let 19 of these be chosen as double points on c^q; through them and five points 
on the same Cj pass two Cg . We now have two pencils C5 + Jlcs = 0, Cg + ^ic'^ = 0. 
Let X, /£ be so chosen that the C5, Cg passing through a given point will be corre- 
sponding. If the point be chosen on Ci, the correspondence will be (1, 1) because 
C5 has 4 points on c^ fixed, and c^ has 5. The remaining locus will be c^ having 
19 P2 . The net of c^ or the net of Cq will each cut from it a ^q. 

10. Since ^ ^ x < n — 3, and 3 is small for larger values of x, it easily follows 
that the largest number of distinct double points which a cv/rve of order n may have 
without being biratumaUy transformable into another curve of the same order is two 
less than the minimum number of double points which a space curve of the same order 
can have, (n > 7). 
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!':jjj 11. For large values of n, only very particular curveu c^ can be so trans- 

\ j9- formed. To obtain a more precise limit, express the condition that a Gn cannot 

ill If lie on Ca,_i . 

(a;— l)(n — a;)— 1 +x=h{x—l){x+ 2).* 

Hence x ^ ^ ^ , from which we can say: 

A Cn containing a g';^ not lying on the oo^ lines of the plane cannot have less than 

{x — 1) (n — x) — 1 double points, x being the largest integer less than —^~~~ . 

Thus for n = 1 ly ^ = 24. It is an interesting exercise to construct this c^^ . 

',}. The double points cannot be assumed at will ; they are among the 31 intersections 

of two sextics having 5 points on a straight line in common. A Cu with 2 Pg 

'i| (5 = 20) can be transformed into a similar c^ by inversion. 

I 'i; 1 2. We now consider question (6). A general curve of genus p has Sp — 3 

j| moduli which are undisturbed by birational transformation, but the most general 

n (n -{- 3) 
Cn has not more than ^ ^ — 8 or p + 3{n — 3) such moduli. Any non- 

singular c„ can by quadratic inversion be transformed into a Cg^^a, having three 
(n— 2)-fold points and no other singularities, and conversely. 

Given two curves, c,, c^, sc <y. Their xy intersections are such that every 
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Jl Cx-\^y-s through all but one of them will contain that one also (Cayley). It is a 

minimum group on the curve. If x + y = m + S, then x < — ^^ . The number 

of points in the group varies from tn + 2 to f — ?— ) i^ ^ ^^ o^^; ^^ *o o~ — 

y^ ' — ^ if m is even. Our problem may now be stated thus: to find the smallest 

value of X for which g^ exists on c,^ , x > n. It has been partially treated by 

Eiipperf and his definitions will be here reproduced. 
j Gq is called normal as to c^ if any c^ through Q — 1 of the points does not 

have to pass through the other also, otherwise Gq is abnormal as to c^. 
I If Gq is determined by ^ — q conditions, q is called the excess of G^ as to c,^. 
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* It was shown by KQpper, Prager BeHchU (1892), that if Cg contains a &,, of g\ it imposes exactly ^ + 1 
conditions. This inequality is then proyed, but a large number of errors haye made the application there made 
of it of small Talue. 

*C. Kiipper, **Zur Theorie der algebraischen Curven,'' Monatihefte fur Math, und Phytik^ vol. 6 (1895), 
pp. 137-156. 
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By the Riemann-Roch theorem, q is the number of degrees of freedom m the 
series of curves having the residual of Gq for basis points. If Gq is abnormal 
as to c^ , but every Gq^i contained in it is normal, Gq is called primitive. The 
following theorem can now be easily proved : If it he impossible to pass c^ through 
G\ , then the excess of the group as to c^_< is i {i+ 1) (i + 2).* 

An abormal Gq containing the smallest number of points is called a minimum 
group as to c^ . We can now prove the theorem : 

Given a primitive Gg,y and a; + y = 7n + 3, sc^y; G^y is a minimum group 
for c^ unless it lies on c^ {i ^ x). 

We first prove the following lemma : If n is the lowest order a curve can 
have which contains G^, and n >!?L±-3say n - ^L+JL+J^ then^ > (^^^)'. 

First, 2n = fn + 3 + 3 or n — l=m — (n— 2 — h). 
On putting n — 2 — 3 = i, the excess of Gq as to c^_i is = ^^ ~9 • 

If now c,j_i through Gq is impossible 

(n-l)(«+2) {n—l- h){n-h) _q^q 
2 2 "(f *< > 

80 that Q > n(n — 8) + i {B + 1)—1 

hence Q > f — 9~y unless 5 = 0. 

It follows therefore that z > — ^^ could not be the lowest order of a curve 

through the group, nor a <] 2 = — ^^— , for such a minimum group would consist 

of « (m + 3 — 2) or more than xy points. Since i <^x was supposed impossible, 
c^ is the curve of lowest order through the group. If Q<^xy and Gq primitive, 
Ci (i <; x) can be passed through it. If Q<^2{m+ I ), Gq lies on a straight line ; 
if ^ <; 3 m, Gq lies on a straight line or a conic. 

♦ K upper, I, c. 
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13. Consider c^. We have seen that no ^ lies upon it except that defined 
by straight lines. If a ^ be possible, it must be a special series, hence each Q^ 
lies on ^. Pass a c^ through a G^. The residual is a 6^4, through which 00' 
conies should be possible, but this is only possible when all four points are 
collinear. The oo' lines would then have to cut c^ in 6 points, but this is im- 
possible if Cs is irreducible. A nonrsingular quintic curve cannot be trana formed 
into a aextic by any birational tranaformation. Since 7 = 2n — 3, the 00^0^ through 
three arbitrary points on c^ will define a ^ . In exactly the same way it can be 
shown that a c^ ofp = 10 cannot be transformed into a c^ nor Cg. 



14. A gr^ is special if g^ > ^ — p + 1. Hence if q =:2, and ^ = J (n — 1) 
(n — 2), the group G^ will be special for every value of x <^ n — 3 when 
Q z=xn — ^, /?<;n. We need consider only x = 2 ^nd /3 = 3, in which case 
Gln-p is always defined by ^n-s- B^* these adjoint ^^-d *re composite, and the 
variable curve is of order x or x — 1, hence all the gln-p can be cut from c^ by c^, 
and hence /? = 3. In general a non-aingular c^ cannot be birationally trana/ormed 
[J, into a curve 0/ order lower than 2n — 3. It can altoaya be trana/ormed into a 02^-3 

Jjl| by means of quadric inveraion, which ia birational for the entire plane. 

This method will also apply to singular curves with special moduli, but for 
complicated P« the number of particular cases becomes very large. 

Ij ilj COBMBLL Umitbbsitt, December^ 1906. 
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Surfaces tvith the same Spherical JRepresentation of their 
lAnes of Cwrvature as Spherical Surfaces. 

By Luther Pfahler Eisenhart, 



INTRODUCTION. 



In several memoirs "^ we have studied the surfaces with the same spherical 
representation of their lines of curvature as pseudospherical surfaces. It is now 
our purpose to consider the surfaces with the same representation as spherical 
surfaces with a view to deriving significant theorems similar to those for 
^-surfaces, "^ and also theorems which of necessity have no analogues in the 
theory of the latter surfaces. 

After finding in § 1 reduced forms of the equations of G-auss and Codazzi 
to be satisfied by the fundamental quantities of the surface, we derive the ex- 
pressions of the latter for the surfaces parallel to a given spherical surface and 
note that two of them are surfaces of constant mean curvature — as found by 
Bonnet, f We say that all the surfaces with the same spherical representation 
form a group; evidently the spherical surface of unit curvature of the group 
determines the group, and in this sense it may be said to be associated with each 
member of it. Bonnet has shown % that, given one of the above surfaces, there 
is a unique surface of the same kind applicable to it with correspondence of the 
lines of curvature, and that these are the only surfaces possessing this property; 
on this account we call them surfaces of Bonnet. It is shown that the two 

* Surfaces with the same spherical representation of their lines of curvature as pseudospherical surfaces, 
Amer. Joum., toI. 27, pp. 118-172 (1905); we have called them ^-surfaces and hereafter this memoir is referred 
to thus: A. p. 113. 

Surfaces analogous to Surfaces of Biancbi, Annali, vol. 12, pp. 113-143 (1905). 

t Note sur une propri6t6 de maximum relative ^ la sphere, Nouv. Annal. de Math., vol. 18, p. 483 (1853) ; 
also, Bianchi, Lezioni, II, p. 437. 

I M^moire sur la th6orie des surfaces applicables sur une surface donn€e, Journ. de TEcole Polytech., 
Cahier 42, p. 44 et seq. 
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SO EiSEVHAST: SmrfaceM uiik the same S^erical Representation 



spherical surfaces assodated with a pair of applicable surfaces of Bonnet are the 
Hanidakis transforms^ of one another. 

Bianchi has established f an imaginary transformation of spherical surfaces 
which is similar to the Bicklond transformations of pseudospherical surfaces. 
In § S we haTe giren a generalization of this transformation making it applicable 
to any surface of Bonnet in somewhat the same manner that we did for ^-surfaces. 
As in the case of the latter a theorem of permutability can be established so that 
the knowledge of the genenl transformation of a surface of Bonnet enables one 
to find, by algebraic prooesseSy all the transformations of the transforms of the 
original sur&oe. Tliis is done in § 3. 

By means oi the theorems of permutability we find in § 4 two imaginary 
transformations which, whei af*plied successively, transform a given real surface 
of Bonnet into a new rod surface. In particular, we consider the case where the 
latter belongs to the same group as the original surface. 

In § 5 we ap{dy the generalized Backlund transformation to two applicable 
surfaces of Bonnet and show that the functions determining the transformations 
can be dioaen so that after each surface has been subjected to two transformations 
the resulting suifiices of Bonnet are applicable. 

With the aid of the functions giving the generalized Backlund trans- 
formations we can define a general transformation from a given surface of 
Bonnet to an imaginary one of the same group, as in the case of ^.-surfaces. % 
I ! !• !> When such a transformation is known, we can find without quadrature another 

which together with the former transforms the original surface into a real surface 
of Bonnet of the same group. These results are obtained in § 6. In § 7 several 
particular solutions are found giving surfaces whose coordinates are expressed 
in forms similar to those which define the surfaces of Bianchi and the surfaces 
analogous to them, which we have ccmsidered elsewhere. § 

In § S we show that, when one has a surface of Bonnet, S, and knows a 
Backlund transformation of it into another surface of Bonnet, then he can find 
by algebraic processes the unique surface of Bonnet applicable to S with corre- 
spondence of the lines of curvature. 




. LeiioBi. IL p. 4S7. 

^Sartftoet aBalOfpoms t» SurfMes of Biaachi, L c p. 116. 
§nnd.. pp. llSet seiq. 



of their Lines of GurvcUure as Spherical Swrfaces. 21 

§ 1 . Tranafofmation of Hdzzidakis. Theorem of Bonnet. 

When a spherical surface 2 of total curvature + 1 is referred to its lines of 
curvature, the parameters can be so chosen that the linear elements of the surface 
and its spherical representation can be given the respective forms * 

cUP := sinh* G> du^ + cosh^ (j ckP, (1) 

ds'^ = cosh^ o du^ + sinh^ g> dvP, (2) 

where g> is a solution of 

Denote by S any surface with its lines of curvature represented upon the 
sphere by the same lines as S, and write its linear element thus 

# 

d8^ = Edu^+ Gdt^. (4) 

The second fundamental quantities have the forms f 

D = VE cosh o, ly = 0, Zy' = VG sinh o. (5) 

The Codazzi and Q-auss fundamental equations | for S are satisfied, if E and G 

are such that _ 

1 aVg _ 36) J_ d\/E _ d(j ,gx 

s/E du du' s/G dv do' ^ ^ 

Surfaces satisfying these conditions will be called sv/rfaces of Bonnet When a 
system of lines on the sphere leads to a linear element of the form (2), the 
determination of all the surfaces of Bonnet with this representation of their 
lines of curvature requires the integration of an equation of Laplace. § We shall 
say that these surfaces form a group, which evidently is signalized by the 
spherical surface S of the group. It is evident that all of the parallels of a 
surface of Bonnet are surfaces of the same kind. 

On the assumption that E and G are functions of o alone the equations (6) 
reduce to forms from which it can be shown that the most general expressions 
for E and G, on the given hypothesis, are such that 

VE = Ci sinh o + c^ cosh o, s/~ff=, Cg sinh o + Cj cosh o. (7) 

* BUncbi, II, p. 486. t Ibid., I, p. 150. | Ibid., I, p. 122. $ cf. A, p. 118. 
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.' 'I In particular, when c^ = 0, S is X, or homothetic to it, and when c, = 0, S is 

; j a sphere concentric with the unit sphere. When 
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we have 

E=G=iIPe^^-, (8) 



.i where the upper or lower sign obtains according as C| and c^ have the same or 

opposite signs. In like manner the radii of curvature have the expressions 



C^" T> c^" 



so that the mean curvature of the surfaces is =b -^ . Moreover, it can be shown 

ih 

that, for every surface with constant mean curvature, the parameters of the 

lines of curvature can be chosen so that the fundamental quantities of the first 

order are of the form (8) and the principal radii are given by (9), or in inverse 

order ; here a is any solution of equation (3). 

Bonnet showed that surfaces of constant mean curvature are parallel to 

certain spherical surfaces. But it can be proved readily that all the surfaces of 

I Bonnet with the spherical representation (2) and whose fundamental quantities 

of the first order are of the form (7), with Ci and c^ arbitrary, are parallel to the 
spherical surface X associated with them, or are homothetic of the surfaces 
parallel to it."^ 

From the theory of applicability of surfaces we know that there is a double 
family of lines of the unit sphere for which the parameters can be chosen so that 
the linear element takes the form (1). If the linear element of surfaces with 
this representation of their lines of curvature be written in the form 

we may take for the fundamental quantities of the second order 

Z>, = V JB'i sinh o, Di = 0, D'; = ^/~G^ cosh o 



and the Oauss and Codazzi equations reduce to (3) and 

1_ d^\ _ 36) 1 ds/Ej _ 3(0 

^/E, du 3w' '^Gi dv ~ 3^ ' 

♦ cf. A, p. 124. 



(10) 
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In the first place we remark that the latter equations are satisfied by 

El = cosh^ci), Gi = sinh^6). 

The corresponding surface is seen to be spherical; call it Si- Bianchi has 

called it the Hazzidakis transform of 2. * 

Again, on comparing (6) and (10) it is seen that a solution of equations (10) 

is given by 

El = E y (tj = G^. 

Hence the theorem : 

Every surface in the group of surfaces of Bonnet associated with a spherical 
surfojce 2 is applicable to one of tlve surfaces of Bonnet associated with 4he Hazzidakis 
transform of 2. 

It is evident that the lines of curvature correspond on each pair of these 
applicable surfaces. Bonnet has shown that these are the only pairs of 
applicable surfaces with this property. 

As in the case of the ^.-surfaces^f it can be shown that : 

The spherical surfaces and their parallels are the only surfaces of Bonnet 
which are Weingarten si^ faces. 

§ 2. Generalized Bdcklund Transformations of Surfaces of Bonnet. 

Consider a point Jf on a surface of Bonnet and in the tangent plane at this 
point draw a line through My denoting by d the angle which it makes with the 
positive direction of the tangent to the curve v = const, through M. It is our 
purpose to consider the envelope of the plane which meets the tangent plane^ 
under constant angle a^ in the line as above drawn. 

Denote by Mi the point of contact of the above plane with its envelope. 
From Ml drop a perpendicular to the line of intersection of the two planes, and 
denote its length by /£. Further, let % denote the distance of the foot of this 
perpendicular from M. 

ft 

We refer the surface to the moving rectangular axes formed by the tangents 
to the lines of curvature at M and the normal to the surface at this point. 

The coordinates of Mi with respect to these axes are 

X cos Q — II cos a sin 0, XAad + n cos a cos 0, ii sin a. (11) 

* Lezionl, II, p. 439. \ A, p. 125. 
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The projections upon these axes of a small displacement of i^ are found to be"^ 

d (% cos — /[£ cos (T sin d) + s/Edu + /li sin cr cosh u du 

+ (;i sin + /[£ cos (T cos 0) ^,5^ du — jr^^^p 
d{X8md + (I cos a cos 6) + VQdv — (;i cos — (i cos a sin 6) 



( 



=- dti — 5~ ^ ) + /^ sin (T sinh q cfo, 



(12) 



sin adfi — cosh g> (X cos 6 — (i cos a sin 0) d^ti — sinh u{X ainO 

+ (i cos a cos 0) dv. 

The calculations which follow are more readily made, if we replace the 
preceding expressions by the projections of a displacement of Mi on the line of 
intersection of the planes (call it MP), the line MQ perpendicular to the latter, 
lying in the tangent plane, and the normal to the surface. From (12) it follows 
that these projections are 

^du — ^dvj (jL cosct 

+ fisina (cos d cosh udu + sin d sinh a dv), 
Xd6 + cosG d^l—^/ E Bind du '\- V^cosOdv — i^^u — g-^^J ^ 

— fiBina (sin $ cosh odu — cos d sinh o dv), 
ain a dfi — cosh o {k cos d — (i cos a sin 6) du — sinh o (>l sin + /^x cos a cos 6). 



(13) 



The direction-cosines of the given plane with respect to the lines MP, MQ, 

MN are evidently 

0, — sin a, cos a. (14) 

Since this plane is to be tangent of the locus of the point Mi , the above functions 
must satisfy the following conditions : 



/de d(j' 



X sinafg g-J = \/i?sin0 sincr — Xcoscr cosho cos0 + /£ sin0 coshu, 

X sin a r g- + g- j = — V ^cos0 sin a — ^coaa sinh o sin d — ii coa sinho). 



■ (15) 



We shall consider first the case where the surface iS'is spherical, and inquire 

* Darboux, Lemons, II, p. 885. 



it 
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whether equations can be satisfied when % and ^ are constant, the latter being 
zero. In consequence of (1), equations (16) reduce for this case to 



* ^ j = sin a sin Q sinh o — ^ cos a cos cosh o, 

^ sin a (^ — h J^) = — sin (T cos cosh o — ;i cos a sin sinh u. 



(16) 



Differentiate the first with respect to v and the second with respect to u, and 
subtract ; since o is a solution of equation (3) the resulting equation is 

A,* = — sin *(T. 

There is no loss of generality in replacing this by 

A. = i sin (T. 

If this value be substituted in (16) and the resulting equations be differentiated 
with respect to u and v respectively, we have upon adding the equation 



d^e 



+ ^ = sin cos e. 



If we introduce a new function 0^ defined by * 



= | + »o.x, (17) 



it is found that oi is a solution of equation (3), and equations (16) take the form 
sin a f^ + i^j = — sii^h o cosh % + cos a cosh o sinh ai , 



sin a ft ^ + ^ ) = cosh o sinh Oi — cos a sinh o cosh (^ . 



(18) 



Now the expressions (13) reduce to 

— i sinh 6) sinh Oi du + cosh u cosh oi dv, 

— cos a (cosh Ci> sinh g>| du + i sinh o cosh g>| db), (13') 

— sin a (cosh cj sinh Ci>i d^u + ^' sinh o cosh Qj dt;), 

from which it follows that the linear element of the locus of Mi is 

cfof = sinh^ oj du^ + cosh^ ajdi^. (19) 

In order to prove that the parametric lines on this surface, Si, are the lines 
of curvature, we make use of a method followed by Darboux f under similar 
conditions in a study of the Backlund transformations of pseudospherical surfaces. 



* cf. Biancbi, Lezioni, II, p. 454. t Le90]i8, III, p. 485. 
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26 EiSBNHABT: Surfaces with the same Spherical Representation 

From (14) and (17) it follows that the direction-cosineB of the normal to 2] 
at Ml with respect to the original moving axes are 

sin a cosh (^ , i sin or sinh uj ^ cos (T, (20) 

and consequently the coordinates of a point P on this normal at a constant 
distance a from Mi are 

sin or (sinh (d| + <i cosh Qi), t sin a (cosh ^ + a sinh cj^), a cos <r. 

Since Qi is a solution of equations (18), the projections upon thQ original axes of 
a displacement of the point P are .reducible to 

— (sinh 6) sinh (^ — cos or cosh g> cosh 0|) (sinh Ci>i + a cosh u^ du 

— i (cosh a sinh g^ — cos a sinh g> cosh Oi) (cosh Oi + a sinh o^) c2t7, 

— i (sinh o cosh cdj — cos (T cosh cj sinh Qi) (sinh Ci>2 + a cosh c^i) (2ti 

4- (cosh Q cosh cjj — cos a sinh % sinh q) (cosh (iJi + a sinh cdj) (2v, 

— cosh Q sin a (sinh 6)| + a cosh O]) c2ti 

— i sinh o sin a (cosh g>i + a sinh cji) dv. 

From these expressions it is readily found that the linear element of the locus 

ofP is 

d(? = (sinh (Oi + a cosh d^)* dtf + (cosh Oj + a sinh (jj)* cfo^ . 

As defined this surface is parallel to the locus of Mi . Since the parametric lines 
form an orthgonal system on both surfaces they are the lines of curvature for 
these surfaces. 

Since i^i is a solution of equation (3), the surface S| with the linear element 
(19) is a spherical surface, whose spherical representation is given by 

cfof = cosh* 6)i du^ + sinh* ^i d^. (21) 

As in the case of the Backlund transformations of pseudospherical surfaces, 
equations (18) can be transformed to the Riccati type, so that for a given value 
of a the general integral contains an arbitrary constant. It is evident that these 
transforms, doubly-infinite in number, are imaginary.* 

We pass now to the consideration of the case where the surface S is any 



* cf. Bianchi, Lezloni, II, p. 454. 
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surface of Bonnet^ and discuss the case when uy is any solution of equations (18). 
Equations (16) reduce to 



i V (r sin (T = X cosh o — i^i sinh o, 

from which we get 

A. = i sin a ( — ^/E sinh u + \/ G cosh o), , . 

^ ' _ ^' (23) 

/[i = sin (T ( — VE cosh (j^+ \/G sinh o), 

If these values for X and /^x be substituted in (13), it is found that the projections 
of a displacement of Mi are 

— i sinh Q 's/Ei du + cosh o \/~G\ dv, 

— cos a (cosh o sfEi du + i sinh os/ Gi dv)y (24) 

— sin a (cosh o VJB'i dti + % sinh o V (?i di?), 

where we have put 

/-^ _: . / ds/E /-^ d(d\ iX sinhoi + f£ cos a cosh oi 

^~ \ du duJ Bin a ' ^ , 

f26) 

/"Trr . - /dV G /"Ei 9o\ i^ cosh ch + M cos a sinh cji 

\ dv CvJ sm or 

From (24) we find that the linear element of the transform is 

ds\ — E^d/^'\'G^d/^. 

The tangent plane to this surface at a point Mi is evidently parallel to the 
tangent plane to the surface Sx , which is the spherical transform, by means of 
the same a and oi of the surface S associated with the original S\ corresponding 
points on Si and Si being the transforms of the points on S and S with the same 
spherical representation. Hence the spherical representation of Si is given by 
(21), from which it follows that the parametric lines on Si are its lines of curva- 
ture and consequently Si is a surface of Bonnet. Therefore, each solution of 
equations (18) gives a transformation of the surfaces of Bonnet with the spherical 
representation (2) into a group with the representation (21). 

From (23) it is seen that for a given a the points ifi, on all the transforms 
of a surface of Bonnet, corresponding to a point M on the latter lie on an 
imaginary circle whose axis is the normal to /S' at i£ 
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§ 3. Theorem of Permutabiiity. 

It is now our purpose to show that there exists for surfaces of Bonnet a 
theorem of permutabiiity similar to the one which we established for jl-surfaces.* 
Thus, it will be shown that if a given surface S be transformed by means of 
{ui, (Ti) and ((J2, (T2) into the surfaces Si and S^ respectively, there can be found 
without quadratures a function cjs such that Si and S^ are transformed into the 
same surface S^ by means of (os, 02) and ((Og, ai) respectively. 

Denote hy Xi, fii the lengths determining the point Mi on Si corresponding 
to M on Sy and by ^jg, (ii^ the similar functions giving the transformation 
from Mito M^. From (23) it is seen that these functions are of the form 

Aq = i sin (Tj ( — \/E sinh « + V (? cosh o), 

(ii = sin (Tj ( — VE cosh o + s/Q sinh o), l / \ 

X18 = i sin (T3 ( — Vi^i sinh coi + \/ (rj cosh Oi), 

/[£i8 = si^ <^2 ( — ^-Ei coshttj + \/^ sinh Oj). 

Denote by ds the angle formed with the tangent to the line v = const, 
through Ml by the line of intersection of the tangent planes to Si and S^ • The 
projections, on the trihedron formed by the normal to Si and the tangents to the 
lines of curvature at Mi^ of the line Mi M^ are 

^1 8 sin (Tg , Aq 3 cos 63 — jt^i 8 cos (Tg sin Q^^ >li 3 sin 08 + f£i 3 cos cTg cos ©8 • 

It is evident that this trihedron is parallel to the similar trihedron for the trans- 
form Si of the spherical surface S. Hence it follows from (13') and (14) that 
the direction-cosines of the angles which the axes of the above trihedron make 
with the lines MP^ MQ, MN for S are 

— i sinh o, — cos Oi cosh o, — sin Oi cosh o, 

cosh o, — i cos Ci rinh q, — i sin (Tj sinh o, 

0, — sin (Tj , cos a I . 

Hence, if ^ be replaced by -- + 1013, the coordinates of M^ with respect to the 

2 

axes ifP, if C, MN are 

'^i + '^i 8 cosh (cja — 6)) — i jt^i 8 cos (T2 sinh (03 — o), 
fi|C0S(7i + coscTj [iAq8 sinh {u^ — ^) + i^i8 coscTg cosh (g)3 — G))] — |iii8 sincTi sincTg, 
^1 sin (Ti + sii^ <^i P '^i 8 si^ti (^ — ") + i^i 8 cos a^ cosh (0)3 — o)] + jt^i 8 cos Ci sin cTg . 

«il, p. 154. 



(28) 
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From these it is readily found that the coordinates 9*3, y^j z^ of M^ with 
respect to the axes at M formed by the tangents to the lines of curvature and 
the normal are 

Xs = — i ^i sinh coi — fij cos cTj cosh Oj — (i Xj 3 sinh Oj+f^i s cos cTj cos a^ ^obYi Oi) 

cosh (qs — ai) — {% Xj 8 cos Ci cosh cjj + jt^j 3 cos a^ sinh Oi) sinh (cjs — o)) 

-f- fii 8 sin (Ti sin a^ cosh oj , 
y^ =z Xj cosh G>| — ifii cos (Tj sinh Wi + (>^ s cosh Oj — i fii 3 cos cTj cos cTg sinh Oi) 

cosh (03 — w) + (^ 3 cos (Ti sinh oi — ifiis cos dg cosh cjj) sinh {(Os — w) 

-f- { jt^i 3 sin (Ti sin (T2 sinh o)} , 
23 = fij sin (Tj + sin a^ [iX^s sinh (c^ — w) + i^ia cos cTg cosh (CJ3 — co)] 

4" f^i 8 cos (Ti sin (^2 • 

According to the statement of our problem^ it must be shown that S^ is 
transformed by means of the same 6)3 and (Ti, instead of (T2, into the surface S^ 
defined by (28). For the moment we denote the new transform by S^ and its 
coordinates by xa, 173, 23. It is clear that the expressions for the latter are given 
by (28), if the subscripts 1 and 2 are interchanged and the subscript 13 is 
replaced by 23. 

In order that the two surfaces coincide we must have 

— i sinh oj {xi — x^) + cosh Oj (2^3 — yS) = 0, 

— % sinh 0)2 (xi — X3) + cosh Og (2^3 — t/s) = 0, 

2^ = 23- 

By substitution the latter become 

[Xj 3 cosh {(Ofi — Oj) — i (^3 cos (J I cos (T2 sinh {c^ — Oj) — Xj 3] cosh ((03 — o) 
+ * [i^i 8 cos (^2 — (i^ 8 cos a I cosh (g)2 — Oi) — i ^ 3 cos (T2 sinh (cjg — Oj)] 
sinh ((03 — o) = ki — ^ cosh {c^ — Oi) + i ^ cos cTg sinh (cjg — Qj) 
— » /U28 sin (Tj sin (T2 sinh ((J2 — Oj), 

[^13 cosh (0)2 — ^) + * i^ia cos (Tj cos(T2 sinh ((J2 — Wj) — ^^3] cosh {c^ — a) 

+ i[ll2S cos (Ti — fli 3 cos (T2 cosh (CJ2 — ^) + * ^1 8 cos (Ti siuh (cjg — (Jj)] 

sinh (cjs — o) =: ^ — Jlj cosh (cjg — %) — i (ii cos (Ji sinh (gx^ — ^1) 
+ i|K£i8 sin (Ti sin (^2 sinh ((i)2 — cji), 
(/[£i 8 sin (Ti cos (T2 — /U2 8 81^^ ^2 cos (Ti) cosh (cjs — w) + i (^ 8 sin (Ti — %2 8 sin (T2) 
sinh ((^3 — o) = sin (T2 (iUg — fii 3 cos (Tj) — sin (Tj {(ii — fig 3 cos (T2). 



(29) 
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I- 

ii; We consider first the case where /S' is a spherical surface ; now 

Xi = ^8 = * sin (Ti, a« = ^8 = * sin (Ta, (i^ = (i^=z (i^=z (i^=z 0, 

III and the above equations reduce to 

[sin (Ti cosh (o^ — ©i) — sin ctg] cosh (<i>8 — w) + sin Ci cos cTj sinh (coa — c^) sinh (cj8 — (^) 

= sin (Ti — sin (T2 cosh (cog — ©j), 
I [sin (Tg cosh (og — Oj) — sin cTi] cosh {o^ — o) — sin (Tg coscTj sinh {c^ — Oi) sinh (w8 — o) 

;;!i| = sin (T2 — sin cTi cosh (wg — c^h)- 

Solving these equations for cosh (og — o) and sinh (cjg — o), we get 



• m' 1 



:• '- 






cosh fo, — o) = 8^ " <^i s^° <^2 + (co» <^i P08 <y2 — 1) cosh ((Ja — til) 
^^ ' sin <Ti sin ffg cosh (0.3 — %) + cos <ri cos a^ — 1 * 

sinh (0,-0)= (cos gg — cos a^) sinh (og — %) 

^ ' sin (Ti sin Cg cosh (<jg — Oi) + cos <Ti cos <Tg — 1 



^(30) 



Since these expressions satisfy the general relation cosh ^ a — sinh ^ a = 1, they 
may be replaced by 



(31) 



|-i|) It remains for us to show that the function cos thus given satisfies the con- 

ditions of the problem. The functions Oi and 6)3 must satisfy equations (18) in 
which a has the respective values a^ and cTg. In like manner g^^ niust satisfy 



and 



sin (T2 (J^ + i J^j = — sinh % cosh c^ + cos (T2 cosh Oj sinh cog, 
sin (Tg r» ^ + J^j = cosh 6)1 sinh o^ — cos 0^2 sinh Oi cosh 03 ; 

sin (Ti r ^ -f » ^ J = — sinh (Og cosh coa + cos cti cosh u^ sinh (^8 . 
sin (Ti r» ^ + ~ J = cosh (^ sinh c^ — cos cti sinh wg cosh cjg* 



(32) 



(33) 



It is readily found that, when oi and cdg are any solutions whatever of 
equations (18), the function cjg given directly by (31) satisfies (32) and (33) * 



*.cf. Bianchi, Lezioni, II, p. 458. 
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Furthermore, if the values of sinh ((Og— o) and cosh (cjg — o), given by (30), 
are substituted in (29) together with the expressions (27) for X and (i, it is found 
that these conditions are satisfied. Hence we have this theorem: 

WTien tvx) particular transfiyrmaiioM of a surface of Bonnet are knoum, 
a transformation of the resulting surfaces can be effected by algebraic processes 
and in each case it gives the same surface. 

Consequently, as in the case of ^-surfaces, when one knows the general 
transformation of a surface of Bonnet, its transforms can be transformed by 
algebraic processes. 

§4. Real Trans formatums. 

From the preceding discussion it is clear that all the transforms of S^ such 
as ^1 and S^ , are imaginary ; and, in general, the transforms of the latter are 
imaginary. We seek now surfaces of the latter class which are real. 

Denoting by cji, di the conjugate-imaginaries of (Ji, (ti, we put 

(i)g = i 7t — Oj , (Tg = 71 — 5i . (34) 

It is found that G^iB?k solution of equations (18) with a given by (34), provided 
that Ui is a solution of these equations with Oi in place of a. - 
If we put for brevity 

a = — ^E sinh o + V^ cosh o, 6 = — V^ cosh (j -f ^Ix sinh 6>, 

c = -^ina,^ma,[-^ ^G^). d = sm(riSin(r,(?^-V^g^j, ^ ^ 

the expressions (27) may be written thus 

;ij = i sin (Ti a, fii = sin (Ti 6, 
;ijg =: i (c sinh coi + i d cosh Oi) + i sin a^ a, (36) 

^j 3 = cosh Oi + i c2 sinh (jj + cos a^ sin a^ b. 

Since sin a^ and sin a^ are conjugate-imaginaries and the other functions in (36) 
pertain to S^ the functions a, &, c, d are real. 

When the above values are substituted in the expression (28) for o^g^ ^^^ we 
make use of (30), we get 

a:8 = -fj\ — ^ (cos Ci + cos cTi) (sin cTj cos cTi sinh cii + sin Ci cos a^ sinh Oj) 

+ 6 cos (Ti cos Ci (cos ^1 + cos (Ti) (sin Sj cosh c5i + sin cti cosh wj) 

+ c [(cos ^1 -f cos (Tj)^ cosh 6)i cosh Wi — sin cTi sin a^ r (37) 

— (cos a I cos 5i + 1) cosh (qj + Oi) 
4- i c? [(cos ^i+cos (Ti) (cos^i sinh % cosh cii— cosctj sinho^ coshox)] [, 
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where D denotes the denominator in (30). Since the above expression for x^ is 
real and similar results follow for y^ and Zg; it is evident that S^ is a real surface. 
For the values (34) equation (31) becomes 



cos C' - '^O 
tanh f ^^^) = \ ?-C coth ( 

^ 2 ; cosQi^) ^ 



(di + oi 



)' 



(38) 



from which it is seen that a^ is real. 

Returning to the general case^ we remark that when (tg =(Ti, we get from (31) 



6)3 — o := (2m + l)in. 



(39) 



Moreover, if this value of o^ be substituted in (32) and (33), they reduce to (18). 
Now the linear element of the spherical representation of ;%, namely 

efog^ = cosh^ coa d'uP + sinh^ 6)3 dt^ 

reduces to (2). Hence S^ belongs to the same group as S\ it is the envelope of 
the plane containing the points if^, M^^ &c., which are the transforms of if by 
means of the general solution coi of equations (18) in which a = Oi. We will 
consider, in particular, the case where S^ is real. 

Referring to (38), we see that if 03, given by (39), be a solution for any 
function Oj, (Tj + a^ is an odd multiple of n. Without loss of generality 
we may take 

(T2 + (Ti = 7t. 

Now (Ti and a^ are of the form 



7t I 



(Ti = - — It 



hence 



sin (Ti = sin a^ = cosh r, cos cTi =: cos cTg = — i sinh r. 



(40) 



For these values the expressions (28) for the projections upon the original 
trihedron of the length MM^ reduce to 

c, J, 6 singer, (41) 

in consequence of (36). 

With respect to axes fixed in space the direction-cosines of the tangents to 
the lines of curvature of 2, and consequently of S^ will be denoted by Xi, Fi, Zj; 
-Z^, F2, Z^. Hence if we denote by (a, y, z) and (a/, y', 2/) the coordinates, 
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with respect to these axes, of corresponding points on S and S^ , we have from 
(35), (40) and (41), 



d ■=.x — cosh* T 



+ (\/J? cosh 6) — VG sinh w) X 



(42) 



and similar expressions for %f and tI. It is readily shown that these define a 
parallel to S^ when the latter is a spherical surface or one of its parallels, and 
only in this case. 

§ 5. BaxMund Tranaformatuyns of Applicable Surfaces of Bonnet. 

We pass now to the consideration of the transformations of the surfaces of 
Bonnet whose spherical representation is given by (1). The associated spherical 
surface, 2', is the Hazzidakis transform of S, and its linear element is given by (2). 

For this case the equations analogous to (16) are 

W sin a' (^ -J-) = sin a' sin ff cosh o — ;i' cos a' sinh o cos ff, 

\du dv/ 

^' sin or' (^ + ^j = — sin or' cos & sinh o — 7J cos cr' cosh q sin ff. 
The conditions of integrability of these equations reduce to 



and 



If we put 



this becomes 



7J = i sin a' 

Q2ff ^2ff 






= 0, 



and the above equations are reducible to 

sin or' fJ^ "^ * 3^) ^^ * ^^^^ "i ^^®^ ^ — * ^^® ^' ^^*^ "i ^^^^ "> 
sin a' ft ^^ + ^ J = — i cosh (d{ sinh cd + i cos cr' sinh Oi cosh (j. 



(43) 



When these equations are compared with (18), it is seen that if a' be given by 

sin a' = i tan cr, cos & = sec or, (44) 

6 



34 



Eisenhart: Surfaces with the tame Spherical Repreaentaiion 



I 



V 



11 



i 



ii 



■i 



I i 
».:= 






i 



r 



.1 



i 



.- 



I" 



■1 ■% 

'I, ■: . 

>l 

I' I''. 

t] 

1. 

I'-l 

' V ! 
■ I 

■ l".. 

I 



ll 



!:l!l 



I 






the function c^i is a solution of equations (43). The linear element of the trans- 
form of 2i by means of oi and & is 

(fo{' = cosh ^ (di du? + sinh ' qj dt^ 



and the linear element of its spherical representation is 

dal^ = sinh^cji du^ + cosh^o^ cfo*. 



(45) 



From these expressions it is seen that the new surface Sj is the Hazzidakis trans- 
form of 2i. * 

We have seen that the surfaces of Bonnet associated with X and those 
associated with its Hazzidakis transform can be arranged in pairs of applicable 
surfaces. We shall consider the effect of the preceding transformations on such 
a pair, S and S^. 

Let the linear element of S' be (4) and of its spherical representation (1). 
Prom (15) and (43) it is seen that, if we denote by ^' and ^' the functions for S^ 
analogous to ^ and fi for S^ they are given by 

Jj = tan or ( — s/ E cosh w + \/~G sinh w), 
fi' = i tan or {\/ E sinh u — V 6r cosh o) ; 



(46) 



in these expressions, as first found, sin a' has been replaced by % tan a. It is 
readily found that the linear element of the transform S[ is 



where 



d8[^ = Eidu^^ G[d^, 



\/El = tan a ( -^ — 



^G[ = 



% tan or f -~^ — 






X' cosh (Ji , . , sinh d, 
tan or *^ 



smor 



^^^)- 



yl' smh Ci)i . • / cosh (^ 
tancr ^ smor 



(47) 



and the spherical representation is given by (45). 
A comparison of (23) and (46) shows that 

^' = sec a .[I, /t£' = — sec a . Jl. 

If these values be substituted in (47) and the result be compared with (25), 
it is found that 

\/El = sec a Vli , \/Wi = sec a V"^. (48) 



* cf . BUnchi, LeEioni, II, p. 469. 
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From this it is seen that a homothetic transformation applied to SI will give 
a surface of Bonnet applicable to Si. Hence, if S and S' are two applicable 
surfaces of Bonnet, and Si is the Backlund transform of S by means of (^i and a, 
the Backlund transform of S' by means of 6>i and a^, the latter given by (44), is 
homothetic to the surface applicable to Si with preservation of lines of curvature. 
All of these surfaces are imaginary, but we shall find real ones in consequence 
of the theorem of permutability. 

As before, we denote by Ss the real surface, which is the transform of Si 
by means of (Js and (T2, these functions being given by (38) and (34); and we 
write the linear element of S^ in the form 

d4 = I!sdu^+ <?8^- 

The preceding results show us that S[ can be transformed into a surface ^3 by 
means of (^3 and 02 ^ where ag is defined by 

sin (T2 = i tan a^ , cos (T^ = sec a^ , (49) 

and /Ss has the same spherical representation as /^ . If the linear element of S's 
be written thus 



the functions ViSi, V^; VJ&i, VHff] will have forms similar to (26) and (47). 
Since they are linear and homogeneous in V-Ei, VG^j; V^i, VG[j it follows 
from (48) that 



^/W^ = sec or seccTg VjS^89 .VG^g = seccr sec a^s/Gz. (60) 

From (34) it follows that in order that Ss be real we must have 

ai=in — a'. (61) 

In consequence of (34) equations (49) may be written 

sin (Tg = — i tan a, cos ctj = — sec a 

and from (44) it follows that 

sin a' = — i tan a, cos S' = sec a. 

Comparing these two sets of equations, we see that condition (61) is satisfied. 



; 
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In consequence of (34) equations (60) become 



V^8 = — sec or sec a VjE's? \/ G^g = — sec cr sec a V G^g 



If we put 
we find that 
if 



or = a + » ^, 
sec or sec a = 1, 
sin ^ a = sinh ^ ^, 



(52) 



and only in this case. Hence, given two applicable surfaces of Bonnet ; by two 
imaginary transformations of Backlund we can obtain a second pair of applicable 
surfaces of Bonnet. Since a or j9 is arbitrary and there is an arbitrary constant 
in the solution Oi of equations (18), there is a double infinity of these trans- 
formations. 

§ 6. General Determination of Surfaces of Bonnet. 

In the tangent plane to a surface of Bonnet, S, at a point M we draw a line 
through the point of contact and indicate by 6 the angle which it makes with the 
tangent to the line of curvature v = const. At a point P of this line we draw 
in the tangent plane the segment PQ of the line perpendicular to PM. In the 
plane through PQ and normal to PM we draw a segment QR making an angle or 
with QP. For convenience we indicate by p, p, r the respective lengths MP, 
PQ, QR* If 6 is defined by (17) and (18) the projections, on the trihedron 
formed by the tangents to the lines of curvature and the normal to Si of the 
segment MR are 

— [tjpsinhoi+(p+rcos(r)coshoj, [jpcoshoj — i(p-|-rcos(T)sinhttJ, rsincr. (53) 

From these it follows that the projections of a displacement of R are 
of the form * 

— d [i p sinh oh + (p + r cos or) cosh cjj + V jS dii + ^ sin a cosh o du 
+ |j)COsh Qi — »(p + r cos cr) sinh 6)i] (J^du — js-^^j > 



d [/> cosh 0| — * (p + ^ COS or) sinh Oj] + V (? dr + ^ sin a sinh o dv 
+ [ip sinh 6)i + (p + r cos cr) cosh (d^(y^du — J^dvj, 

sin adr + cosh o [ip sinh w^ + (p + r cos or) cosh oj du 
— sinh o [/) cosh Oi — (p + r cos a) sinh w J dv . 

* Darbonz, Legons, toI. II, p. 885. 



(54) 
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From these it is found that the necessary and sufficient condition that the 
locus of JS be a surface of Bonnet with the same spherical representation of its 
lines of curvature as ^ is that p^ p and r satisfy the following equations 

sin a cosh wj ^ — i sin a sinh "i js^ — [i> sinh Oi — i ( p 

+ r cos a) cosh o J sinh (j cosh Oj = 0, 

i sin a sinh c^^-+ siu a cosh o^ -J- -ft [j:> cosh wj — t ( p 

+ r cos or) sinho^jcosh (j sinh Oj = 0, I (^^) 

sin (T jc- + [i^ sinh Oj + (p + r cos or) cosh oj cosh w = 0, 
sin (T ^^ [/> cosh (Ji — » (p + ^ cos cr) sinh o J sinh = 0. 

From (64) one finds that the coefficients of the linear element of the new surface 
are given by 

^IP = V:r- (i sinh o, ^ + cosh (^ ^) + (P«o«<^ + ^)co«ho 

\ du ouJ sm (T 

ip sinh o cosh' ^ + (p + ^ cos a) sinh Ci>i cosh Oi sinh (j 



+ 



smcr 



, ^ sinh'oi cosh cj — (p + ^ cos cr) i sinh Oi cosh uj cosh o 

I mri • 



smcr 



(56) 



As defined, S^ is imaginary, but we shall be able to efiect a similar trans- 
formation on S^ and get a real surface S^^. 

We have seen that, if o^ and a be replaced by in — cSi and n — a, equations 
(18) are satisfied. Moreover, it can be shown that, if equations (66) are 
satisfied by 

these equations are satisfied also by 

n—a, in — u^, — p, — p, r, (58) 

where the bar indicates the conjugate imaginary function. 
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The succesBive application of these transformations upon S gives a surface S'\ 
whose coordinates are of the form 

a/' = X — [i {p sinh Oi — p sinh ui) + (p cosh Oi -f p cosh (^) 

+ (r cos a cosh Oi + r cos a cosh cji)] Xj 
+ [(jp cosh Gh + P cosh ©i) — i (p sinh Oj — p sinh ^) ^ (59) 

— i (r cos (T sinh Oi — f cos a sinh oj)] JC^j 
+ (r sin (T + r sin a) X. 

J, Hence the surface S'^ is real. 

■■;: j • 

;m ' Among all the surfaces of Bonnet with a given spherical representation 

\ the origin itself may be counted. In this case we associate with it the trihedron, 

^ with vertex at the origin, rotating in such a way that its axes are parallel to the 

corresponding axes of the trihedron associated with a surface of Bonnet having 
.» the given spherical representation. Hence, if we put x, y, z, equal to zero in 

>^i ' (69), these equations define all the real surfaces with a given spherical represen- 

tation, when jp, p, r, or, o are given all the sets of values which satisfy (18) and 
(65) ; now JS and G in (66) are zero also. 
Since 

where the bar indicates the conjugate function, for the surface defined by (69) 
(with a = y ^ 2 = 0) we have 

\/W = s/£!'f+^'W, V"^' = V"^' + V^. (60) 

We consider several particular cases. 

§ 7. ParticiUar Surfaces of Bonnet. 

Let <7 = ^; from (34) it follows that or, = ? also. Now equations (66) 
reduce to 

-Jl — 4. fiinh /.I. -J 



cosh (^ ^ — i sinh c^i^ — {p sinh Oj — t p cosh oi) sinh o cosh oj = 0, 
i sinh Oj w^ + cosh "i ^ + (i> cosh wi — » p sinh wj) cosh q sinh Oj = 0, 



dr 

3~ + (*p sinh 0)1 + p cosh cji) cosh w = 0, 

Si* 

J5 (i^ ^^sh (Ji — » p sinh coi) sinh = 0; 



(61) 
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and by means of these equations the expressions (56) are reducible to 



^^= Sab; 3^--P <^o«h" + irsinhc,; 



three functions a/ ^y y may be defined in the following way: 



da 
d^ 

dy 
If we put 



; sinh (j sinh oi du + i cosh o cosh oi c^, 

— ie~* [sinh w cosh cji dTw + i sinh O] cosh o dv], 

— ie^ [cosh G) sinh (Ji du + ^' cosh oi sinh o (2t;]. 



= c, 



where c is a constant^ the most general solution of equations (61) is 

p = ^-(^c+A), r = y(c/? + A) — CT, 

where h is an arbitrary constant and r is given by 

dr 

g- = ( — ie"^ Y sinh w + cosh w) cosh wj , 

dr 

g- = (^ "• y cosh cj + i sinh w) sinh oj . 



(62) 



the accents have been removed. 
Since equations (18) become 

J^ + i ^ = — sinh o cosh cji , i 5^ + J^ = cosh cj sinh w, , (63) 






(64) 



(66) 



(66) 



(67) 



We have neglected an additive constant for r, since it only tends to replace the 
surface now defined by surfaces parallel to it 

When c and h in (66) are real, all the surfaces of Bonnet defined by (69;, 
with X = andjp, q^ r given by (65) and (66), are evidently homothetic to the 
surfaces which are the loci of the points dividing in constant ratios the joins of 
corresponding points on the two surfaces for which 



c=0, A = l; c=l, h = 0. 



— n * 



*cf. Surfaces Analogous to Surfaces of Bianchi, 1. c. p. 1911. 
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40 Eisenhast: Surfaces with the same Spherical Representation 

When p is not constant, the first two of equations (55) may be written 

d . , do dB 

g^«-^ = t«-tanh(^g^+P3^, 

3 . , do d3 



(68) 



Ifp be eliminated from these equations by differentiating with respect to v and u 
respectively, it is found that p must satisfy the equation 



it 



^ log cosh 6)1 g^ — g^ log sinhwi ^= 0. 



f_ 

duov dv 

But this equation is satisfied by the function expressing the distance from the 
origin to the plane tangent to any surface of Bonnet whose spherical represen- 
tation is given by (21). Hence if we know a solution cj^ of equations (63) and 
also a surface with the representation (21), we can find by quadratures a surface 
with the representation (2). 

It is easy to fumbh an illustration of this remark. Corresponding to 
equations (63) for the representation (2), we have for the representation (21) 



3(j8 . d(Ji 



. d(i)8 



^^ + * ^^ = — sinh 0)1 cosh cjg , i ^^ + ^-^ = cosh (j^ sinh os . 
A particular solution of these equations is 

Referring to (64), (65) and (66), we see that a surface with the representation 
(21) is defined by 

«! = c- (» sinh GiX[— cosh w X^) — ^ X', (69) 

and similar equations for y^, Zi] JT^, X^, X' being the direction-cosines of the 
tangents to the parametric curves on the representation (21) and of the radius to 
the point on the latter with respect to the fixed o^-axis. Now the distance of the 
tangent plane from the origin is — ^. If this be substituted in (68), we have 
for the functions p and p determining a surface with the representation (2), 

where iS; is an arbitrary constant, and r is given by quadratures from (55). This 
case follows from (66) by taking A = 1, c = to determine (69); it is evident 
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that other solutions can he found by quadratures, when these constants are 
given other values. 

In a simihir manner we can find a large number of surfaces of Bonnet by 
methods analogous to those which we have used in getting the surfaces analogous 
to surfaces of Bianchi.* 

§ 8. Determination of the Surface of Bonnet Applicable to a Given Surface of Bonnet. 

We have seen in § 6 that if </ is defined by (44) the function (di gives a 
Backlund transformation of a surface with the spherical representation (l). 
We will now use this fact to obtain a general method of determining surfaces 
with this representation similar to that established in § 6. Instead of starting 
with a surface having this representation we take the origin and associate with 
it a trihedron whose axes are parallel to the axes of the trihedron associated 
with the sperical surface having this representation. 

If we denote by p', p', / the functions analogous to jp, q, r, as defined in § 6, 
the coordinates with respect to the fundamental trihedron of a point on a surface 
of the group can be written, in consequence of (44), 
— [y cosh 6)1 — i (p' + r^ eeca) sinh w J , — [ip' sinh (jj + (p' + r' sec a) cosh o J , 

9 

i / tan a. 

Expressions for the projections upon the axes of a displacement upon the 
surface are similar in form to (64); from these it is found that the necessary and 
su£Scient condition that the surface be a surface of Bonnet, with the given 
spherical representation of its lines of curvature, is that jp', q', r' satisfy the 
conditions 

( i sinh (di ^ + cosh oj or" ) tan or -|- i sinh ui cosh co 

[p' cosh 6)1 — i (p' + y sec a) sinh 6)i] = 0, 



( 



i cosh 6)1 -4-- + sinh ^i 5~ ) tan o — cosh 6)i sinh 6) 

[p' sinh 6)1 — i (p' + r sec a) cosh 6)i] = 0, 
tan (T o- = + py cosh 6)i + (p' + r' sec a) sinh 6)i] sinh 6), 

tan <t 3— = — [p' sinh 6)1 — (p' + ^ sec a) i cosh 6)1] cosh 6). 

♦ 1. c. pp. 125-134. 



(70) 
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42 Eisenhabt: Surfaces with the same Spherical Representaiion, Etc. 

The coeflScients of the linear element of the surface are given by 

3i>' 9p' 

VJ^i = — cosh (Jig— + % sinh 6>ig^- — i (p' seccr + r') sinhw cotcr 

— sinh 6)1 cosh cj cot a [p' sinh g>i — (p' + / sec a) i cosh wj, 

A^ G^=: — i sinh "i ^ — cosh (^i^ — i (p' sec cr + r') cosh w cot cr 

4- cosh 6)i sinh cj cot a [^ cosh wi — i{pf + r' sec cr) sinh oj. 

Suppose now that we have given a surface, S, of Bonnet with the represen- 
tation (2) and a solution coj of equations (18). For S the functions p, p, r are 
known. From the equations 



(71) 



\/E^ = \/E, VG^i = s/G, 

when substitution has been made from (56) "^^ and (71), and the first two of 

equations (70) we get ^, g , g^, g- in terms of known quantities. The 

conditions of integrability of these expressions and the last two of (70) are 
reducible to three linear equations in p', p', r'. Thus we find by algebraic 
processes p', q', r', determining the unique surface Si applicable to a given 
surface S with correspondence of lines of curvature; it has been shown that 
there always is a surface Si of the kind sought. 

If a is such that condition (52) is satisfied, we can get at once another 
pair of applicable real surfaces of Bonnet as shown in § 5. 

Pbimcbtoh, January, 1906. 

* Here ^E is ^W of (56) and E of the latter is Eero. 



On the Factoring of Composite Hypercomplex Number 

Systems,* 

Bt Hehan Bubr Leonard. 



Introduction. 

From the two number systems ^= ej . . . . e, and F=/i /,, having the 

multiplication tables e^Ci,= ^n*.*. ^'i. (* = J. ..-•,«) and /j,/j,=^^jja,fj. 

(y = 1, . . . ., r), can be formed by multiplication f a number system of nr units 
^kJi = ^ii/h=A^kf having the multiplication table f i,i, e*.^ = ^ e^ ) (/^/J 
^^ ^ Til u it ^hhh ^u J» ' I^ regard to the converse problem Professor Scheflfers 

suggested I in 1891 that there was lacking a serviceable criterion for deciding 
whether a given system is a compound of systems and also that general theorems 
concerning the divisors of zero and the characteristic equation were desirable 
The consideration of these <}uestions has led to the results which are now given 
in what is to be regarded as a first communication. 

Let A=z^a^e^ and A = ^olj/j be numbers of the systems J? and -Frespect- 

ively. Then the number (7= y^ajO^e^ yyill be called the compound of the num- 

bers A and A. It is shown in §2 that if (ii, ,(in o^^^ the roots of the character^ 

iatic equation of A, and rj, . . . . , r^ are the roots of the characteristic equation of A, 
then the roots of the characteristic equation of G are (liVj {i=z 1, . . . .,w ; / = 1, 

• • • • f ')* 

In §3 is given a method for determining the factor systems of a composite 
system through the use of the characteristic equation of the composite system. 

* This paper was read at the meeting of the American Mathematical Society, held at Yale UniTersity, 
September, 1906. An abstract appears in the Bulletin, toI. 13, number 2 (November, 1906), p. 68. 

tScheffers, Mathematische Annalen, toI. 89 (1891), p. 824. 

X Annalen, toI. 89 (1891), p. 825. «<Es fehlt ein branchbares Crlterinm dafur, dass ein yorgelegtes System 
alt Product aufgefasst werden kann, und an allgemeinen SatEen iiber die Theiler der Null und die charaktens- 
tische Gleichung eines solchen Systems." 
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44 Leonard : On the Factoring of Composite Hypercomplex Number Systems. 

The method is made clear by its application to the factoring of two composite 
systems. 

A second method^ which uses the matrix representation , is given in §4. Because 
of the di£Sculty of solving algebraic equations of higher degree than the fourth, 
this method appears to be the more serviceable one for decomposing composite 
algebras of the higher orders. 

In §5 divisors of zero are considered. 



(1) 



§1. — The Group of the Compound System. 

According to Poincar6 * and Study f the groups of the algebras E and F are 
respectively 

Mi *!<« 

where the x^s are variables, the y^s parameters. If X = ^ ^kh ^h fhi 

iiji 
F=2y^ii^ijA; ^ ^^^\}z ^iifj»} ^^^ numbers of the compound algebra 

EF=ei/j (i = 1, , w ; y = 1, , r), such that Z= XY, then the group of 

the compound algebra is 

Gbp'^z^^,= 2 Yui^h^hhinVuh^i^iAi^^y ....,n;y=l, ....,r). (2) 

According to Rados| and Burnside,§ the compound OsOp of the groups Ge^ 
jl";* Gp is obtained as follows : In the function /= ^^d^j^ ^iz^h substitute the values 

of a^ and 5^, and equate the resulting form to ^c,,^, Xi^ x^. By comparing coeflS- 
cients there results 

Therefore the compound of the groups (r^, Gp may be written 

(^B(^F'Ct,^= 2 n*fU^Jii.hyks^U^ (3) 

* Poincar^, Comptes Rendns, toI. 99 (1884), pp. 740-742. 
t Study, MonaUhefte fiir Math, nnd Physik, toI. 1 (1890), pp. 288-855. 
|Rado8, Annalen, toI. 48 (1897), pp. 417-424. 

S Barnside, Quarterly Jonmal of Mathematics, toI. 88 (1902), pp. 80-84. 

g According to a saggettion deriyed from a paper by Franklin, this may be called the induced group of 
Gm <^d Of, American Journal of Mathematics, yol. 16 (1894), p. 205. 
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It can be easily seen that the transverse * or converse or conjugate of the group 
G^ Op^ designated by G^Grp, is a subgroup of Gsp* 

§2. — The Roots of the Chabacteeistic Equation op the Compound System. 

The characteristic equation of E is obtained by writing in the equations of 
the group G^ xi^ = f^Vuf'f transposing, and since at least one y< does not vanish, 
equating the determinant of the coefficients to zero : 



2^<iy*ii2 ' ^^iin^i—i^y-'f ^^kriin% 



= 0. 



(4) 



From another point of view the scalar (i must satisfy the equation (4) in order 
that for the general number x of E there should exist a number y such that 

Similarly, if one writes vyj^ for xj^ in the equations of the group Gp and 
transposes, the determinant of the coefficients of the y^s 



h 

J2) Jd — ^9 . . . . , r 



= 0, 



(5) 



expresses the fact that there exists a ^ :|: 0, such that xy = vy. 

The characteristic equation of the compound system EF\\ obtained in the 
same manner from the group Gjgp is : 

* In the American Jonrnal of Mathematics, yoI. 12 (1890), p. 840, Taber attributes the term transverse to 
Cayley, the term conyerse to Charles Peirce, and the term conjugate to Hamilton. 

tScheffers, Annalen, toI. S9 (1891), p. SOS. 

{ If we let z' . = ^. , an equation similar to (4) is obtained, which expresses the fact that a number y 
exists such that yx = fiy. In the present inyestigation, we follow Cartan (Annales de la Facultd des Sciences 
de Toulouse, toI. 12 (1898), p. B 17) in restricting our attention to the equation (4). 

§Here and hereafter in this paper J^^ = J * for J ±? ^^^^^o^'^^'^i^ ^^ *^« Kronecker usage. 

II At first glance one might surmise that the characteristic equation of the compound system FF should be 






2 % <^JM, - fifd, 
h 

Jqi Jt ^^ *-i • • • •! •* 



= 0, 



which is in fact the characteristic equation of the reducible system haying E and F for its constituents. 
Annalen, yol. S9 (1891), p. 820. 
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The characteristic equation of the special number A = a^eiOf E is obtained 
from (4) by writing a^^ = a?<j. Similarly the characteristic equation of -4 = dj/j 
is obtained from (6) by writing dj^ = i^ . Since the characteristic equation of a 
matrix is the same as that of its conjugate, the characteristic equation of the 
compound C of these numbers (Introduction) is obtained by writing a^ o^ = x^^y 
in (6). We proceed to show that if the roots of 



Zi^*^y^****~f^^**^ 



• • 



are (ii, * • - *j(in &^^ those of 



hj H — ^9 ' 



• • • • #1 



= 



(4') 



2 "a ^AAA — ^^Uiz 



ji 



J»fJ8 — ^f • • 



= 



(5') 



= 



(6') 



are ij , . . • • , Vr, then the nr roots of the characteristic equation of the compound 
number C 

iiJi 

y2= 1, . . . .,r; then i2=l, . . . .,n 
^8=1, yr] then 4=1, ,n 

are /t£< v^ (* = 1, , w ; y = 1, . . . . , r). 

If f/i, ,(in are the roots of the equation (4'), there are n linear functions 

Zi, , -^m; which are transformed by any particular substitution Sg of the 

group Gs into (iiLiy ,f£„Z,». Likewise if ^i, • . • ., Vr are the roots of (5'), 

there exist r linear functions Li, . . . .,ii,., which are transformed by any partic 
ular substitution S^o£the group Gp into ViLiy ^VrLy. Evidently the func- 
tions Li Z; are transformed by the successive operation S^^ Sp into (liV^LiLj 

The same result is obtained by transforming L^Lj by SjgSp. But S^Sp {L^Lj) 
= ^^ Zj Z;.* Therefore ^i, = f^ ^^ and the theorem is proved. 

§3. — Factoring op Composite Systems by Characteristic Equation Method. 

I. The multiplication tables of the systems E and F being given, the mul- 
tiplication table of the compound system EF is determined by the consideration 
that its nr units are e<^. If the characteristic equations of a number A of £ and 



* PrankliD, American Journal of Mathematics, yol. 16 (1894), p. 205. 
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a number Jl of i^ are given, the characteristic equation of the compound number 
C can be determined. Let 



|i 



■'^1 



k\ 



I I 



I 



and 






(4") 
(5") 



be the characteristic equations of A and A and let 



(6") 



be the characteristic equation of the co.mpound number G. The coefficients s 
can be determined in terms of^ and q. Since the roots of (6") are f/iVj, the 
coefficients s of (6") are calculated in terms of^ and q by means of the symmetric 
functions of the roots of (4") and (5"). The converse problem is considered from 
two points of view. In §4 from a given compound system are derived the factor 
systems. In this section (§3) from the characteristic equation of a general 
number G of the compound system are calculated the characteristic equations of 
corresponding general numbers A and A of the factor systems. 

That the problems of §4 and §3 are not strictly identical can best be made 
clear by an illustration. The characteristic equation of a general number of 
the system 
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is (xi — 0^=^0. By the methods explained later in this section, the char- 
acteristic equations of general numbers of the factor systems are calculated 

to be u^ — pifi + ^ = and v^—q^ + i^i^^—^^iv + ^jq\ = 0. The first 
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one is evidently the characteristic equation of a general number of the Cayley 

two-unit system.* On the other hand the system belonging toTv — -^ J = is 

not uniquely determined, since all of the following systems have the same 
equation:! 
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However by the method of §4 the factor systems are found to be 

and 
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tScheffers, Annalen, yoI. 89 (1891), p. 852. 
form. 

7 



The characteristic equations there giyen are in the reduced 
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Nevertheless in some respects the method of this section is more powerful 
than that of §4. Thus the system 
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can not be resolved by the method of §4 ; but the characteristic equation of its 
general number is ^* — 4xi ^ + ^ (6a^ + 2a| + 4x8 ^t + 2a^) — ? (4a^ + 4»i a| 
+ 8x1 xg ^4 + 4xi arf) + (x}+ 2a^a| + 4x5x8*4 +2a^«<+ 4+ 4xjx4 + 6x|a^ + 4a^a^ 
-^ X4) = and by the method of this section the characteristic equations of gen- 



eral numbers of its factor systems are found to be ^' — i'lMH" 4 = and 

** — ?i »* + ^" (a? + ^ + «4 + 2x8 a4) = 0. The factor systems* belong to the 

types 

ci e^ and /, /^ 



<^ 



«8 



«8 







/i A 

f, -fx 



II. We start with the simplest composite systems, namely those of order 
four, whose factors must be two two-unit systems. Assume as the characteristic 
equation of a general number of the compound system f* — «i^ + «2^ — H^ 
+ «^ = 0. For the characteristic equations of general numbers of the two factor 
systems may be assumed y? — jpi \l +^2=0 and r^ — Ji v + Ja = 0. By forming 
the symmetric functions of the roots of these equations, the following relations 
are obtained : 
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—fxq»- 


-2p2 28+l>«3i 
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"=■ PxPt^hq^ 
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= i'l2l- 


J 



(7) 



* When these two systems are componnded and the following linear transformations are made on the 
nnits, \—g%'*rg^y \=z g^^ A« = ^s> ^=g»i the giyen form of the composite system results. 



Lionabd: On the Factoring of Composite Hypercomplex Numher Systems. 61 

An obvious condition on the s^s is ^ ^^ = ^f. The formation of the characteristic 
equation for a general number of the given system furnishes the values for the 
s^s. From the above relations p2 ^^^ ^^ determined in terms of pi and q^ in 
terms of g^. Thus the nature of the roots of the characteristic equations of gen- 
eral numbers of the two factor systems is determined. 
For example; consider the system 
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The characteristic equation of a general number of the system is 



«i 



-?, , 


— «8, 





Xg , «! ?, 


«4, 


Xa 


«« , , 


«i K, 





as* , ajg > 


«i , 


«! — ? 



= 0, 



which, multiplied out, is 

^— ^(4a,) + ^(6a^ + 2a|)— ?(4a^+ 4xja|) + {4 + 2a^a| + xj) = 0, 

Substituting in the above relations (7) 



i^ft— 



PiPt^liii 

pWz 



4Xi 

6a^ + 2a| 

4xx iA + a|) 

xt+2a^a| + xS = (xJ + a|)». 



Combining and solving, the following values for the coefiScients are obtained : 

* =^M+^ or f . 
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Substituting the first set of these values, the characteristic equations of 
general numbers of the factor systems become /it* — i^i f* + -^ = and 

1^ — qiv + \^ — - = 0. The first has equal roots and indicates the Cayley 

system. The second has complex roots and indicates the ordinary complex 
system. 

The substitution of the second set of these values gives the same equations 
in reverse order. 

III. The second lowest composite number is six and a compound system of 
six units must have for its factor systems a two-unit and a three-unit system. 
Assume as the characteristic equation of a general number of the composite 
system 

and for general numbers of the two factor systems /«' — i>i^* '^Ptl'- — Pt ^^ and 
r* — S'lV + Jg = 0. By forming the symmetric functions of the roots of these 
equations, the following relations are obtained : 



»i = Pi qi 

8t =-p\qz— ipiqi + iJ82i 

«8 = PiPi qiqz + pa^i — ^Ps ?i qz 

«4 = i^ si + PiPa^iqi — ^PiPa 2i 

«s = Pip»qi^ 
««=i>8 fil- 



es) 



The formation of the characteristic equation for a general number of the given 
system furnishes the values for the s^s. From the above relations p2 ^^^ Ps ^^^ 
be determined in terms of^^, and ^^ in terms of ^i. This enables one to decide 
the nature of the roots of the characteristic equations of general numbers of the 
two factor systems.* 

* The aboTe six equations contain fiye unknowns Pi, p,, p,, 9,, q^^ the elimination of which giyes certain 
sysygies among the «*«. When these relations are fulfilled, the number (whose characteristic equation is being 
considered) is a compound. The eliminations of the p*« and q^s are too lengthy to be taken up at present. 
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For example, consider the system 

hi \ Ji^ 

hi 

The characteristic equation of a general number of this system is 

^— 6ai^ + 15£Bf ^*— 20*?^ + 16x}^ — 6»t^ + 3^ = 0. 

Substituting in the above relations (8) 

Pi ji — 6x1 

PiPi ?i ?8 + i>8 gi — 3i)8 qi qs = ^04 
i^ ^ + i'ii>8 g! ^8 — 2i)ii>8 gi = 1 5a:} 

Combining and solving, from the first, second, fifth, and sixth of these relations 
the following values for the coefScients are obtained : 

Pi=—4pi, 3pi, or 3/)J. 
With the first of these values are associated 

Ps = — ii>i 

. P9 = —^r\ 
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With the second of these values are 
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In calculating these values the third relation and the fourth relation were not 
used and we find that the third relation is not satisfied by the first set of values. 
The other set of values satisfies all six relations. The characteristic equations 
of general numbers of the factor systems are therefore 



and 



^ — qiV+i^i — 0, 
li'—Pif^-\-^pln — i^p'i = 0, 









The first haft equal roots and indicates the Cayley two-unit system. The second 
has three equal roots and indicates one of the two types of systems * 
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Trial shows that the second system is the desired three-unit factor system. 

lY. The treatment of composite systems of higher orders has been made 
along similar lines, but it is not considered advisable to take space at this time 
to give the details. 

§4. — Factoring of Composite Systems by Matrix Method. 

I. "The relative form" of an associative algebra, developed by Charles S. 
Peirce,t is really a representation of the algebra in matrix form.J Given the 
multiplication table of an algebra in the form 



^«» = yi21^l + yi22<?2 + yi28^ + + y\%n ^n 

«l«n = y\n\ «1 + yi»2 ^ + yinS ^ + + y\nn «• 

^ = ynnl ^ + y««2 ^ + y«n8 ^^8 + + yn»« ««, 



(») 



* Scheffers, Annalen, toI. 89 (1891), p. 358. 

tPeirce, American Jonrnal of Mathematics, toI. 4 (1882), p. 221. Proceedings of the American Academy 
of Arts and Sciences, May 11, 1875, whole series yoI. 10, p. S92. Also Benjamin Peirce, same Tol., p. 897. 
I Shaw, Transactions of the American Mathematical Society, yol. 4 (1908), p. 252. 
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the matrix representation (the ideal units IxA^ J: Ay etc.^ excluded) is in double 
suflSx notation "^ 



fl^i= yiiifl^ii + yii2fl^2i 

+ yi2lfl^l2 + yi22fl^22 

+ 

+ Ymigm + yin2 g%n 
9%= ygiifl^ii + y2i2fl^a 

+ ^221 9l2 + ^222 fl^22 
+ 

+ y2»l 9ln + y2n2 9f^ 

9i= riii9n +rii29n 

+ y<21 8^12 + yi22S^22 

+ 

+ yinl 9ln + yin2 9zn 



+ ynd9zi + • 

+ yi28fl^32 + • 



+ yinz 9^ + • 
+ y2is9si + • 

+ ^228 3^82 + • 



+ y^ 9dn+ • 
+ yiiz93i + • 

+ y<28fl'82 + • 



+ yiln9nl ^ 

+ yun 9 fa 



+ yinn 9nn 
+ y«ln 9nl 
+ y2f n 9nZ 



+ y2»»» 9nn 
+ ytln9nl 
+ yi2n9nfi 



+ y<»8 9Sn+ + yinn9nn' 



(10) 



Taber proves that matrices of composite order can be factored.f From 
this a suggestion comes for factoring a composite algebra. Put the composite 
algebra into matrix form^ factor the matrices, and translate the factors back 
into number systems. 

On account of the difficulty of describing this method in words, it is placed 
before the reader in the solution of four examples. These illustrations are 
sufficient to make evident the scheme, which is perfectly general. 

II. The first system to be considered is the one whose multiplication table is 
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* study, Encyklopaedie der Math. Wissen., toI. 1, p. 170. 

f Taber, American Jonmal of Mathematics, vol. 13 (1890), p. 891. 
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If this is a composite system, its factora must be two two-unit aystemB. Assume 
for them 

«, ti and /, /, 






/. /■■ 
/.I /« 



/» 
/»• 



Symbolically the compound system is 
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(11) 



Substituting in the above formulas (10), the following expressions result 
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Substituting the symbolic products from (11) and factoring each expression: 



9'i = 



J 



9i = 
9i = 
9i = 



^\\f\\ + ^22/11 + ^11/28 + ^28^8 

^f\\ "f" ^fzt 

^n/21 + ^ft\ ^11/12 %/l2 

^1^21 ^/l2 



(^11 + ^) (/u +/22) 
^21 (/ll +^) 

(^U+^22)(/21— /12) 
^21 (/2I /l2)' 



The units of one system are represented by e^y + e^ and 6^. The units of 
the other system are represented by f^^ + ^22 ^^^ /21 — /w The law for the com- 
bination of such expressions is g^ g^t = 9rt ^tq* Multiplying out according to this 
law, we get for the first factor system 
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In ordinary notation this system is 
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For the second factor system, we obtain 
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In ordinary notation this system is 
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So the given system is the compound of the Cayley two-unit system and the 
ordinary complex system. 



8 



58 Leonard : On tJie Factoring of Composite Hypercomplex Number Systems. 



III. Let us take up next the system whose multiplication table is 
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If this is a composite system, it may be either the product of a two-unit system 
by a three-unit system or the product of a three-unit system by a two-xmit 
system.* Assume for them 
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Symbolically the compound system has two possible forms 
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^2/1 
^t/2 
€2/3 

and 

^2/1 
^1/2 
^A 
^\f% 
^tfz 



^nfw 
^11/21 
^liAi 
^fii 
^21/21 

^2l/81 



9n 

991 

9ii 
9hi 
9(0, 



^11/12 

^11.^2 

^nfss 

^fl2 

^sifssst 



9l2 

9^ 
9vt 
9ifi 
9^ 
9c 



^nfiz 
^nfa 
^nfss 

^2l/l8 

^nffs 
^21/88 



^18 
^23 
^83 
^48 
^58 
^63 



^12/11 

^nAi 

^itfsi 

^f&Ai 
^fti 
^A\ 



9h 
9u 

98i 

9ii 
9u 
9u 



^12/12 

^lifis 

^/l2 

^nfn 
^fvL 



9v^ 

^26 

9^ 
9» 
9u 



eiA 



C2/1 



^1/2 



^A 



2 



«l/8 



^l«/l8 = 

^ufn^ 

^/88 = 
^fl3^ 
^/b8 = 

^fm^ 

^A 



9it 

9» 

9u (12) 

9m 



^n/ii ^^ fl^n ^12/11 = 9\z ^iiy 12 ^ fl^i8 ^11/12 ^^ fl^ii 

^tl/u ^= 9tl ^/u = fl^22 ^1/12 ^= 5^28 ^/l2 = S^24 

^nffi ^^ fl^8i ^mAi ^^ S^a2 ^u Ai ^^ 3^88 ^12^ =^ fl^si 

^.Al ^^ fl^41 ^IStAl ^^ fl^42 ^1 Ai ^^ 9*» ^f& ^^ 5^44 

^2iAi ^^ fl^«i ^Ai ^^ S^t2 ^fvi = fl^es ^ As ^= S^«4 



^•/l8 ^^ 5^16 
^/iS ^= fl^26 

^^8^= 9as 

^ As = 3^46 
^U A3 = ^66 
^Ai^fl^« 



^12 As — 9it 
^fu = 9» 
^ftz = 9m (13) 
^fn = 9i» 
^si = 9» 
^fn = 9m' 



* The sjstems resulUng from the two orders of combinaUon are esaenUally Uie same. The uncertainty it 
one of subscripts in the idenUiicaUon with the symbolic products and may be encountered in factoring any 
composite system hSTing factors of uncqnal orders. HowcTcr tbe number of trials that may be found 
necessary is always finite. 
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The multiplication table of the given system determines the y^s. The sub- 
stitution of their values in (10) gives 



9i — 
9i = 
9i = 
9i = 
9^ = 
9'.= 



9n + 92Si + 9m + 94A + 9K + 9w 

9fsi + 94B + 9» 

981 + 9^ 

9ii 

9 61 + 9f& 

9(ii* 



Upon substitution of the symbolic products (12) one obtains 

= («ii + <hz) (/u +/» + /as) 

92 ^^ ^n/tl + ^l/l8 "h ^22^8 
98 ^^ ^ll/si + ^1/12 

fl's = ^2l/81 + ^lAs ^^ ^21 (/«1 +^) 

The units ^g and g^ do not factor and therefore the second order of combination 
(13) must be tried: 

9i ^^ ^11^1 ^" ^22/11 "h ^11/52 I ^22^2 1 ^11^ "h ^^ 

= («11 + ^) (/ll +/2? +/33) 
8^2 ^^ ^l/n +^1^ "I" ^1/33 ^^ ^1 v/ll +^22 4"^) 

9b ^^ ^u/21 4" ^/2i =^ (^11 + ^)^ 

fl'i =^ ^11/21 =^ ^21 (/21) 

9^ ^^ ^11/31 + ^Ai ^= (^11 + ^)y8i 

fl'i ^^ ^i/si = ^1 (^)* 

This time factors appear and the units of one system are represented by e^ + ej^ 
and ^21. Multiplying out according to the law given above, we obtain for the 
first factor system 

^11 I ^%2 ^21 



^11 



+ 





e„ + 





«82 


+ + e^ 


+ «21 


«M 


«21 + 


0. 



In ordinary notation this system is 





ei 


«2 


«1 


«i 


«8 


eg 


«« 


0. 






:' 

'! 









1^1 
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The units of the second factor system are represented by fn +/» +/a8,/ai ^^^^ 
f^ . These determine the system 

•Ai "I" ^ + ^ fz\ fzi 



/n 



+A 



22 



/« 

fzi 
In ordinary notation this system is 



/u+O+O 








+ +/a+ 


+/a 


+ 


+ + +/« 


+ 


+ /a 


/a + + 








/si + + 





0. 



f\ f% fl 



8 



/l 


/i 


h 


/» 


/« 


/s 








/s 


/, 





0. 



IV. The factoring of a composite system of eigiit units into a two-unit 
system and a four- unit system '*' presents no new difficulties and the details of 
the method may be readily developed from the two preceding examples. By 
this scheme the octonian system is easily shown to be the compound of the ordi- 
nary complex system and the quaternion system. 

y. This method at times furnishes curious resultB. To exhibit this, let us 
apply the method to the system f 

Ai h^ A3 7i4 



K 


h, 


h 


h 


K 


h 


h 





K 





h. 


h 


-h. 








K 


h 








0. 



Writing out (10) and substituting from (11) 

g'l = gn + gn + 99^ + g^ = ^n/u + Wu + ^/28 + <5«/22 

= (Vu + ^)(/u+/22) 

9t ^^ 9ti + fl^4S = ^/u + ^fn ^^ ^ \/u +/») 
9s ^^ 991 fl^i2 = ^/zi — ^fsa ^ (^ ^j/ii 
9i^^ 9ii ^^ ^/n = ^ ( fsi)' 

* Of coarse the f oar-unit tyttem itself may be factorable. 

tStudj, Encyklopaedie der Math. Wissen., toL 1, p. 167 system VIII. 
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Here the factors show two units in one system, /^ +/28 and /21, and for the other 
system three independent units, e^ + e^, e^i, and e^ — Cgg. The corresponding 
systems are 



/n+Za /a ^^^ 



fn 








^u + ^ 


^21 


^11 ^ 


^11 + ^ 


«ii + ^ 


«21 


^1 ^ 


^1 


% 





«21 


^n ^ 


^n — ^ 


^21 


^11 +^ 



In ordinary notation these systems are 

/i h and 



/2 



/2 







•I* 


«1 


«2 


«3 


«1 


«1 


«!5 


«8 


Cg 


e, 





«2 


«8 


«8 


eg 


e,. 



The compound system is 

^1/1 ^ f\ 

^2/1 



^ /s 



2 



ft ^8/1 ^1 72 



2 
• ^/2 

^1/2 



Cl/l 


ej /i 


^ /a 


^ /a 


ej/i 


«i /s 


«2/l 


O./i 


Cs /« 


O./a 


«2/l 


^S ^8 


<8/8 


^ ft 


Cj. 


— eg.O 


«l/2 


«8. 


e^fi 


O./s 


Cg.O 


. 


e^ft 


Cg.O 


«8/l 


«2 /l 


«i /« 


«» /« 


«i/i 


«8 /« 


«l/2 


«! /s 


e, .0 


eg.O. 


%/« 


Ci.O 



or 





K 


h 


h 


h, 


h 


^ 


Al 


^ 


h 


A3. 


h 


h 


K 


A« 


h 





h. 





h 


h 


*s 


h 


-h. 








h 





K 


K 











A, 





K 


h 


-h 


h. 


-K 


h 


K 


h 


h 








h 


0. 



Our given system appears as a sub-system of the six-unit system 



^ By a change in the order of units, the tystem 



€j €g e, 

«j «, tfg tf, 

«j eg «, — tf, 

e, e, tf, 



it aeen to be the reciprocal of ayatem (33) II. Encyk. der Math. Wissen., vol. 1, p. 167. 
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Next consider the system * 



«i Aj n» «4 

A) Aj hf hf hi 

ht Aj — A, A, — ha 

A, A, —A, 

A. A. Ag 0. 



Writing out (10) and substituting fhim (11) 

91 = 9ii + 9a + 9m + 9u = «ii/u + «a/u + e„/a + «a/a 

= («»+*ta)(/u+/a) 
si = ?*! — 9ii + 9a — 9m ~ fulfil — «is/ii + e»i/B — «ii/a 

= (%-«b)(/u+/«) 
si = S'n — *?« = «u/2i — e»/»i = («ii — ^)/ei 
yi=Su + ?a8=«^/« + eis/n =('^+«u)/a- 

The factors show four independent expressions for the units of one system and 
two for the units of the other system. For the first, the table is 





% + «= 


«a- 


-«B 


«ii — «a 


ea + % 


«u + «. 


eii + «n 


«»- 


-«!! 


«!!-«= 


<il+«B 


e„—ea 


%— «i« 


—ea- 


-«= 


«» + % 


— <hi + «» 


«ii-e= 


<ai-«= 


— %- 


-«!1 


eii + «» 


eii — «!i 


«a+«u 


«a + «ii 


«ii- 


-<i. 


<ii — «u 


eii + % 



In ordinary notation these two systems are 





«i 


«s 


<■ 


«4 


«1 


«! 


% 


e. 


«. 


<i 


% 


— «i 


e. 


— «• 


«■ 


«S 


— e. 


«i 


— <1 


«. 


e. 


«ii 


«! 


«1 



/■ /. 






/. 

0. 



* Encjk., vol. 1, p. 167 ■ratem Til a 
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The compound system is 



^ ffi ^4/2 ^4^ ^/i ^ fi ^\ ft 



ei/i 


«l/l 


etfi 


^8 /« 


«4 /2 


«4/l 


es/i 


Cjj ^ 


«tf\ 


«8/l 


—eifi 


«4 /s 


*8 A 


^s/i 


«4/l 


Cl /s 


Hji 


«8/8 


eJt 


ej.O 


— eg.O 


— «./2 


«l/2 


— ^4.0 


eJt 


«4/2 


^fi 


«g. 


«iO 


«l/2 


«2/2 


es-O 


64/1 


64/1 


e»/i 


*2 y 2 


«1 /2 


«l/l 


«8/l 


^8 /2 


«8/l 


Cs/i 


«4/l 


«1 /2 


«8 /g 


^/l 


«l/l 


— «4 /2 


^'g/s 


«8/2 


-ei/» 


«4.0 


— 63.0 


^/3 


«4/2 


— tfi.O 


«l/8 


«l/l 


«b/s 


Cj.O 


C4.O 


^4/2 


«8/2 


Cjj.O 



or 





«1 


^2 


«8 


«4 


<?» 


«« 


«7 


«8 


«1 


«1 


«2 


«8 


«4 


«» 


«» 


67 


«8 


C2 


«2 


«1 


«4 


«8 


— e« 


«5 


— es 


«T 


«8 


«8 


— «4 








— e? 


«8 








^4 


C4 


«8 








«8 


er 








«6 


«6 


«« 


67 


«8 


ei 


«2 


es 


C4 


et 


«» 


e» 


«8 


—67 


*2 


«1 


— «« 


<i 


«T 


«I 


«8 








«l 


«4 








«8 


«8 


«7 








e4 


«l 





0. 



2 



^ ft 

63. 

64.0 

eg.O 



Our given system is a sub-system of the eight-unit system. This system is 
peculiar. Lety= 1, 2, 3, 4 and A:= 5, 6, 7, 8, then 

^jx ^h ^^ ^ki ^ii ^kt^^^kt} ^ki ^jt = ^k^} fi-^d e^j c^fej = e^. 

§5. — Divisors of Zero. 
The product of x ^ 2 ^h % *^^ y = 2 y^ ^d ^^ the system ^ is 



<i 



a^y = 2 ^^i y«« y<i*»*» ^*3 = 2 ^<» ^<3- 



(14) 



If 



ii4is 



A.= 



2^<i y*i 



It is 



*8> *8 — 1, • • • -jW 



= 0, 



(15) 
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then the number x ia called a left-hand divisor of zero. Similarly if 



^= 



= 0, (16) 



it 
*if h — 1, • • • -jti 

then the number y is called a right-hand divisor of zero. The substitution of 
^ = in (4) gives a form which is evidently (15) and consequently A, is the 
absolute term in that type of characteristic equation. Similarly A^ is the abso- 
lute term in the other type of characteristic equation suggested in a previous foot 
note (§2). 

If the absolute term of the characteristic equation of the general number of 
a system vanishes, then every number of that system is a left-hand divisor of 
zero. It is known that in every system except the real, the ordinary complex 
and the quaternion, special numbers can be found for which the characteristic 
equation has no absolute term and such numbers are divisors of zero. 

From the theory of equations it is plain that * j^ is the product of the n 
roots, iii, of the characteristic equation of a number of the system E and that 
,A,; is the product of the r roots, r^, of the characteristic equation of a number 
of the system F. Then the absolute term of the characteristic equation of their 
compound number is the product of the nr roots, fii y,, and in this product each 
root jii occurs r times and each root Vj occurs n times. Therefore 

^^ = {,A.y.{^)\ (17) 

From (17) it is evident that if either of the factor numbers is a divisor of 
zero, then the compound number must be a divisor of zero. 

If the absolute term of the characteristic equation of a general composite 
number of a composite system vanishes, then every composite number of this 
system is a left-hand divisor of zero and in the factor systems every number of 
one (or perhaps of both) is a left-hand divisor of zero. 

If the general composite number is not a divisor of zero, it may still be that 
there are special composite numbers which are divisors of zero (that is, while 
gfA, does not vanish identically, it may vanish for special values of the a^s). In 
this case, it follows as above that at least one of the factors of the composite 
number is a divisor of zero. 

Ths UsrrsBSiTT of Colosado, Jmme, IMM. 



* The lint rabieripi indicates the tyttem under conildermtion. 



A New Method in Geometry. 



Bt E. Lasker. 



INTRODUCTION. 

The following lines are based on the theory of moduli, the youngest branch 
of mathematical science. A method of research in intimate connection with that 
theory and applicable to algebraical, nay, even analytical formations of any kind, 
will here be discussed and illustrated. The examples chosen to explain the 
method, and to show its usefulness, are of a simple nature, and do not require 
the reader to be acquainted with more of the theory of moduli than is contained 
in the "Fundamental theorem^' of Noether. 

The method which is the subject of this paper consists in the treatment of 
formations or configurations of such by means of the syzygetic relations that 
connect the basic forms of the modulus or moduli corresponding to the configu- 
rations. The linear system of such relations of a given order is studied by 
treating this linear system as an auxiliary space. 

The author has used the notation of his "Essay on the geometrical calculus," 
published in the Proceedings of the London Mathematical Society, 1895 and 1896. 
This notation may be briefiy explained for the plane. If A, jB, G are linear 
forms or points, then ABC denotes their determinant, A B the line joining 
A and jB, and AB =z — BA. If a, 5, c are linear forms subject to contra- 
gredient transformations or lines, a/b/c denotes their determinant and a/b the 
point of intersection of a and b. Any relation between points, such as, say 

A^+ 2B^= SG^+ 9Z>« 

if true, expresses no more nor less than that, if the points-symbols used are 
simultaneously composed with an arbitrary line {l^EF; Al =^ AEF) the 
relation is true (so that in the above instance 

{Aiy + 2{BiY=z{Giy + 9{piy). 

9 



y 



.1: 

m 



';i 



.>ii 
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Multiplication is indicated by a dot. A . B denotes, for inst., the product of 
the points, or linear forms, A and B. 

The notation just described is perhaps a trifle simpler and more expressive 
than the ordinary notation of the inyariant calculus, but is, on the whole, very 
little diflerent from it. 

The author has in the examples chosen made use of an auxiliary space, 

which he has called the A. space. Inasmuch as frequently sets of equations 

of the type 

ai.tii + a,.fi2+ =0 

are discussed, he has written them in one line 

(^1 • «i + ^ . ^1 + ) • ^1 + (^ • «j + ^ • ^ + ) • <^ + =0 

and afterwards treated the expressions ^ a, + as linear forms, i. e. points, 

of the above mentioned % space. This way of proceeding, though not necessary, 
seems useful for the purpose of simplifying the calculations that would otherwise 
be. beyond control. It allows, for inst., the advantage of the use of well-known 
identical relations of the invariant calculus, and it is the distinctive character of 
the method studied in the paper that the coefficients of these identities are not 
mere numbers, but forms in the original space, called the x space. 

The curve whose equation is /= is, in what follows, frequently without 
further comment denoted with/. This notation seemed almost necessary in a 
paper where identical relations, such as 

had to be discussed. In any case this way of denoting curves and geometrical 
formations of any kind has its advantages. It permits to identify an irreducible 
formation directly with the corresponding prime modulus. 

The author's paper twice referred to in what follows, ''Zur Theorie der 
Moduln und Ideale,'' appeared in the Maihematische Annalen, 1904. 



As a first example let a case be considered where one definite S3rzygetic 
relation exists between three plane forms. The three forms may be three cubics 

that have 7 points P\j P^ P7 in common, of which we suppose that no 6 of 

them are on one conic. The system of cubics through P^. . . .P^ will be denoted 
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by S and we shall introduce parameters fii, (i2f /is so that any form of S appears 
in the shape 

where Ui, u^, tig are three forms of S that are linearly independent. Finally, 
let it be agreed upon that the (i^ shall be treated as variables of a, fi plane. 

Let then a, &, c be three fi points, ni, m^ (is &s well as S being fi lines. 
Sa^ the composition of S with a, is then a definite cubic form in the plane of 
the variables x^^ the x plane. For inst., S/ni/fif^ is v^. Ka, b, c are not on one 
line, Sa, Sb^ Sc will be linearly independent and a relation will exist 

Sa.gi+ Sb.g^+ Scg^znO 

where ^i, g^, gs are lines of the x plane, gi the line containing the two residual 
points of the intersection of Sb and Sc and where g^^ g^ are similarly determined. 

If we transform the Sa, Sb^ Sc linearly, then a corresponding identity will 
exist, where the ^i, g^, g^ will experience the corresponding cogredient trans- 
formation. Hence the ^|, g^j g^ may be interpreted as coordinates of a /e£ point g. 

Let ^ = ^1 . a + STg . 6 + ^8 • ^, then Sa.gbc + Sb .gca + Sc .gab=iO 
in virtue of the above identity. 

This may also be written Sg = 0, i. e. the fi line S composed with the 
fi point g gives zero as result, no matter what the values of the a:« may be; and 
thus it is put into evidence, that the relation 

Sa .gbc+ Sb .gca + Sc. gab ^ 

will hold good no matter what fi points a, 5, c may be chosen. 

gab evidently intersects Sa, in virtue of the fundamental relation, besides 
in the two residual points of its intersection with Sb, also in a point on gca. 
Thus there is a certain x point J. on Sa, in which gab intersects that curve 
no matter how b may be chosen. A is coresidual to the two other points of 
intersection of gab with Sa, and, these lying on Sb, residual to Pi P^. 

a being given, A is determined, because Sa is uniquely determined: gab is 
the line joining the two points A, B corresponding to a and b. In the deter- 
mination of the ^ space there is so much freedom, that we might identify simply 
a with A, gab with AB. Thus the original identity reads 

Sa^BC+ Sb^GA'\' Sc.ABzuO 
S/ab IB a fi point, and a pencil of cubics in the x plane. In the above manner 
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of writing, for inat., Sjfii is = u^ . Htjfii + Us • ttil(i\ • The basis of the pencil 

consists of i*i P, and two points on AB. For, indeed, Sj ab contains both 

Sa and 5b. 

The relation between Sa and A is evidently this: A line through A inter- 
sects Sa in two points completing with P^ P^ the base of a pencil of cubics. 

Id particular, the point that with A and P^. . . .P, completes that con6guration, 
is the intersection of Sa and the tangent to Sa at A. The other 4 tangents from 
A to Sa, having their point of contact somewhere else, touch 8a in points whose 
corresponding point coincides with themselves. Through these points P a cubic 

is possible having P as donblepoint and containing J*, P,. The curve of the 

P is of 6th order and contains P^.-.-Pi as doublepoints. It can therefore 
intersect a cubic through P, . . . ■ Pi, only in 4 points besides Pi. . . -Pt Hence 
the P points on Sa have been completely identified. 

Sp is the curve of S containing P( as doublepoint. Indeed, it is according 
to the fundamental relation 

Sj.^ .QR^Sq. P^R -~ Ss . PiQ 

and both Sq and S^ contain P( . 

Let any line I be given. Let to one of its points Q the other Q' be joined 
that combined with it and Pi- . ■ ■P^ completes the base of a pencil of cubics. 
The OD straight lines Q Q thus generated will generally belong to a curve of 
cla^BS 3. Indeed \iR is an arbitrary point not on I, two points corresponding to 
each other as Q and Q,' will be collinear with R if Sr contains Q and Q,', 
Hence the points Q on f whose lines QQ' pass through R are the three inter- 
sections of I and 8^. \i I contains one of the Pj, this reasoning shows that the 
curve corresponding to I is of class 2. And if I contains two of the P,, the 
curve will be a point, namely the point 7, belonging to the cubic S-r degenerating 
into I and the conic through the other 6 points P. This whole reasoning is 
susceptible of extension to curves of any order, having in the P, singularities 
of any kind. 

In the geometiy of cubics through P^. . . .P^ all relations of ordinary plane 
geometry have their equivalent. This comes from the fact, that the cubics 
8a, Sb, 8q. ■ ■ ■ are connected by the same equations as the points A, B, C. ■■ ■ 
themselves. For inst., let A, B, C, D he 4 collinear points such that A and B 
are harmonically divided by C and J). Then constants a and /3 will exist, 
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Hence, since all relations between the points are conserved in the corresponding 
cubicSy we have 

Interpreting this result for the points Pj P7, §, R common to /S^, S^^ Sc^ S^, 

we have the proposition : If A^ B^ C, D are in harmonic situation, the tangents 
of 80 and Sj) at any oue of the P^, Qy R divide the tangents of Sa and Sb at 
these points harmonically. 

By the same reasoning the connection between the six points that are the 
intersections of 4 straight lines gives a similar relation between the tangent lines 
at P< of the cubics 8 belonging to the six points. And this principle may be 
used with every identical relation between points or lines of a plane. The rule 
is in fact susceptible of yet wider extension as its demonstration makes plain 
without diflSculty. 

Wherever between a set of forms a single syzygetic relation exists, as above, 
the introduction of the fi space is advisable. In what follows we shall however 
do away with this expedient, in order not to confuse by the introduction of two 
or more auxiliary spaces. He who can handle operations in various sets of 
variables with ease will probably be able to shorten much of the work done in 
what follows. But this capacity is a rare accomplishment. Let ti, t;, w be forms 
of the 4th order which have eight points in common and such that no two of 
them have an infinity of points in common. 

The eight points common to w = 0, t? = 0, ti? = may be denoted by Pj, 
P^. . . .P^ and it is supposed that they do not lie on a conic. The two curves 
ti ^ 0, t; = will, generally speaking, have 8 more points in common ; or, to be 
accurate, the modulus (u, v) will comprise in all 16 Noetherian conditions. If /= 

is any curve containing Pj, Pg Pg, then any form F^ such that/. F belongs 

to the modulus (ti, v), must satisfy 8 conditions, to which we briefly refer as the 
residual conditions of (u, t;). It is not accurate to say that F must contain 
8 determinate points in order to satisfy the above relation, because this expresses 
the truth only when u and v have 16 distinct points of intersection and there 
may be coincidences. But to simplify the manner of expression we shall assume 
that u and v are not in contact, and, should in a given case this not be so, we 
shall understand that the Noetherian conditions of the J^ modulus will then take 
the place of the coinciding points. Nor shall this remark be restricted to the 
case under discussion. In all that follows we shall disregard coincidences of 
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points unless otherwise stated^ because the complication thus arising is without 
influence on the line of reasoning and easy to dissolve by the method of limits, 
as demonstrated in the paper ^'Zur Theorie der Moduln und Ideale." 

w = 0, t; = will then have 8 residual points in common. These will not 
lie on a conic, for, from the proposition of Cayley in respect to the intersection 
of two plane curves it easily follows that, if 8 points of the intersection of two 
quartics are on a conic then the residual 8 points must likewise be on a conic. 
And we know that Pj Pg are not on a conic. 

Let now Cj, c^ be two forms of third order, such that Ci = and c^ = 

contain the 8 residual points of u = 0, t; = 0. ti? . Cj = and w? . Cg = will then 

contain all the 16 points of intersection of u = and t; = 0, and therefore two 

relations will exist 

uui + vbi + wci=z 

1/02 + ^62+ l£?C2 = 

where «i, ««, 61, 62, Cj, Cg are cubic forms. 

Multiplying the first of these equations by C|, the second by Cg, we obtain 

by subtraction 

ti (ai C2 — ag Ci) + V (61 Cg — 62 Ci) = 0, 
hence 

^^2 — <h^i^^ — V .i 

6, C2 — 62 ^1 = ^ ' 

where Ms a form of 2nd order. By eliminating from the two equations u we 

obtain also 

ij 02 — aib2^ w t. 

The interpretation of these equations gives the following results : 

From u ai + V bi + w Ci =z 0^ as w, v, w have P^. . . .Pg ^^ common, it 
follows that Cj contains the 8 residual points of (u, t;), 5^ those of (u, to), O] those 
of (t;, fv). Ci and v have 12 points in common, hence 4 of these points lie on ai. 
But Cj and ai have 9 points in common. Consequently ai, bi and c^ have 6 
common points. These, as a look on the three last equations shows, evidently 
lie on L 

It may equally be inferred that all points common to (a^, ag) not on t; and w 
must be on t Therefore the 9th point of intersection of the two cubics a^ and 02 
is on t. The same applies to the 9th point of intersection of (&i, ij^) and (cj, c^). 
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Let us write the two above equations 

(^«i + ^^a) w + (>li *! + ^ 62) v + (^Cj + XgCi) w? = 

where X^, 7^ are indeterminatae. If ^i, \ are constants, so determined, that 
^1 <h + ^ ^ contains point Pi , then {^ai + 7^a^)u will have P^ as doublepoint. 
V and w not having contact at P^ , it follows that also ^bi + ^b^ and ^ Oj -|- >^ <^ 
must contain P^. Hence the equation au + ^v + ^*^ = is satisfied, if a is the 
cubic containing the 8 residual points of {v,w) and P^, b the cubic containing 
the 8 residual points of (u7, u) and P^, and c is correspondingly determined. 
a, b, will then have 5 points in common not on u, v, tv, and the conic through 
them is t. For this construction of t any one of the 8 points P^ . . . . Pg may be 
utilized. The most general solution of 

au + bv + cw = 

where a, b, c are cubics, is then attained by taking an arbitrary point P on t, 
and constructing a, &, c through their residual 8 points and P. 

< is a concomitant of u, v, w which is multiplied by a factor only when 
u, Vf w are subject to a linear transformation, when, for inst., u is replaced by 
a 14 + /? t? + y w?. UjVyW define a linear system S of quartics through P^. . . .P^ 
and f = is the locus of the point that, with 8 points forming the residual 
intersection of any two curves of S, completes the configuration of 9 points 
common to two cubics. 

All this may easily be extended to three curves of order n. Thus we may 

announce: If w, t?, w are three curves of 7ith order having ^n{n — l) + 2 

points Pi in common not situated on a curve of order n — 2, then two equations 

exist 

uui + vbi + tcci^O 

ua^ + vb2 + wc2 = 

where aj, ij, Cj, 02, 62; ^2 *^re forms of order n — 1. a, 6, c have \ (n — 1 .n) — 1 
points in common that determine a curve ; = of order n — 2. u,v,w determine 
a linear system S and any two curves of S intersect in the P« and in a residual 
group of in(n4-l)— 2 points, which forms part of the base of a pencil of curves 

of order n — 1. The remaining ^^ — ^^ — ^ basic points of this pencil are 

always situate on t. 

Further, if u', xf^ u/ are any three linearly independent members of S^ the 
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residual pointgroupe correspondiDg to (u', tj'), (»/, v/), (w', »') are such that 
triplets of curves of order (n — 1) through them and any one of the Pt intersect 
on ( = 0. 

Let us return now to the original case of n = 4. aj, Oj were curves of 
3d order through the 8 residual points of {v, w). Let A be the 9th point of 
intersection otoi, Oj, and let /? and y be such constants that 

yv — /3«J 
contains A. Then this curve will contain all points of intersection of a,, a^, 
hence linear forms ^ and g will exist such that 

yv — ^10 =pai + job. 

J"*i + 5 "* ■will therefore contain Pj. . . -Pg. Reverting to the argument above, 
referring to >l,a, + Xto. containing one of the points Pi- ■ . -P^, it is clear that 
the same line of reasoning shows pf'^-^- qbj as well os pc^ -\- qc,, to contain the 
points Pi- ■ . . Pg. Hence constants a, a', ^', y' will exist such that 

p &j + J 62 = a WJ — y'u 
and 

i^Ci + 5Cs = /3'tt — a'r. 
But identically 

"(i"*! + JOj) + ©(i**! + ?*!) + w(pCi + JCj) = 

therefore 

u{yv — j8 uj) + w (a w — y* «) + UJ (j3' a — a' ») = 

and it follows a = a', ^ = ^', y = y*. 
Moreover, since identically 

a.{yv — ^w) + (3(o«) — yu) + y(^w — ao)^ 
we have 

and 

aai + i86, + yc, = p.7' 

where 7* is a form of 2nd order, which, fh)m the fact that a^,hx, Cj have 6 points 
in common with f ^ 0, can be easily shown to he identical with t. 

p and q intersect in the point that together with P^ P^ is the base of a 

pencil of cubics. Generally the proposition holds that the quartic which contains 
the 16 points of the base c^a quartic pencil and the 9th point completing with 
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8 of them the base of a cubic pencil also contains the 9th point completing with 
the 8 others the base of a cubic pencil- 
To show this, let 1 8 and 9 16 be the 16 points common to two 

quartics ; let further / be the point that jointly with 1 .... 8 makes the base of a 
cubic pencil, and let // be the corresponding point for the set 9 . . . . 16. The 

quartio through 1 16 and / may be li, another through 1 .... 16, but neither 

through / nor //, may be v. Also let J., jB be cubics through 1 .... 8 /. Then 

where a, ^ are suitably determined linear forms. Also, if p and p^ are lines 

through / 

vp = -ly — Bh 

vpf — Ay — BS' 

where y, i, y', ^ are forms of 2nd order. 
From the two last equations 

v{pb' — pf6) = A{y6' — y6) 

hence p^ — pfS^=Ae 

and y 5' — y S=^ve 

also py' — pfy=^Be 

where 6 is a constant. 

We have uh — vp^ =^ {a 6 — Py) A. 

The points 9.... 16 lie therefore on a 6 — fiy as well as on a 6' — ^y. 
Being cubics these forms also contain the point //. But we have identically 

u (y^ — y'i) + vp (//? — ya) + vpr{a8 — Py) = 

hence ue + piy^ — ^a) +pf{aS — Py) = 

u contains therefore //. 

Applying this proposition to the equations evolved previously, we conclude 
that aw — yUffiu — at?, yt; — ^w contain the point P that with Pi.-.-Pg 
completes the base of a cubic pencil. These three quartics evidently belong to 
one pencil, and the 7 points they have in common besides P^ • . . . Pg P lie on 
< ;= 0. To construct < it is therefore only necessary to find the base of the pencil 
of curves of the system S that contain point P. 
10 
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The previously deduced laws may be easily extended to forms of higher 
orders. It is only necessary to interpret the set of identities already made use 
of for forms of higher orders in order to obtain the corresponding laws concerning 
them. To give an instance, let in the set of equations used for the demonstration 
of the proposition concerning a pencil of quartics u be a form of nth order 
(n >- 4). Then we obtain immediately the new proposition : Any form of 
nth order intersecting a quartic t; in 4 n points and containing one, P, that with 
8 of these points completes the base of a cubic pencil, also contains a set of 
(n — 3)^ points that in conjunction with the other 4 (n — 2) points of intersection 
makes the base of a pencil of (n — 1)^ order. In addition it may be shown that 
this set of (n — 3)* points is the base of a pencil of order (n — 3) (namely of the 
pencil containing a and ^). 

Let us now attack a case where more than two syzygetic relations obtain, 
for instance that of three cubics having six points in common. If ti, t;, w are 

these cubics, and if the six points Pi P^ common to them are not on a conic, 

three relations will exist 

a^u + h^v + c^fJD = 

where the a^, 5« and c^ are conies. For the existence of a relation 

an + it; + cw = 

it is only required that a = should contain the three residual points of the 
intersection of (t;, w), and, a being a conic chosen in conformity with this con- 
dition, b and c are uniquely determined. Here the number of forms is consider- 
able and, to deal with them efficiently, it is advisable to write the three relations 
in one line 

= (ajOi + X^Oj + Xg^s) tt + (J^ 6i + '^ftjB + ^ft>) t; + (^iCi + X,C2 + X,ci) ti7 
and to interpret A^, Xj, A^ as indeterminate coordinates of a point in a A. plane. 
Finally we write 

^bi + ^b^ + X^b2 = b 

so that a, &, c are points in the X plane and of the 2nd order in the original plane 
which, for brevity, we designate the x plane. 



Lasksr: a New Method in Geometry. 76 

•The equation au + bv + ctv ^=0 shows that the three 2, points a, b, c are 
always collinear. Composing the equation with a, we obtain 

ab.v + ac.w=: 

where ab denotes the matrix composed of a and b and where multiplication is 
indicated by the point. From this relation it follows that ai is divisible by to 
and oc by v. A form g will therefore exist such that 

a& = ^ . tD 

ca z=zg .V 

and similarly be =: g .u 

where ^ is a line in the X plane and in the x plane is of the 1st order. 

Let I be any X lino. Then al, bl, cl, the compositions of the X points a, b, c 
with 7y are magnitude in the X space^ and conies in the x plane. 

From al.u + ^l.v + cl.tv^^O it is clear by reasoning analogous to that 
previously used, that al^bl and w have three, and therefore al^bl and c I have 
one point in common. This point lies on the line g/llvn^ m denoting any other 
^ line, g/l/m contains also the 4th point of intersection of (aZ, am), {bl, bm), 
(cly cm). This fact is put in evidence by the identity 

al.bm — am .bl^= ab/l/m = w . g/l/m 

al and am have 3 points in common with tr, hence their 4th point of intersection 
lies on g/l/m. 

Let L be any X point. gL denotes then a definite x line, and aL, bL, cL 
pencils of conies. aL always contains the three residual points of (r, w)] there- 
fore only the 4th point of the base of the pencil aZ is variable. It lies on gL, 
and the same is true of the 4th point of the pencils iZ, cZ. Indeed, it is 
identically 

aLN.bMN — aMN.bLN=abN.LMN = w.gN.LMN 

where N is any X point. Hence a ZiV and aMN intersect apart from the three 
points of intersection on w, on gN. Similarly the point common to aLN, 
bLN, cLN ia the point of intersection of the lines gL and gN. 

To any point A of the x plane correspond two others B and Cm this fashion: 
Through A a pencil of conies al and am is determined. To it correspond pencils 
(&?, bm) and (cZ, cm), whose 4th point of intersection is B and C respectively. 
Af Bf C are in a straight line, namely g/l/m. al, bl, cl and am, bm, cm intersect 
on the same straight line. 
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The correspondence between A^ B, C is therefore such that if A moves on 
any conic through the 3 basic points of the system a, B and C will move on 
related conies, while the line -4., jB, C will revolve round the point common to 
the three conies in question. 

If A coincides with one of the points P^ , then B and 67- will also coincide 
with it. This follows at once from the fundamental identity when it is assumed 
that a contains P« • 

To two conies of the set a through P^ correspond two conies of the sets b 
and c through P^ and each triplet of them determines a point of intersection. 
The two points of intersection thus derived and Pi are coUinear. 

Hence a certain line pi passes through P^, and similarly 6 other lines 

P2fPs P^ p^s through Pj, Pg, P4, P5, P^ such that to each conic of the set a 

through Pf correspond conies of the set b and c through P^ intersecting on Pi. 
Consequently the conies of the sets a^ b^ c through P« and P^ intersect in the 
point of intersection of ^^ and^^. A very (furious net of intersections is thus 
generated. 

The fact that for each position of the X line I al, bl, cl contain, each, three 
fixed points, leads to this proposition : Besides g three X lines a, ^, y exist, 
which are in the x plane of first order and which composed with the X points 
a, &, c give zero. With other words, if a^, a,, Og are the components of the 
% point a two identities exist 

«i fl'i + «8 fl^2 + ^8 fl^8 = 0, «! tti + Ojj a, + ag a, = 0, 

where ^1, ^2, g^ are the coefficients of the X line ^, a^, o^i ag those of another 
% line a. a is then a 'k point common to g and a, hence 

a = g/a, b = g/fi, c = g/y. 
And from au + bv + cw =: it follows 

u .a + V . fi + tv .y is therefore congruent with gr, i. e. a multiple of g. 
We may put it = — t.g^ where < is a form of 3d order in the x plane, a number 
in the % plane. Thus we have 

and afiy=^t, ^ygzziu, etc. 
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If X is any % pointy then aL, ^L, yLy gL correspond to each other 
according to the rules of linear transformations^ i. e. to any given g line 
corresponds one a, ^^ y line, and vice versa; and to a ^ line through a given 
point correspond a, ^, y lines through dependent (correspondent) points. 

Now from gla -=• a and the identity 

gL . aM — g M . ai = gla/LM^=^ aLM 

it is evident that gL and gM ba well ba gL and aL intersect on aLM. 
Consequently the intersection of gL and ^ if is again found to be the point 
common to aLM, bLM, cLM] and the 4th point of intersection oi aLM 
and aLN (formerly called A) is on g L and aL. The triangle of self- 
corresponding lines of gL, aL is evidently that formed by the three points 
residual to the intersection of {v, w). The linear correspondences of the x plane, 
characterized by gL, aL, (3L, yL, may therefore be constructed as follows: 
Let the three residual triangles of {u, v), {v, w), {to, u) be the self-corresponding 
ones of three linear transformations ; let further to the line pi correspond three 
arbitrarily selected distinct lines a', ^', y through Pj. Then three corre- 
spondences a, ^, y of the plane are thereby determined, such that any line of 
the plane is cut by its corresponding a line in the point previously called A, etc., 
and that a, P, y lines corresponding to the same {g) line intersect in the same 
point P only, when P is on a cubic < = that contains the six points Pi, Pg, 

P%i Pif P^J ^6- 

All this may again be immediately extended to suitably restricted forms of 
higher orders, for inst. to three quartics having 9 points in common. The matter 
of generalization becomes simply a question of counting the number of points of 
intersection, the order numbers of the various curves introduced and the number 
of constants of these curves. It is not difficult to extent this method to three 
plane curves of any orders having any number of common points and therefore 
any number of syzygetic relations. We shall now enlarge jthe scope of the work 
by considering the relations of 4 given plane forms. 

As a first instance take the case of 4 conies Ui, v^, u^, u^ having no common 
point and which are linearly independent. Their linear system may be S. Let 
9u 92f 9s f 9i ^ forms of Ist order, then two independent relations of the type 

9i^ + 9%'^ + 9s^ + 9i'^i='^ 
will exist. That there will be at least 2 follows from the consideration of the 
cubicB through the 8 points (ti^, u^, {v^, u^, which evidently must be expressible 
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in the way giU^ + g^^ as well as g^th^ 9i^i' That there will be no more 
than two is clear from the fact that these 8 points cannot lie on one conic (or 
Ui, U2f ^f ^4 would be linearly dependent). Hence gi^ g^j g^^ g^ will be points 
on a % line, or homographics, whose vertices are somewhere in the x plane. 

Composing the identity fl'i . t^ + 5^2 • **« + fl^a • ^ + fl^4 • ^4 = with g^, 
we have 

Hence constants ai, o^, ag will exist such that 

fl'l 5^4 = Oj . 1^8 — 03 . 1^2 

fl'g 3^4 = otg . i^ — 03 . tig 

fl'a 5^4 = «! • ^ — Og . Wi . 

It also follows that 

ai • fl'i 5^4 + otg . gz gi + aji. g^ g^ = 0. 

oti . ^1 + ttg . gTg -f og . gTg is therefore a numerical multiple of g^ . Consequently 
a number a^ exists such that 

«! • fl'i + oj . 5^2 + og . grg + 0^4 • fl^4 = 0- 

We shall now interpret these equations, grj, g^j g^^ g^ are homographic pencils 
of lines through points that will be called J.i, -ig, -4.g, A^. gigit g^g^ g^g^ 
are conies having 4 points in common, namely A^ and say E^ F^ Q. g^ g^ 
contains Aij A^ and the 4 points {v^j tig). From the identity 

gig^^gJ^ g^gi-gx^^ gigi'g%^ = ^ 

where I is any % point, it follows that also gig^ contains E^ F, G. These three 
points are therefore common to the six conies gig^" ' g^gi' 

The pencil of cubics t^ . ^1 + ^ •S^2 contains the 4 points (u^, ti^ and as the 
original identity shows, also the four (tig, u^). The pencil passes therefore also 
through another point jBi 2 = J^a. 4 • I^^t ^1. s = ^2, 4 ^^^ -^2^8= ^u 4 ^ similarly 
determined. Since t^ . fl'i + t^ . 3^2 contains B^^ 2 f also (t^ • g^i + tig . gr^) gr^ = u^ . gr^ g^ 
will. Hence B12 is situate on both gig2 and g^gi* The points of intersection of 
the six conies gig^ gzg^ are herewith completely laid down. 

tti . g^i + a2 . g2 is a pencil whose verte:^ lies on {cLi.gi + ol^* g%^ fl^2 = ^i • gi g% • 
It also lies on g^ g^. But its vertex is neither E nor jF'or Gj because it generally 
does not lie on ^i^g, which may be most easily shown by the analysis of a 
particular example. Such an example is most readily obtained by starting 
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inversely from 4 linearly dependent pencils gi g^ and constructing 4 forms 

Ui, u^, Ubi u^ according to the above identities. It then follows that the vertex 
of ai.gi + oi2'92 niust be -Bj^ 2 . If Z is any X point ai . gri ? + 02 . S^g ? in virtue of 
the relation between g^y g^^ g^, gi is the line joining the intersection of gi I and g^ I 
with that of g^ I and g^ l. This line, with varying Z, revolves round Bi^ ^ . 

E, Ff G remain invariant when Wj, U2, t^si ^4 ^.re subject to linear trans- 
formations. Starting with any 4 forms of Sj E, Fy G will therefore remain the 
same. But S contains 4 squares of linear forms and it can be shown without 
difficulty that E^ F^ G are the corners of the diagonal triangle of the complete 
quadrangle of lines whose squares belong to 8. 

Summarizing, we obtain a proposition as follows : Let 4 conies U13 ^f u^j u^ 
not containing a common point nor linearly dependent be arbitrarily given. 
The 8 points (t^, u^ and (tig, u^ determine the point B^^ completing the base 
of a pencil of cubics through them. B^^^ and B^^ are similarly constructed. 
The conic through Bi^^ and (its, ^^4) has with that through B^^ ^^^ (^9 ^) three 
points jK, Fj G in common which, with 4 points common to any two coni\:» of 
the system 8^ always lie on one conic. The conies through E^ F, G and 
{tAi, u) may be denoted gig^. Then gig^y gzgit g^g^ have besides E^ F^ G 
another point A^ in common, etc. Through J.^, ^, Jg, A^ a single infinity of 
lines ^1, g^y g^^ g^ will pass whose 6 points of intersection will lie on the 6 above 

conies gig^ g^g^ and the sides of whose diagonal triangles revolve round 

^h%f ^1,89 -^8,8- It also easily follows that each comer of these diagonal 
triangles moves upon a conic through E^ F, G (the point of intersection of the 
lines {gjgz), {g^lg^igi/g^, {gz/gd for ^^ist. moves upon the conies {a^.gi+oL^.g^), 
(oi-fl^i + as-fl's))- 

The process just made use of, if applied to a set of forms of nth order, will 
lead to very remarkable results. But the calculation becomes somewhat complex 
when n is large. The principles involved may however be well explained in 
the case n^3. Let then t^, ti^, t^, u^ be 4 cubics that are linearly independent, 
have no point in common and such that through the 18 points (t^^, v^ and 
(tigy tij only the minimum number, namely three linearly independent quintics 
can pass. 

Let ri, ^2, Vsi v^ be conies, suitably determined, then three independent 
relations will exist 

(1) tii.t?i + ti2.i?2+ ti8.t;8 + ti4.V4=0 
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and the X space will therefore be a plane. It follows Vj v^ v^ is divisible by U4, 

(2) ri Vg t?i, = u^.w 

where i^ is a x form of 3d order^ a number in the % plane. Similarly 

(2) t?4 Vg t?8 = — t^i • ^i etc. 
Composing the fundamental identity with ^4, we have 

t^ . t?l t?4 + lig . t?2 t?4 + Ua . t?8 1^4 = 

and therefore forms a|, Og, 03 will exist, such that 

t?l t?4 = ag . tig — Ojj . ^8 

(3) t?3 1?4 = ai . tig — ^ • ^1 

t?g V^ = Og . Wi — Oj . tig 

^i9 ^1 ^8 ^^1^ ^ ^ lines and x lines. 
Composing the first identity with Vi 

= t?i ag . tig — V, Og . tig. 

(4) Hence r^ Og = J^ . tig, t?, Og = Jj . tig, where 6^ is a number. Similarly 

t?gag= ig.tig, t7gai = &2.tii, t7gai = &g.tij, t?ga2 = ig. tig, t;4ai = i4.tii 

where ig, ig, (4 are three other numbers. 

Composing the original identity with Vi , we have 

tig . t?i t?2 + tig . t?i Vi + W4 . Vi t;4 = 0, 

or ti2.t;it;g + tig.t;it?g + ti4(agtig — a^tig) = 0, 

consequently a % and x line a^ will exist such that 

t^i t;g = a4 . tig — Og . ti4 
(3) t?gt;i = a4.tig — ag.ti4 

and similarly t^g vg = 04 . ti^ — Oi . ti4 . 

Composing t?! t^g ^ 04 tig — Og U4 with t?g, we have 

ti^ to = a4 t7g • tig — Og t;g • ti4 
or ti4 to = Jg ti4 . tig — Og t;g . ti4 

and (6) w^ih^.v^ — a«t;g. 
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Composing the original identity with Og 

a, t;i . Wj + Og t?2 . tl2 + Og t?8 • ^8 + «8 ^4 . M4 = 

^1 «^ • <h + *» ^ • ^2 + (*8 ^ — ^) ^ + 64 ^ • ^4 = 

(6) U? = 61 Wi + ij tig + &8 tig + 64 ti4 

u> therefore belongs to the linear system of Uj, Ug, tig, 114. 
From the identity 

Vj Vg . t^g / + Vg t;g . Vj ? + t^ Vi • Vg I = t^i t?g t?i . iJ 

where 7 is any X line, inserting the values above found 

a4.(t?iZ.tii + t?2?.tig + t?g7.tig) — ti4.(ai.t?i?+ ag.rgZ + a8.t?gZ) = — u^.W .1. 

But t?i / . til + t?2 ? . tig + t;3 ? . tig = — 1;4 ? . ti4 owing to the original identity. 
Consequently 

(7) «! . t?i ? + Og • t?2 ? + Og . t?8 Z + 04 . t;4 Z = TT . Z. 

Composing this with some point M 

aiM.Vil + ttg M. t?2 ? + Og M. Vj^l + a^M .Vil =^ W. I M 
or (8) ai M . t;i + Og M . Vg + Og Jf . t^g + 04 if . 174 = TT. M. 

Again, identifying Hn 7 with a, and utilizing (4) and (6) 

(9) 61 . Oj + Jg . Og + 6g . ag + 64 . a4 = 0. 
Hence 

Oi . (&4 . Vi 2 — 61 . t?4 ?) + Og (64 . t^g ? — 62 • ^4 + ^ (*4 • ^8 ' — 6g . t?4 ?) = TT. 64 / 

by means of (7) and (9). 

But ai, Og, Og and I considered as X lines can only be connected by one 
linear identity. Hence it follows 

aja^/l = €{b^,v^l — 68^4?) or simpler 

(10) aj/og =e(64t?8 — &g.t;4) 

and similarly ctg/og = 6 (64 . i?i — b^. v^) 

^s/^i = 6 (64 • t?g — ig . t?4) 

where £ is a numeric constant not only in the X plane, but also in the x plane, 
whose value we shall assume to be, for simplicity, = 1. Similar relations 
obviously hold for aio^c^if ^i^4y ^^4 &^d 0304. 
11 
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Multiplying the original identity by b^ and inserting the value of W, 
we obtain 

These eleven relations are sufficient and necessary to explain the connections 
existing between the various forms introduced. 

iii, ti2, tisi ti4 being given^ all the other forms are determined. We may ask 
how far the giving of some of the forms of the set above mentioned determines 
the whole set. Let biy &21 ^33 ^if ^ii ^1 ^81 ^4 b® given in accordance with (9). 
W is then determined by (10). Of the set Vi, ^2, v^, v^ any one may yet be 
arbitrarily chosen, but then, on account of (10) the whole set is known. After 
this, on account of (4) and (6), also t^, tig, tig, u^ are known. &i .1129 ^^^ inst., is 
t?i Oj, 61 • «^ = TT + Oj t?i, ii . t74 = 64 . Vi — (h/<^d • The ti|, tij, Us, ^i bo found 
will be connected by 

Wl . t?i + tig . t?2 + % • «?8 + ^4 • ^4 = 

where the v^, v^, v^y v^ have the above significance, since 

hi . vi t?2 vs = Vi (62 . Vi — Os/a^) (63 . Vi — aja^) 
— vi (03/04) (04/02) = t?i 04 . 03 04 02 = ii W4 . 61 TT 

and Vx v^ ^3 = ti4 • TF) etc. 

It remains now to throw these relations into a geometrical garb and 
incidentally to state the cross-connections of these forms in a variety of shapes. 

If ? is a X line with constant coefficients a^la^ Z is a conic. This conic will 
contain three points independent of the choice of I. The proof of this lies in the 
identity, Z, Jf, N denoting arbitrary X points 
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when it is taken into consideration that the three conies 



Oji a^M OiN 
a^L a^M cl^N 



have three points in common. 



The three points thus defined will be written {ai/a^). They are situate 
on TT, because W=ai/a2/a^. 
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The two triplets of points {aifa^ and {ay/a^) are coresidual on W. More 
accurately stated, the two conies 

Oi/Ojj/Z and di/a^/l 

intersect Wy besides in {oi/a^) and {ajos), in 3 identical points for brevity 
denoted by (Z). This is evident from the identical relation 

Oi/og/? . Oi/ag/iw — aja^/l . 01/02/ m = aja^/a^ . ajl/m 

where m is any X line. For 0^/0^/0^ is = TF and m may be so determined that 
aja^/^ A^^ <h/<h/^ intersect in no more than three points on W. 

To each % point L correspond x lines OiL, o^L. To a line of X points 
corresponds a pencil of x lines. Hence the 00^ pairs of lines o^L, o^L^ where 
L is variable, represent a linear transformation of the x plane, that may be 
briefly denoted by (1, 2). If Z is a % line, Oijl denotes a pencil of x lines, 
whose vertex may be (aJZ). (oi/Z) and (o^/Z) are x points corresponding to 
each other by virtue of (1, 2). For if L and M are points on Z, o^L and OiM 
intersect in {oi/Tj^ and o^X and o^M intersect in (oj/Q. 

The triplet {oi/a^ is the self corresponding triangle of (1, 2). Indeed if P 

is such a point that it corresponds to itself by virtue of (1, 2), then a >l line / 

must exist so that 

ojl = P, 02/I = P. 

Hence if we compose in the x plane 

OiP=:l = 02P 

and Oi P/02 P/m = however the X line m may be chosen. Consequently 
P is one of the three points Oi/{o^/a^. 

The conic Oi/a^/l contains the two points (oi/Z) and {o^/l). Denoting by 
LjM two points on Z, we have LM^^l^ and 

OiL.o^M — OiM.o^L = O1/02/LM. 

The conic contains therefore the point of intersection of a^ L and o^ M. 
It contains, besides, the point of intersection of a^Z and a^Z, i. e. of any two 
lines corresponding by virtue of (1, 2) whose corresponding X point is situated on Z. 

Consider now the three triplets (01/02), {cii/os), (oj/os)- -A.ny three conies 
through them, o^/o^/l^ (h/<h/h ^/^i/h ^^^^ intersect W in the same 3 residual 
points, intersect besides in three points [oi/o^/l and o^/o^/l in (oi/l), ai/a,/Z and 
a^/os/l in (a^/^)} <h/^l^ *^d ojo^/l in {o^/T)!^ which correspond to each other 
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by virtue of the correspondences (1, 2)^ (1, 3) and (2, 8). This argument and 
result is in nowise restricted to any special cubics or special coresidual triplets 
on them. However we select three coresidual triplets on a cubic, the conies 
through them intersecting the cubic in an identical triplet of points intersect 
besides in three points which are correspondentB in two linear transformations 
of the plane. 

We shall now place ourselves in the viewpoint of neglecting all of the 
preceding equations except such as refer to the 0^ a^^ a^j a^ and W. And we 
shall give our attention to the study of those properties of these forms as apply 
to any ctibic W. Let TTbe given and let a linear transformation, or collineation 
of its plane whose self-corresponding triangle (aja^ is onTT, be arbitrarily selected 
and called (1, 2). Then any conic through (oi/os) and a corresponding pointpair 
intersects TT in a triplet (Z) and conversely any conic through {<iila^ contains 
just one corresponding pointpair, as easily is shown by elementary considerations. 
An auxiliary >l plane may then be constructed and forms di, a^ calculated. 

Let now a point P be arbitrarily selected on W. Through (oi/cis) we 
construct a conic ai/a^/l that intersects TF in a residual triplet (Z). This conic 
also contains the point (oi/Z). Through (/), P and (aJZ) a conic is determined, 
that we call ai/a^/l and which intersects TT, besides in {I) and P, in two points 
which with P form a triplet called (ai/og). If similarly another point Q is 
arbitrarily chosen on W then a triplet (cis/a,) may be similarly determined so 
as to contain Q. And now the whole set a|, 02, ag and the transformations 
(1, 2), (1, 3), (2, 3) are fixed, because conies through {aija^^ {^i/<h) <^^ (^/^) 
intersecting W in an identical triplet {I) have their fourth point of intersection 
in corresponding points. 

If the two points whose free choice led to the determination of ag are varied 
while everything else remains the same, then only such 2, lines a^ will be 
generated as are linearly dependent upon a^, a,, Og. Indeed aifn^lo^ ^^U be, 
according to the above construction, = TT, the. cubic under discussion. Also 
ai/d^/a^ will be = W. Constants b and V must therefore exist so that 
aija^liha^ — ft'oj) = 0. Let ha^ — J'a8 = y- From ai/dt/y =^ it follows, 
if i, Jf, N are X points 
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have three points in common. Hence yM must contain the 4th point common 
to the two first determinant conies and, y being a straight line, it may easily be 
shown that y must be a linear combination, with constant coefficients, of Oj and a^. 

The relation between the 6 triplets on W {aja^ (^s/^O is then that they 

are coresidual and that the 6 conies through these 6 triplets and any rtssidual 
triplet on W intersect in only 4 more points. We have shown above that this 
statement necessarily involves the linear dependence of a^^ a^^ cl^^ a^ expressed 
by (9). Equation (9) may find expression in a geometrical shape as follows: 
L being any X point, ajX, a^L^ a^L, a^L therefore x lines, from 

Jj . tti X + 63 . 02 Z + 65 . ag -£» + 64 . ^4 X = 

it is evident that bi.OiL + bz.a^L is the line passing through the intersections 
oiaiLfa^L and through that ofa^L/a^L. Now to each L corresponds a definite 
&i • Oi Z + ^ . ^2 X, and i^ . a^ + i^ • ^ ^^ therefore in conj unction with aj a symbol 
for a definite linear transformation of the x plane, whose self-corresponding 
triangle must be on W. In fact this triangle is no other than the three points 
common to 01/6^ a^ + h^ a^jl^ \. e. no other than the triplet (oi/o^). Hence by 
some linear transformation T whose self-corresponding triangle is (a^la^^ each 
OiZ is converted into the line joining the intersections oi aiLja^L and a^L/a^L. 
And a similar statement holds for the other diagonals of the quadrangle of 
corresponding lines a^Z, a^L, a^L, a^L. 

We shall now consider the forms u^ and Vi that were hitherto neglected. 
If X is any X point, v^VzL, v^v^L, v^v^L are three quartics that have 12 points 
in common; for it is clear that Viv^L and v^v^L contain the 4 points of the 
pencil v^L and have their other common points on ViV^L. From the identity 

t?l.t?2t;8X = t?it?2i.t?8+ V^V^L.Vi^ VsViLVz 

it follows, since ViVzVg^iu^.W^ that these 12 points common to VjVgX, v^v^L^ 
VgViL either lie on W or on u^. Now t?] t;2 = ^4 ^ — <h ^if hence vi v^ L intersects 
U4 in the 9 points, where Ug cuts that curve and besides in the 3 points of inter- 
section of a^L and U4. Consequently v^v^L, v^v^L, ^^v^L have three of their 
common points on ti4, nine on W. t?i ^2 = Vi (62 Vi — h'^2) ='^i{<h/<^i) intersects 
W always in the 3 points (aja^). Consequently the 9 variable points of the 
intersection of v^v^L and W are those that are common to ViV^L and VzV^L; 
and, by the same reasoning, also to ViV^Lj v^v^L^ v^v^L. 

ViV^L and v^v^L have, beside these 9 points, still 7 points in common. 
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These complete with the 18 points (tii, li^), (tig; ^4) ^^^ ^^^ ^^ ^^ points of a 
pencil of quintics. Indeed the two quintics 

Wi . t?i Z if + ttj . t?2 Z if 

and tii.ViLN + u^.V2LN 

contain the 9 points (t/i, u^)^ also those of (t^g, t^i) owing to identity (1), and 
besides 7 points obviously situate on the result of eliminating t^, Ug from above, 



ViLM v^LM 
ViLN v^LN 



:= V1V2L . L MN, 



By the same reasoning and by means of the equation (1) theses 7 points are also 
situate on v^v^L. Moreover, it is clear that none of these points will generally 
lie on say v^v^L. The group of 7 points is therefore characterized as that part 
of the intersection of ViV^L and v^v^L that is residual to the group of 9 points 
common to the Vi Vj L. 

The 7 points {v^VzL, Vzv^L) form with the point of intersection of ajZ, a^L 
and with that of a^ L, a^ L the base of a pencil of cubics. Since t^.Vi LM 
+ U2.V2LM eL8 well as rg 174 Z = 02 Z . Uj — a^L .u^ contain the 7 points, so will 
GiL .ViLM+ a^L .v^LM. Hence this cubic and aiL .viLN + a^L .v^LN 
contain the 7 points. The two* cubics contain, besides, point (aj Z, a^ L), and, 
owing to relations (7) and (8), also (agZ, a^L). 

From all this it is then apparent : Let She 9, linear system of cubics which 
has 4 linearly independent cubics (u^, tf^, tig, u^) as base and which, besides, is 
not of that particular nature that the 18 points (u^, ttg), (t/g, u^) should admit 
more than 3 linearly independent quintics through them. Then two quintics 
through two groups of nine points common to two cubics of S, for inst. (u^, ti^) 
and (ug, U4), will intersect in 7 residual points that with each one of the above 
group of nine points will lie on one quartic. The two quartics thus determined 
will have 9 residual points in common, and these 9 points will always lie on the 
same cubic W. The cubic thus determined belongs to the system S. Moreover, 
it is clear from what precedes, that however the selection of the original two 
pairs of cubics in S and of the two quintics through the pair of nine points may 
be varied the group of nine points determining W must always be one of a 
determinate system F of qo^ such nine-point groups, as any particular nine-point 
group of r does not depend at all on the choice of the two pairs of cubics (variety 
of choice obviously subjecting the t7i, v^, t7g, v^ only to a linear transformation of 
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each other) but entirely on the choice of the two quintics through the 18 points, 

i. e. on the X line L 

The cubic W of the system S has still other remarkable properties easily 

derived from the set of equations previously deduced. Thus (11) shows that 

each quintic 

Uj (64 .Vil — biVil) + W .Vil 

also contains the 9 points (ug, u^. But 64 . Vil — b^ . ^4 1 has, wherever I may be 
situated, the 3 points (02/03) in common with W. Hence, a cubic (u^) of S 
intersects W in d points, that with any nine points common to two other cubics 
of iS (tit, Ufi) determine a triplet of points (o^/os) such that any quintic through 
above 18 points also contains the triplet. And this triplet is situate on TT, and 
all triplets thus determined, by varied choice of the cubics (u^, U2, Us) in S, are 
coresidual. Moreover, each such triplet is residual to any one of the nine-point 
groups of r, and a quartic {v^ v^ I) coutaining any one such triplet and an indi- 
vidual of r contains also nine points of intersection of two cubics of S (ti^, tig)- 

A group of nine points common to two cubics of S is determined when two 
of its points are arbitrarily given, for a cubic of S may be made to pass through 
any three points, and two points determine therefore a pencil in S. The 00^ 
system A of nine points forming the base of a pencil in S, and the system F of 
nine point groups has this relationship that any two individuals of A and F lie 
on a quartic. Let for inst. a nine point group of A be the intersection of u^, t^. 
Choosing as base of S u^^ U2, %, ui (any 4 linearly independent cubics two of 
which are Uj, t^) it is clear from the preceding, that the corresponding vi are 
such as to yield quartics v'^v[L containing, according to the selection of Z, any 
given individual of F and {v{y u^). 

Not every quartic through an individual of F contains an individual of A. 

Let a given individual F^ of F be common to Vi^gX, ViV^L v^v^L. Then 

any quartic through F^ will be 

where ^1,2 ^8,4 ^^^ ^ indeterminates. Should / contain an individual of A 

it must be representable in the shape v[ v] Z, where v\ and v^ are linearly 
dependent upon the v^ . This, as in the case of straight lines in space, requires 

an equation to be satisfied, namely ^1,2-^8,4 + ^2,8-^1,4 + ^8,1 • ^2,4 = 0- 

The same method leads to interesting results when 4 curves of order n are 
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under discussion. And it is a suggestive fact that the connections between 
4 forms of order (n — 1), (n — 2), etc., recur again at the higher orders. In the 
case n = 3 that has just been studied, for instance, the equation 

«! M. Vil + 02 M . v^l + o^ M . v^l + a^M.v^l =^ 

where Jf is a variable point on Z, shows that the Oi/l, a^m ajly ajl are pencils 
of lines that stand to the conies t^^Z, v^l^ v^l, Vil in the same report as the pencils 
previously named gi, g^^ g^j g^ to the 4 conies of the case n=2. And the analogy 
goes very much further. So is the triangle EF G in the case n = 3 represented 
by the triangle (Z) on TT, and all the other points and lines that were mentioned 
in the configuration belonging to n = 2 find ready interpretation for the set of 
conies Vz I* 

If the condition referring to the 18 points (uj, tig), (wg, u^ is not satisfied, 
more than three linearly independent quintics will exist containing the 18 points 
and the Vi, v^jV^^ v^ will then be points in a % space of manifoldness 4. It 
follows then 

Vi Vz ^8=^4- W^i etc., 

where IT is a X plane containing Vi, v^, %, v^ and is of order 3 in the x co- 
ordinates or else vanishes. Again we have the equations 

Vi Vg = a4 1^ — Oa 1^4, etc., 

where the a^ are of 1st order in the x^, and of the dimension of a line in the 
X space. Obviously 

(a^ . tig — Og . -W^) (a4 . tig — Og . W4) = 

i. e. 04 . tig — Og . U4 composed with itself is 0. Hence 

^4 ^4 • ^ 2 a4 dg . W4 tig + Og Og . Uj = 0. 

Consequently a^a^ is divisibly by u^. But a^a^ is only of order 2 in the x^. 
Therefore 

^4 ^4 = ()| ^ ^8 -^ 0| ^4 ^ ^^ 0* 

Considered as X forms, Vit;^, a^a^ are three lines having a common point of 
intersection. The same argument holds in respect to Vi^ v^ and a^, 04, etc. The 
Vif V2j Vs, Vi must therefore be X points in a X plane TTin which also o^, a,, Ogy a^ 
are situated. 
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9lrom t^ t;^ s Ai % ^ a, ti4 it follows that Vi a^ is dirigible by U|« Let be 

t>i a4 = &i . tft 

hi will then be (unless it vanuBhes) a A, apace independent of the x plane. We 
shall also have Via^^=h^.v^ and generally t;^ a^ ^ &« . ti^ if « ^y. 
To find v^a^^ we compose 

Vj t^ = a^ tig — dg W4 

with t^. 1*4 . ir=68^-^ — 1^08^4 

or t% Og = i^ . tig — W. 

Composing ti^ Vi . + ••-• +^4 • ^4 with o^ we obtain 

^ t^ is = 0. Consequently 

&« ^ • «» + *8 1^ • % + &4 ^ • «*4 = 0- 

This shows &g t;i = 0, ig t;i — 0, 64 Vi = 0. The &< mti^ vanish, and therefore 
also IT. The Vi wjll all be on th^ same X line a and the a^ will be, as X lines, 
eongruent with a. From this a« =^ e^ . a, where c^ is a numeric. Therefore 

Vi t?8 = (C4 tig — Cg W4) . a, etc., 
Vi (cjB Vg + cg i^, + C4 ^4) = 

aud (h'^ + ^'^ + ^^+^i'^i — ^- 

Let a = Xia| + a:20^s + ^<^i where Xi, Xg, Xg are the x^ variables, a^, o^, 03 
lines in the X space independent of x. Now {vi v^ {vi v^ = 0. Hence oa = 0, 
and it follows o^ aj = 0. The a^ are intersecting lines. They cannot lie in the 
same X plane P, or Pt;< = 0, and the Vj, t'g, Vg, ^4 would be forms of a plane, 
not of a space of 4 manifoldness, contrary to hypothesis. Consequently the a« 
must have a X point G in common. 

Let then be a = a6^, where a is a X point. ViO is= a, therefore let be 

v^O = j9{ .a 
where |>4 is a linear x form. Then 

12 
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The original identity, after the insertion of these values^ gives then the two 
equations 

i>l «1 + 1>8 ^ + i>8 ^ + i>4 ^4 = 
ft ^ + ft Ifs + ft ^ + 3^4 t*4 = 

where the Pi are of the 1st order, the q^ of the 2nd order. From this, as before, 



JPi ft — Pt ft = ^4 <^ — ^8 U4 , etc., 

<hPl + <hPt + C8l>8 + <^iPi = 

^ft + Cgj'a + c^ j8 + ^ift = 



Also (<?! tl2 — Cg Wi) jpa + (Ci tig — C^ %) i)8 + {<h ^4 — ^4 «h)l>4 = 

(Citlj— CjgWi) J8+ =0 

This can only be, if the three cubics c^u^ — c^tij, CjUg — CgUj, CiU^ — c^u^ have 
7 points in common. 

The salient fact then is^ that whcDCver the 18 points (u^^ ti^), (ug, u^ are 
such as to permit more than three linearly independent quintics through them, 
some identity P\Ui+ P2U^^=^ — i%^ — ^4*^4 ^iU exist and therefore a quartic 
will contain all the points. When the above condition is satisfied, a quintic 
form / will exist apolar to v^^ tig, tig, ti4. And conversely any quintic / being 
given, 4 cubics t^, tis^ ^y ^4 ^^7 ^ found that are apolar to /. The 7 points 
common to c^ tig — <hi'^3 etc., may be denoted by J. .... 6r. These 7 points will 
be those by means of which / may be represented as sum of seven fifth powers of 

linear forms J^ + + G^. We need not dwell on this point that is easily 

made plain but by considerations foreign to the subject of this paper. 

Now much of what has been said and done here may be generalized. 
A form of order 2n — 1 being arbitrarily giveu, the set of forms of order n apolar 
to it may be studied in an analogous fashion. Nor is this calculation restricted 
in any way in the number of variables Xi . 

The calculation may be generalized in a somewhat different direction and 
yields, without much labor, an interesting and very applicable result. As a 
starting point we use the theory of my paper '^Zur Theorie der Moduln und 
Ideale.'' Accordingly the reader will be supposed to understand the meaning 

of the form £i{ui ti^) and to be acquainted with propositions I, II, III of 

that paper. 

Let til ti^ be m forms of m homogenous variables, whose resultant does 

not vanish. Their orders may be designated by n^ n^. A form of order 
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111 + + ^ — ^ will ^^^^ exist apolar to all of them. This form may be 

written £i. There will be no form of order n^ + + w^ — ^ other than £1 

apolar to Ui . . . . ti^^ ^ and no form of higher order will be apolar to the set 
(Proposition III). Besides £i will have this remarkable property, not hitherto 
laid down, that any form of lower order than A apolar to u^ u^ must neces- 
sarily be a polar form ot A. With other words, if ^ is a form apolar to % u^, 

of order nj + +Wm — ^ — N^ where JV is a positive integer, then a form g of 

order N will exist such that identically 

'^=g X £i 

i. e. that '^ is the polar of g in respect to £i. 

To show this, let i^ be a form of order n^ + + n^ — m — N^ /one uf 

order N^ and let all the coefficients of F and / be indeterminate quantities. 
The magnitude F./xCi is then a bilinear form F of the indeterminate coefficients 
of F and /. If it is required that i^. / X ft = while the set of coefficients ofF 
remains arbitrary, then the set of coefficients of / will be subject to a certain 
number a of conditions which remains the same, if F and / change their roles 
in this. This is merely an expression of one of the elementary properties of 
bilinear forms. 

It follows then that the number of conditions imposed upon a form of order 

ni+ +^m — ^ — ^} to be apolar to ft is the same as the corresponding number 

for forms of order N. And the number of contragredient forms of order 
^1+ • • • ' +Wm — ^ — ^ apolar to tij . . . . u^ has the same value. Let this number 
be denoted by a. 

Exactly a forms gi g^ of order N will then exist, which are linearly 

independent and no linear combination of which belongs to the module {tti ti,^), 

or, what is the same, is apolar to A- ^^^ 9 represent an indeterminate form of 
this linear system. Then gXQ, will never vanish, and will contain a indeter- 
minatae. But the linear system of forms of order ni+ .... -fn^ — m — N apolar 

to Ui Un has the manifoldness a, and there is only one such system if two 

forms congruent modulo (u^ u^) are for this purpose considered equivalent or 

identical. Consequently the set ^x A represents that system; and if if/ is a form 

of order Wi+ +^ — ^ — N apolar to % u,„ then a form g will indeed 

exist so that 4^ = g x Q,. 

This theorem immediately leads to any number of geometrical propositions. 
Let us apply it, for inst., to the proposition concerning the 18 points (u^, ti,), 
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(us, u^ through which more than 3 linearly indepeBdent qiuntics puifiL A quintic 
4^ will then exist apolar to t^, %, t%, ti|. The d of Ui^ Uj^, u^ is of order 
3 + 3+3 — 3 = 6. '4^ being a quintic apolar to Ui, ti^, Ug a linear form g exists 
such that 4" = 9 X A- ^^t ti^ X 4" = 0^ consequently u^ • ^ X A = ^i ^^^ 
tii . 9 belongs to the modulus Ui, thf ^^ This shows at once that the 18 points 
(^ii ^)i (^1 ^i) ^^^ on a quartic 

If as a particular case 16 of the 18 points are the base of a pencil of quartics 
— when indeed the supposition will be satisfied — then the present proposition 
shows itself to be identical with the one announced previously. 

It would naturally not at all be difficult to draw similar conclusions for 
curves of higher orders or for forms of higher manifoldness. 

In this point the proposed method of calculating geometric configurations 
and the general theory of moduli meet. In all probability the connection 
between the two disciplines will grow much more intimate as the method will 
fiirther deveb>p. It ib clear that equations of the type 2 Hi . v^ = with their 
7i space adjoined are very apt to express the properties of systems of forms of 
certain orders which belong to two diflferent modules simultaneously, which, for 
inst,, contain two diaiinct irreducible or reduoible geometric configurations. And 
from the preceding examples it is fairly evident that the proposed treatment of 
such equations yields results. 

It is true that only a few and perhaps rather simple examples have been 
discussed in what precedes. But the author may be excused if he points out 
that it would have been easy enough to extend the method much further and 
that the difficulty for him consisted rather in limiting the examples to such as 
would bring out, in a lucid and easy manner, some of the oharaetflriatie properties 
of the proposed method. 

Nbw Tobe, May 8, 1900. 



n Operatars ISach of Wh 
he n—1 Remaining Ones. 

By G. a. Miller. 



The case when n = 3 has recently been considered.'*' When n = 2 the 
groups are evidently cyclic and hence require no consideration in this connection. 
In the present paper we shall consider n >^ 3, and we shall first assume that the 
products of the n — 1 operators are independent of their orders and hence all of 
them must be commutative. Representing the n operators under consideration 

by 8i, 82, , «» we have by hypothesis, s^ being any one of the n operators, 

that 

From the two equations 

it follows, by multiplying one into the inverse of the other, that any two of these 
n operators have the same square and, by direct multiplication, that the 2 (n — 2)^ 
power of each operator is ihe identity. 

If we substitute for ^1,^8, , ^n-i ^^^ ^ — I independent transpositions 

Old], Ogj^, , a^^ihn^iy there results a system of operators which satisfy the 

given conditions for every value of nx^3. These n operators clearly generate 

the Abelisn group of order 2*~^ and of type (l, 1, 1, ). From the given 

theorem it results that this is the only system of Abelian groups of type 
(1, 1, 1, ... .) which may be generated by n operators satisfying the given con- 
dition, if we exclude the trivial case when the group is cyclic. By letting 
«!| =: ^2 = . . . . = «^ it is clear that the cyclic group of order n — 2 might be said 
to be generated by operators satisfying the given condition. To avoid the con- 
sideration of such trivial cases we shall assume that no two of the n operators 
under consideration are identical. From this assumption and the given theorem 
it follows that no more than one of them can be of odd order, and if the order of 
one of them is an odd number the order of the others is twice this odd number. 



^im^mm^m^ 



•BnlletU of the AnMrloan MalfaemAtital Society, toI. 18 (1907), p. SSI. 
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Hence the theorem : If the order of one of the n operators «i , ^2, , «n ** divisible 

by 4ty all of them have the same order. If this condition is not satisfied j either all of 
them have for their order (he double of the same odd number or n — i of them have 
this order while the remaining one has the odd number for its order. 

As the operators «i, «2, • • • • , ^n have a common square and are commutative, 
we have the equations «! = «!,«. sj^ = «r^ «^, («« ^J^f = *« ^J^ «« *^ «^ * = 1 . That 
isy each of these operators may be obtained by multiplying any other one by 
some operator of order 2. Hence all of them may be obtained by multiplying 
one by the identity and diflTerent operators of order 2. On the other hand, it 
may be observed that if ^ = ^ and if t^ = p^, where p* = 1, it is necessary that 
^j<^ = ^^. For, as the second equation near the beginning of this paragraph 
does not imply that s^ s^ = s^ s^ it follows that ti t^^ = <f ^ ^, or p = ^f ^ t^^ Hence 

^^ <2 <r^ ^^ 4 = ^r^ ^ K^ ^z^ ^ = <i <2 C^ ^^ = 1- From this it results that the com- 
mutator of ^1, t^ is the identity and hence these operators are commutative. We 
have thus arrived at the theorem : The necessary and sufficient condition that two 
different operators which have a common square are commutative is that one is the 
product of the other into an operator of order 2. 

From the preceding paragraph it follows that the n operators under con- 
sideration may be represented as follows: «i, pi«i, p8«i, • • • •, pn-i^ii where 
Pii p8> • • • •, pn-i represent n — 1 different operators of order 2 which are com- 
mutative with each other and with s^. Since 

*1 ^ pi ^1 • P2 ^1 • • • • Pn-l ^1 ^ Pl P8 • • • • Pn-l • ^1 

and sf^**"^ = 1, it results that p^p^ p„_i = s^\ The n commutative operators 

tfj*"®, pi, p8, f Pn-l niust therefore have the property that each of them is equal 

to the product of all the others. When «f"^= 1 the n — 1 operators pi, p^, . • • • pn-i 

have the same property. As the group generated by ^j, «2, , «^ is identical 

with the one generated by Si^ p^, Ps^ • • • • > Pf»-i; we have the interesting theorem : 
If a group G is generated by n commutative operators such that each is the product 
of all the others f then G is the direct product of a cyclic group whose order divides 
2 (n — 2) and an Abelian group of order 2* and of type (1, 1, 1, . . . .). Moreover, 
any such direct product may be generated by n operators which satisfy the given 
condition. 

While n — 2 of the operators pi, pg, . . . . , pn-i can always be replaced by 
independent transpositions, as was observed in the second paragraph, it may be 
possible to replace them by operators which generate a much smaller group. 
For instance, wiien n = 2^ and s^ = 1, it is possible to replace all of them by 
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the operators of order 2 in the Abelian group of order 2^ and of type 
(1, 1,1,... .). If «J""* ^ 1 and n = 2^ — 1, they may be replaced by n — 1 of 
the operators of the same Abelian group, while ^i may be so chosen that its 
(n — 2)^ power is equal to the remaining operator of order 2. In each of 
these cases the order of G is either 2^ or 2^^ into the order of «i. 

Non-Abelian Groups, 

When the n operators s^^ s^^ ^s^ are not supposed to be commutative, it 

is generally possible to select them in such a way as to satisfy the condition 
expressed in the heading of this article and to generate any one of a large number 
of different types of groups. This is especially true when n >* 4, as will appear 
in what follows. It is, however, possible to establish a few general theorems of 
interest, and to exhibit many fundamental properties of the possible groups when 
n = 4, by means of elementary considerations. One of these theorems may be 
stated as follows \ If then operators ^i; ^s, • • • • , ^n ^^^ arranged cyclically and the 
product of any n — 1, in order, is equal to the remaining one, then all of them have 
a common square. 

The proof of this theorem follows almost directly from the defining equa- 
tions ; for the two equations 

O J^ Og . • . • O^i J — ■ Oyi , S^Sq • . . . S^^ -^ 5| 

imply «f^ «^ = «i «n^ and hence «^=:«f. Similarly we may prove that ^ = 4, 
etc. Moreover, it results that 

and this includes a second proof of the fact that the 2 (w — 2)*^ power of each 

operator is the identity whenever the n operators are commutative. 

If «!, «2, . . . . , «n are any n different operators of order 2 which satisfy the 

condition 

SiS^. . . .Sj^'='\ (A) 

it follows that s^^i . . . .s^^SiS^. . . . «.«| = «^; a = 1, 2 , n. That is, the pro- 
duct of any n — 1 of them in order is the remaining one. Of n > 5 the operators 
of {A) may be so chosen as to generate any symmetric group whose degree 
exceeds a given number {m — 1). To prove this statement it is only necessary 
to observe that «x, s^ may be so selected as to generate the dihedral group of 

m 
order 2p, m;^]>-2- and ^ being prime, according to the well-known theorem 

due to Tch6bycheff. Hence it is possible to choose the three operators {si, s^, s^) 
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of order 2 so that they generate a transitive group of degree m involving negn- 
tive substitutions. This must be the symmetric group, since it involves the 
cycle of order p and such a cycle cannot occur in any non-symmetric and non- 
alternating primitive group unless its degree is p, p+1, or jp+ 2.* If tn had one 
of the last three values it would be easy to select Sj, ^2; ^s ^^ ^^^^ the primitive 
group generated by them would involve a transposition. This completes the 
proof of the statement in question, since it is only necessary to find an operator 
of order 2 which transforms ^i^s^s ^^^^ its inverse in order to find the five 
operators of order 2 such that ^i«2«8^4^6=^ !• 

From the preceding paragraph it is clear that the number of different types 
of groups that may be generated hy Bi^ s^^ .... ,Sn{n^ 4) is so large as to make 
it questionable whether it is desirable to endeavor to give an enumeration of all 
the possible types. When n = 4 the matter becomes comparatively simple, and 
hence we restrict ourselves to this case in what follows. From the equations 

^1 *B *8 "" ^4 > *8 ^8 *4 ^ ^1 > ^ *4 ^1 ^" *«! *4 *1 *8 ^ *8 

we obtain 

$1 $2 ^8 ^4 ^^ ^1 ^2 ^8 ^4 "~ ^1 ^2 ^8 ^4 ^" ^1 ^2 ^8 ^4 "^ * • 

Since szy ^4 transform 8^8^^ into its in verse, f they must also transform 81 s^ into 
its inverse. That is, the product of any two of these operators, taken in cyclical 
order, is transformed into its inverse by each of the other two. We shall now 
consider the group {H) generated by the two operators 

Each of these operators is transformed into its inverse by «„ and e^^ transforms 
8281^ = 82^ 8Y^ . flf into «i «2 . 4 = «i «r^ • 4- That is, 828^^ transforms Si 8^^ into 
8182^.82. Since ^ is invariant, it follows that ]9i«i~^ ^sC^f is metabeliau and its 
commutator subgroup is the cyclic group generated by 4. When the common 
order of ^1, ^g, 8^,8^i& either 2 or 4,]«i«jf\ 828^^\:=His Abelian and the group G 
generated by «i, ^2, «8i *4 ^^y be obtained by extending H by means of an operator 
of order 2 or 4 which transforms each operator of H into its inverse. In this 
case H is either cyclic or the direct product of two cyclic groups. 

When H is cyclic G may be any dihedral group whose order exceeds 6, 
since any such group is generated by four operators of order 2 which satisfy the 
condition {A). In fact, the two remaining dihedral groups can be generated by 



irfiXa 



*BaUetiii of the American Mathematical Society, toI. 4 (1898), p. 140. 
t Aivhiv ^er Htthtomatlk uttid Phytik, vol. 9 (19D5), p. ^. 
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four operators satisfying (A) if it is not implied that all the operators are distinct 
and that none of them is the identity. Hence the theorem: Every dihedral group 
may he generated by four operators^ each of which is a product of the other three. 
When the order of this dihedral group exceeds 6, it may be assumed that the 
four operators are distinct. By dimidiating* any two dihedral groups with 
respect to the cyclic subgroups of half their orders we obtain a group Q which 
may be generated by four operators of order 2, each of which is a product of the 
other three. If «i, s^ and «i', s^ respectively are generators of the dihedral groups 
in question^ each of these operators being of order 2^ the four generators of G 
e[ 8i\ s'l 82^ 8^ slj ^ 8^^ s'l clearly satisfy the conditions imposed on «i, «2, «8; *4- 
Hence it follows that every group which may he obtained by extending the direct 
product of two cyclic groups by means of an operator of order 2 which transforms 
each operator of this direct product into its inverse may be generated by four operators 
of order 2, each of which is a product of the other three. 

When H is an Abelian group of even order^ it is well known that we can 
construct a group G of twice the order of H by adding operators of order 4 
which transform each operator of H into its inverse and have a common square. 
If H is cyclic and not of order 2^ it is easy to find four such operators, each of 
which is a product of the other three. The smallest of these groups is the 
quaternion, and the four operators/, A;, — -/, — h clearly satisfy the conditions 

When H is the direct product of two cyclic groups, G may be constructed by 
dimidiation just as in the preceding paragraph; and if «(, ^^ and s'^^ sj/ are the 
generators of order 4 of the constituent groups, G may clearly be generated by 

Sis'if ^1^2'; ^^^2~^'^ '8~^'^i' ^^^ these satisfy the condition that each is the product 
of the other three in cyclic order. The results of this and the preceding paragraph 
exhaust the possible groups when H is Abelian and includes s^. That is, if the 
order of s^ is 2 or 4 and if Si, 82, s^, s^ are such that the product of any three 
in a given cyclic order, is the fourth, then they generate one of the groups con- 
sidered in this and the preceding paragraph whenever ^ is in ff. If ^ is not in 
the Abelian i7, s^ is necessarily of order 4 and it is necessary to extend H by 
means of an operator (sf) of order 2 which is commutative with all its operators. 
The remaining operators of G transform each operator of this extended H into 
its inverse and have a common square. Moreover, every such extended H will 
give rise to one G which is generated by four operators of order 4 satisfying the 

*Cayley, Quarterly Journal of Mathematics, vol. 25 (1890), p. 71. 
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conditions imposed on Si, 62, s^, s^. Hence when J7is Abelian O may be obtained 
by extending an Abelian group which has at most three invariants (if its maximal 
invariants are chosen) by means of an operator which transforms each operator 
of this Abelian group into its inverse. 

It remains to consider the groups when H is non-Abelian. It has been 
proved that such an H is metabelian, contains a cyclic comniutator subgroup, 
is invariant under G, and that the order of G is either twice or four times that 

of H. Moreover, the two generators of H {si «^', ^^ ^s^) ^.re independent of the 

i 

commutator subgroup of H. That is, neither of these operators generates any 
commutator besides the identity, since such commutators are generated by «}, 
and Si is invariant under G while S2 transforms both ^1^^^ and SzS^^ into their 
inverses. The orders of «i«^^ and «2«f^ are divisible by the order of «*, and each 
of the operators «i, 82 , s^, s^ is of even order. The last statement follows from 
the fact that if ^2 were of odd order it would be commutative with 82, s^, s^, since 
they have the same square. Hence it would also be commutative with ^i^f^, 
tfg's'^ ^^d ^^^ orders of these operators could not exceed 2. These operators 
would therefore be commutative, since 8\ could not be of order 2. This proves 
the theorem : If the n operators «i, «2> • • • •; *n ^^^ arranged cyclically and the 
product of any n — 1, in order, is the remaining one, then all are of even order 
when w «< 5. 

From the preceding paragraph it follows that H may be constructed by 
extending the direct product of two cyclic groups, which are such that the order 
of the one is a divisor of the order of the other, by means of an operator which 
is commutative with the generator of one of these groups and transforms the 
generator of the other into the product of the two generators. It follows tliat 
the order of the extending operator is also divisible by the order of the invariant 
generator. Moreover, any such group can be used for H, since the two generating 
operators in question may be replaced by 8\ and Si 82^, and the extending operator 
may be replaced by 828^^. It is then possible to find an operator which has the 
properties imposed on 82, since it is possible to establish a simple isomorphism 
of H with itself in which «} corresponds to itself and each of the operators Si 82^, 
82 8^^ corresponds to its inverse. The last statement follows from the fact that 
«g 82^ transforms «2«f^ into 8\ . «2*r^ *"^ e^s^^ transforms 8^82^ into «} . s^ «^^. As 
the quotient group Gj H is cyclic and of order 2 or 4, it is easy to construct 
all the possible (r's for any particular H. It may be observed that the prop- 
erties of all of these groups are somewhat similar to those of the dihedral type. 
In particular, all of them are solvable. 



Concerning Systems of Conies Lying on Cubie Quartie 

and Quintie Surfaees. 

By C. H. Sisam. 



INTRODUCTION. 

Although the properties of algebraic ruled surfaces have been extensively 
studied^ and the classification of such surfaces through the sixth, and, in some 
cases, for higher orders, has been exhaustively carried out; yet, except for 
certain surfaces generated by circles, such as surfaces of revolution and annular 
surfaces, and for surfaces containing a doubly infinite system of conies; i. e., the 
Steiner surfaces, the properties of surfaces generated by systems of conies has 
received little consideration. To determine some of the properties of certain 
of those surfaces and of the systems of conies lying on them is the object of 
this paper. 

Among the leading articles dealing with this subject which have appeared, 
I may mention Koenigs' "^ paper on surfaces multiply generated by conies, also 
Stuyvaert'sf paper on the properties of systems of conies determined by the 
condition of intersecting given fixed curves. BertiniJ and Nugteren§ have 
considered special cases of the problem considered by Stuy vaert. Emil Weyr || 
has considered the problem of constructing the tangent planes to a surface along 
an arbitrary conic of a system lying on it. 

* » Determination de tontet lee surfaces plnsienrs fols engendr6es par des coniqnes.** Annales de L'Ecole 
Normale Snperlenre, Series 8, No. V. 

f <>Etnde de qnelqnes surfaces alg6brlqnes engendr^es par des conrbet dn second et dn troisidme ordre.** 
DisBertation, Oand, 1903. 

X **STille cnrye gobbe raclonali del qninto ordine'* in the Collectanea Mathematica in memoriam D. Chelini 
Mediolani, 1881, pp. 818-896. 

§ ** Rationale Rnimtekrommen van d« fljde Orde.*' Dissertation, Utrecht, 1902. 

I <*Znr Theorie der Flachen, welche eine Schaar yon Kegelschnitten enthalten." Monatthefte far Mathe- 
matik nnd Physik, Vol. II. 

14 



100 



SiSAii : Gonceming Systems of Conies Lying 



I. On the system of tangent planes along a conic. 

The parametric equations' of any surface containing a system of conies can 
be put in the form : 

Xi = Bi{u) + 2v^i{u) + V'^iiu) i = 1, 2, 3, 4. 

The tangent plane to the surface at any point (u, v) is : 



Bi + v^i 



X% 

♦a + w^a 



e8+2«^ + t;«^i 



^4 + « ■4'4 



= 0, 



in which %\, ^| and i/'i denote derivatives with respect to u. 

This equation is of fourth degree in v. Hence, in general, the tangents to 
the surface along a fixed conic u = const, form a developable of class four. This 
developable has the plane of the given conic for double plane. For it is easily 
seen that, at each of the points of intersection of the given conic with the plane 
of the consecutive conic u + du^ the plane of the given conic is tangent to the 
surface. 

If, however, for all values of ti, this developable reduces to one of class three, 
then for some value of v the minors of XiXzTCb ^^^ Zi ^^ *^® above determinant 
must all vanish. This value of v is, in general, a function of w, say v ^/(ti), 
but on replacing v by v+/{u), we may, without altering the form of the 
equations of the surface, reduce this value to v =: 0. Suppose this done. 
It then follows that 



= 



for all values of u. 

It is thus seen that the surface belongs to one or the other of two classes : 

Oi . The conies all pass through a fixed point. 
Oj . The conies all touch a fixed curve. 

The equations of a surface of the kind a, may be written in the form : 



e. 


e> 


e. 


e, 


^1 


^ 


t» 


^4 


ei 


ei 


ei, 


Bi 



xt = et+2vei + i^^t. 



i = 1, 2, a, 4. 
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The analogy of the surfaces a^ to cones and of the surfaces a, to developable 

surfaces is at once evident. 

To the curve : 

Xi = e,{u) i=l, 2, 3, 4 

which is touched by all the conies of the system on a surface 02 . Darboux has 
given the name of "edge of regression." The analogy to the edge of regression 
of a developable is obvious. It is, in general, a double curve on the surface. 
Indeed, the only surfaces on which it is not nodal are easily seen to be those 
through each point of which pass two conies of the system. Koenigs* has shown 
that the only surfaces through every point of which pass two conies of the system 
are those which contain a doubly infinite system of conies; i. e., the Steiner surface 
and its degenerate cases, the ruled cubic, quadric and plane. 

In the determinant equation of the tangent plane, the minors of xif X2f Zs 
and Xi ^&y ^11 contain a common factor quadratic in t;. The tangent planes 
along an arbitrary conic then envelope a quadric cone. This happens when the 
surface belongs to one of the following classes : 

bi . The conies all pass through two fixed points. 

bf^. The conies all pass through a fixed point and touch a fixed curve. 

&8 . The conies all touch a fixed curve (which may be either proper or com- 
posite) at two points, f 

64. The conies all have contact of the second order with a fixed curve. 
In the case of the surfaces 64 the quadratic factor common to the four minors is 
the square of a linear factor. The equations of such a surface may be written 
in the form : 

x, = e, + vei + 1;'(| + ae; + 6e<) * = i, 2, 3, 4 

a and b being constants. 

All the conies have three point contact with the curve : 

Xi = &i{y) i=l, 2, 3, 4 

This curve is, in general, triple on the surface; at each of its points the 

* Loe. clt. 

tEnneper writing in the Zeittchrift fiir Mathematik nnd Pbysik, in 1860, and, following him, Cosserat 
in the Annales des Faculty des Sciences de Tonlonse, in 1889, haye inferred that the tangents along a conic 
may envelope a qnadric cone when the gi^en conic meets the consecntive conic at only one of its intersections 
with the plane of the latter. Since, howcTer, the plane of the given conic would have to be tangent to the . 
•orfaee at the second intersection, the developable of tangents would have to be of third class. 
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three tangent planes coincide. No surface of this kind is of order low as five. 
A simple example of such a surface is : 

xi («l —X2 XiY + 3 X2 ixl —X2 XiY {7& —xi xb) + ^xs (zI -X2 Xi) (Td —xi x»y 

+ Xiixl-XiXsf = 
on which the twisted cubic : 

7d — X2Xi = 7d — XiXs = ^ 
has three point contact at each of its points with a conic in the plane : 

Xi^^+ 3^2^* + 3X8^ + ^4 = 0. 

Since a conic is not completely determined by the conditions of having 
contact of first or second order with a given curve at a given point, the curve 

Xi = eA^) i=h 2,3,4 

may have contact of the first or second order at each of its points with several 
conies of the system. Thus, the line Xi ^^ >Cs =^ ^^ the surface, 

Xi:k8 + X1X2XB + ^xixlx»Xi + Xixtx^ + xtxl = Oi 

is touched at each of its points by two conies of the system lying in the pencil of 
planes through the line. 

Similarly, on the surface : 

xi (zi — X2 XiY + ^X2{7&—X2 Xi)' (xl —xi x»y +^xz (a:i — X2 Xif {7& — x\ x»y 

+ Xi{xl-XiX»y=<^^ 
the twisted cubic : 

7& — X2Xi = ^ 7^2 — XiXs = ^ 

has contact of the second order at each of its points with two conies belonging 
to the same system. 

It will presently be shown that, in general, on a surface generated by conies 
there are points through which pass two consecutive conies. These points may, 
by analogy with the corresponding singularity on ruled surfaces^ be called pinch- 
points. As in the case of ruled surfaces these points are uniplanar points. Along 
a conic passing through a pinch-point, the developable of tangents reduces to 
class three. The condition for such a conic is, therefore, that, for a particular 
value of u, the determinant given on page 100 reduce to one of third degree in t;. 

There exist, also, surfaces on which discrete conies meet the conies consecutive 
to them in two points or which meet two consecutive conies in a uniplanar triple 
point. The tangents to the surface along such a conic envelope a quadric cone. 
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Finally, two (or more) consecutive conies may be coplanar. The plane of 
such a conic touches the surface all along the conic. 

II. On the determination of the properties of surfaces containing unicursal 

systems of conies. 

In the equations 

Xi = 6,{u)+ 2v^Au) + v^^i{u) * = 1, 2, 3, 4 

the expressions di{u), ^{(u) and '^iiu) may, when the system is unicursal, be 
taken to be polynomials in u. The conies therefore lie in the planes of a develop- 
able whose equations may be put in the form : 

L,u-^ + mL, u-^ + ^(f^-^) L,^fn-2^ +£„.+! = 

in which — as throughout this paper — Z« = is the equation of a plane. They 
also lie on the surfaces of a system of quadrics of the form : 

giu- + ng,u--^ + '^-^^^ + «n+i = o, 

Qf = being the equation of a quadric surface. 

Any conic of the system is the intersection of the plane and quadric deter- 
mined by the same value of u. The surface on which the sytem lies is found by 
eliminating u between the two equations. Its order, if, is, in general, 2m + n. 
When, however, any plane is a component of its corresponding quadric the order 
of the surface is reduced. If, in this case, n ^ tn, then the system of quadrics 
can be replaced by one of lower degree in u. For, let t^ = be the value of u 
for which the plane is a component of the quadric. This is no further restriction 
on the system. We then have : 

At**^ + wii,ti^-*+ +L^^, = 

Qi^^"" + n Q,u^-' + +L^^,U = 0. 

On multiplying the first equation by U and subtracting, then dividing the 
resulting equation by u, the required system is obtained. We may, therefore, 
without loss of generality, suppone one or the other of the relations 

if^2fn-f-n or n^m 
satisfied. 

At any point of the nodal curve of the surface defined by the system, there 

are two values of u for which both equations of the system are satisfied. The 
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nodal curve is therefore determiDed by the conditions that those equations have 
two common solutions. 

At a pinchpoint the two common solutions of the given equations are equal. 
At such a point, therefore, in addition to the equations defining the system, 
we have : 

iiti— ^ + (,7, _ 1) i^u— • + + im = 

Q, u^-' + (n - 1) Q,u''-^ + + Qn = 0. 

Since this is only four conditions on u and the three ratios of the coordinates of 
a point, there exist on the surface, in general, a finite number of pinchpoints. 
When a curve is enveloped by the conies of the system every point of it is a 
pinchpoint. The edge of regression, when it exists, is, therefore, determined by 
these four equations. 

When, at any point, the above four equations are satisfied and also 

A u'^"' + (m - 2) Zg ti"*-8 + +im-i = 

Q,u--^ + {n-2)Q,u--'+ + Qn-i = 

ft 

then three consecutive conies meet at that point. When these six equations are 
satisfied at every point of a curve, then that curve has contact of the second order 
at each of its points with the conies of the system. 

The condition that two consecutive conies be coplanar, is that, for some 
values of ti, the planes : 

LivT + ml^ v!^^ + + £^+1 = 

L^uT-^ + {m—l)LiVr-^ + +£^=0 

be identical. 

Three consecutive conies will be coplanar if, in addition : 

L^u'^^+{m-2)L^vr'^+ +2^1=0 

is identical with each of the other two; and similarly for any number of con- 
secutive coplanar conies. 

There may exist on the surface certain nodal straight lines which are not 
determined by the condition that the equations of the system have two common 
solutions. Let, for example : 

Then L = L^j^^i = is a double line on the surface, although at an arbitrary 
point upon it the equations of the system have only one common solution. 
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a. SjfHemi </ oomim on cubic cnrfacea. 

The reddoal intersection of the plane of any oonio with the surfkoe is a 
straight line. Similarly, an arbitrary plane through an arbitrary straight line 
on the surface meets the surface in a conic* When the surface is not ruled, 
therefore, there exist on it twenty-seven systems of conies in the planes tlirough 
the twenty-seven lines. The equations of any one of these systems may be 
written in the form : i, u 4- IL = 

The equation of the surface is then : 

When the line X| = Zji = meets the twisted quartio curve Q^ = Q, = 0, all the 
conies pass through a fixed point. This point is then a node on the surface. 
Conversely, the conies in the pencil of planes on any line through a node all pass 
through the node. It follows that the class of the developable of tangent planes 
along any conic is reduced by unity for every node through which the conic passes. 

When the cubic is ruled, an arbitrary tangent plane meets it in a rectilinear 
generator and a conic. There exist, therefore, on the surface, a double infinity 
(oo ^) of conies; namely, those in the double infinity of tangeot planes. The planes 
of any developable of tangents to the surface cut from the surface a system of 
conies. This system of conies is of the same genus as the developable, for the 
conies of the system are in one to one correspondence with the planes of tlie 
developable. On the ruled cubic, therefore, there exist systems of conies of 
every genus, whereas, on the unruled cubic, the only possible systems are 
unicursal. 

The tangent planes to the ruled cubic along any conic lying on it form a 
developable of class three. All the conies lying in the planes of any developable 
of tangents and which do not all pass through a fixed point must, thereforei 
touch a fixed curve. It will be shown in the case of the Steiner surface, of which 
the ruled cubic is a particular case, that any curve whatever on the surface is 
touched by a system of conies provided only that the parametrically corresponding 
curve is the envelope of a system of lines. 

There are only two systems of conies on the ruled cubic along which the 
tangents to the surface envelope a quadric cone. These are the systems through 
the torsal generators. The conies of each system have two consecutive common 
points at the pinchpoints. 



I 



106 SiSAH : Concerning Syatema of Conica Lying 

b. Unicwraal ayatema lying on qvartic aurfacea. 

1 . Developable of planea form a linear pencil . 

The equations of the system are : 

A ti + Z^ = 0, 

The equation of the surface is, therefore : 

The nodal curve is the line 2^ = Zjg = 0. The surface may also have one or two 
additional nodal lines obtained by the method shown on page 104. These lines 
necessarily meet Zj = Z^ = 0. When the surface has one additional nodal line 
it is a special case of the quartic surfaces having a nodal conic and therefore also 
has on it systems of conies whose planes envelope quadric cones. When the 
surface has two additional nodal lines, it is either ruled or a Steiner surface 
according as these two lines do not or do intersect. 

The four intersections of the line ii = i2 = with the surface Q| — QiQs^O 
are the pinchpoints of the system. In the cases where the surface contains other 
systems of conies, these other systems may determine pinchpoints through which 
do not pass two consecutive conies of this system. 

All the conies of the system may touch the line Xi =Zjb = 0. This happens 
when, for all values of u, the quartic curve 

Q^u + Q^^o 

meets that line. The line Zj = i^ = is then the edge of regression of the 
surface for this system of conies. 

2. The planea of the conica envelope a quadric cone. 

The equations are of the form : 

ZiW*+2Zs8W + Zs8 = 
L^L^u+Q^ = 0. 

The nodal curve is the intersection of the surfaces : 

It is either a proper conic or two intersecting straight lines, either distinct or 
consecutive. Conversely, any quartic surface whose complete nodal curve is of 
any of these three kinds has on it a system of conies of the above form. When 
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"however, the nodal lines are skew, either distinct or consecutive, the surface is 
ruled and has on it no system of conies. 

The surface may have one additional nodal line. It is then ruled or a 
Steiner surface according as the nodal conic is not, or is, composite. 

Whenever the nodal conic is not composite it may be projected into the 
absolute. The surface is then a cyclide. All of these surfaces, therefore, whose 
nodal conies are not composite are projections of the cyclides. 

The pinchpoints of the system are the four intersections of the nodal conic 
L^z=zQ^=zO with the cone Z| — iiZ8 = 0. The surfaces for which the nodal 
conic is the edge of regression of the system may be determined by putting : 

When Xi = 0, Zg = and Ls — all contain the same line, the developable 
of the planes of the conies reduces to a linear pencil counted twice. Two conies 
of the system are here coplanar with the conies consecutive to them. The 
equations of such a system may be reduced to the form : 

Xi u« + A = 
LiLsU + Q^ = 0. 

All the conies of the system pass through the two points 2^ = Zg = Qg = 0. 
Conversely, if two conies of any system on a quartic which is not a Steiner 
surface lie in the same plane, then all the conies pass through two fixed points 
and, if the system is unicursal, its equations can be put in the above form. When 
the surface is a Steiner surface, however, this theorem is not true, since two conies 
of the same system may pass through every point of such a surface. 

When the planes of the conies form a cubic developable the surface is either 
a ruled quartic or a Steiner surface, since the nodal curve is a cubic. 

3. Systems of conies on ruled quartics. 

The ruled quartic is the ruled surface of highest degree having on it a system 
of conies. Both the system and the surface must be rational. 

The planes of the system must either form a linear pencil, or touch a quadric 
cone or form a developable of class three. In the first case the surface has two 
nodal rectilinear directrices and the axis of the pencil is a double generator. 
In the second case the nodal curve is a rectilinear directrix and a proper conic. 
In the third case the nodal curve is either a triple rectilinear directrix or a 
double cubic. 
15 
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The conies can touch a curve on the surface in two cases only; first, when 
their planes form a linear pencil about a cuspidal generator and^ second, when 
the nodal curve is a proper cubic and the surface is itself developable. 

4. Systems of conies on the Stdner surface. 

The intersection of any tangent plane with the surface is a quadrinodal quartic 
and therefore breaks up into two conies. The developable of tangents to the 
surface along any such conic can not be of more than third class; for if it were 
of fourth class the plane of the conic would have to be a double tangent plane 
to the surface. The conies of any system, therefore, which is chosen so that the 
conies do not all pass through a fixed point, all touch a fixed curve. 

It is well known that the equations of the surface can be put into the form : 

J^^ = ai + hiU + CiV + d^u^ + CiUv + fv^ i = l, 2, 3, 4 

To the points of any line : t o t a 

^ -^ au + pv + y =^ 

in the (w, v) plane correspond the points of a conic on the surface. To any curve 
on the surface corresponds another curve 

F{u,v) = 0. 

The system of tangents to jP=0 determine on the surface a system of conies 
touching the corresponding curve. Hence, any curve on the surface such that 
the corresponding curve in the (w, v) plane is the envelope of a system of lines is 
itself the envelope of a system of conies. 

No curve on the surface is either osculated or touched twice by a system of 
conies since the corresponding curve F= can not be osculated or touched 
twice by a system of lines. 

e. Quintic surfaces. 

1 . The planes of the conies form a linear pencil. 

The equations of the system are of the form: 

Zj w + Za = 0, 

The nodal curve is the triple line Z^ = i^ = 0. The surface may have 
one or two additional nodal lines under the conditions mentioned on page 104. 
It can not have three double lines because a quintic surface with a nodal curve 
of order six must be ruled* and a ruled quintic can not have on it a family of 



* See Picard in Crelle's Journal, Vol. 100. 
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proper conies. When the surface has two douhle lines it contains another system 
of conies, whose planes form a developable of class three. The double lines may, 
in particular, be consecutive with each other or with the triple line. 

The eight pinehpoints of the system are the intersections of the line 
ij = Zg = with the envelope of the system of quadrics. All the conies of the 
system will touch the triple line when, for all values of w, the quartic curves: 

meet that line. Two tangent planes will then coincide at each point of the triple 
line, the third being torsal along the line. 

2, The planes of the conies envelope a quadric cone. 

The equations of the system are : 

Xi ti* + 2 Zg w + Zg = 0, 

6i «^ + Cs = 0- 
The nodal curve is the (proper or composite) quartic curve Q^^=. Q^^n 0. The 
surface may also contain an additional nodal line under the conditions mentioned 
on page 104. 

The eight pinehpoints of the system are the intersections of the nodal quartic 

with the cone 

Z3 — Zj Zg = 0. 

Any curve which is enveloped by all the conies of the system lies on each 

of the quadrics : 

Ci = 0, Ga = 0, Z| — Zi Zb = 0. 

The component so enveloped may be either a conic or a cubic or a quartic curve. 

The nodal curve may also be touched twice by all the conies of the system. 
When this happens we may, without restricting the surface, put Qi = Z| — L^L^, 
Q2 being arbitrary. The curve thus enveloped is, in general, a quartic ; but it 
may break up into two conies each of which is touched once. 

As in the corresponding case of quartic surfaces, the system of planes of the 
conies may degenerate into a linear pencil, each plane of which contains two conies 
of the system. Two conies of such a system are coplanar with the conies consecu- 
tive to them and the equations of the system may be put into the form 

Zi w^ + Zg = 0, • 
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3. Developable of the third class. 

It will be convenient to distinguish two cases. First^ let 

iiw« + 3i2W^+ aZaM + i4 = 0, 
Xi X5 w + X4 Xe = 0, 

(The case in which the family of quadrics is of the forip : 

(SZbXj — Z4X6)U + X4X5=0 

is a sub-case of the above.) 

The line is = ig = is a triple line and ij = ig =: 0, X4 = Z5 = are 
double lines on the surface. The surface therefore also contains another system 
of conies; namely, those in the pencil of planes through the triple line. 

The system has eight pinchpoints: the four intersections of X5 = ig = with 
the envelope of the system of planes, the two points Zi = ig = 3i^— 4X55X4 = 
and the two points X4=X5=3X| — 4XiX8=0. It can not envelope a component 
of the nodal curve for the surface enveloped by the planes : 

Xiti^ + 3X2W^ + 3X8W + X4 = 

can not have a rectilinear directrix. 

The other systems are those of the form : 

Aw«+(X3-A)ti« + (X8-X4)ti + X4 = 0, 
XiXeti^ + [(A + X8)X7 — XiXe — X4X5] ti + X4X5 = 0. 

By combining these two equations we obtain : 

Xi X5 u^ + {L2^ — InU — InLe)u + LsL^ + L^ Xg — (X^ + Xb) X7 = 0. 

At any point of the nodal curve the two quadratic equations have two 

common roots. The nodal curve is thus seen to be the intersection, other than 

X5 = Xe = of 

X5 Xe = X5 X7 + Xq X7 , 

Xg X5 Xg + Xj Xfi = X4 X5 + (Xjg + Xg) Xg X7 . 

It is a quintic curve with a triple point at X5 = Xg = X7 = 0. This nodal quintic 
may decompose into a quartic with a node at Xg = Xg = X7 = and a straight 
through the node meeting the quartic again^ or into a cubic and two straight lines 
both meeting the cubic at the same point and each meeting it again or into a conic 
and three concurrent lines each meeting the conic. 
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In each case where the curve is composite, a pencil of quadrics can be passed 
through the entire nodal curve exclusive of one nodal line. The residual inter- 
sections of such a system of quadrics with the surface is a system of conies whose 
planes envelope a quadric cone. 

The system has eight pinchpoints. One conic of the system may be coplanar 
with the conic consecutive to it. The developable of the planes of the conies 
must then degenerate into a cone of third class. 

The conies can not envelope the nodal curve. To see this first consider the 
case of a proper quintic. The conies can not be doubly tangent to this quintic, 
for if they were, each generator of the envelope of the planes of the conies would 
have to be a bisecant of the quintic. This is impossible, for of the two inter- 
sections of each generator of that developable with the cone, 

X5 Ze ^ X( X7 -|~ -2/0 Z7 , 

on which the quintic lies, at least one must lie on the residual curve of intersection 
of the surfaces. It follows that the conies do not envelope the quintic at all. 
For, the two conies through an arbitrary point of the quintic would be consecu- 
tive, yet each conic would have to meet on the quintic two conies not consecutive 
with it. When the quintic breaks up into a quartic and a line, a similar proof 
holds for the quartic. The line can not be enveloped since it is met by each 
conic but once. 

When the quintic breaks up into a cubic and two straight lines, we may take 
these lines, since they intersect, for fundamental lines and a point on the cubic 
for fundamental point in a quadratic-quadratic Cremona transformation which 
transforms the surface into a quartic surface and the system of conies into a 
system of conies. If the original system touched the cubic, the transformed 
system would touch the conic into which the cubic is transformed. When, 
however, the inverse transformation is performed on such a system of conies on 
a quartic, the planes of the conies are seen to envelope a surface of class two 
instead of class three as here supposed. 

The case of a nodal conic may be disposed of like that of a nodal cubic. 
The nodal conic may, however, be a cusp locus on the surface. When this 
happens, all the conies of the system meet this conic in a fixed point and the 
conic is nodal because two conies of the system coincide with it throughout. 
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III. Systems of genus greater than zero. 

Any algebraic system of conies is determined by three equations of the form: 

Zi + ZgU + Za^H- =0 

Qi + Qzu^-Q^v^ =0 

fn (w, I?) = 

wherein u and v are parameters and ^ (t«, v) is a polynomial in u and v of 
degree n and with constant coefficients. To each point on f^ = 0, considered 
as a curve in the (a, v) plane corresponds a conic of the system and conversely. 
The genus of the system is, therefore, equal to that of f^ = 0. Since the genus 
of the system is supposed greater than zero, we must have n ^ 3. 

If the equation determining the planes of the conies is considered as the 
equation of a curve in the (m, v) plane which meets f^ (w, t;) = in m points 
and if the equation of the quadrics, similarly considered, determines a curve 
which meets /n = in m' points, then the order of the surface determined by 
the system is, in general, 2 m + m\ 

For certain pairs of values of u and v the corresponding quadrics will be 
composite. When such a point (ti, v) lies on/„ = 0, and when the corresponding 
plane coincides with a component of the quadric, then the equation of the plane 
is a factor of the equation of the surface. As in the unicursal systems, when a 
plane is a component of its corresponding quadric, the equation of the system of 
quadrics may frequently be reduced. 

It is usually true that only one conic of the system lies in an arbitrary plane 
of its developable. We may then take two of the non-homogeneous point 
coordinates of the planes for u and t;. Since the coordinates (a, /3, y) of the 
planes of the developable satisfy the equations: 

^ = £":!^, /"(«.« = » 

it is seen that the equation of the planes of the conies may, in this case, be written : 

L, + L,u + L^v+ ^, i4 = 0. 

At an arbitrary point of the nodal curve of the surface determined by the 
system, there are two pairs of values of (ti, v) which satisfy the three given 
equations. The nodal curve is, therefore, determined by the condition that the 
three equations determine two common points in the (u, v) plane. 
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The pinchpoints are determined by the condition that the three given curves 
touch at a common point. This is five conditions on the five quantities u^ v and 
the ratios of the coordinates of a point. The system has, therefore, in general, 
a finite number of pinchpoints. When, at a point, a conic meets two consecutive 
ones, the corresponding three (u, t;) curves have contact of the second order at a 
' common point. A curve which is touched by all the conies of the system is 
therefore determined by the condition that the three (t/, v) curves touch at a 
common point; and one which has contact of the second order with all the conies, 
by the condition that the three (u, v) curves have contact of the second order. 

Additional nodal right lines, through an arbitrary point of which passes 
only one conic of the system, may arise as in the case of unicursal systems and 
under similar conditions. 

When a point (w, v) is a double point of /„ (u, v) = 0, the corresponding 
conic is, in general, a double conic on the surface. Moreover, if the multiple 
point is a cusp, the conic is a cusp locus, if the multiple point is a tacnode two 
sheets of the surface touch along the conic and similarly for higher singularities. 
This is seen by putting : 

u — Mo = <** V — t;o = ai<H-a2^+ 

and determining the form of the surface in the neighborhood of the conic t = 0. 
When, as is the case in the surfaces in which we shall be interested, the first 
two of the three given equations are linear in u and v, it is obvious that, at any 
point of the nodal curve other than that determined by multiple points of/,) = 
and the right lines mentioned above, these two lines in the (u, v) plane must 
coincide. The nodal curve is, therefore, determined by the equations : 

A -- A —- A 

Qi Cs Qb ' 

It is, in general, of order seven and of multiplicity n on the surface. 

a. Qtmrtic surfaces. 

The system of conies : 

ii + ti Zg = 

determines a quartic surface. The system is of genus one, and the surface has 
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no nodal curve, unless /n = has an additional double point, in which case the 
genus of the system is reduced to zero. In each plane of the pencil: 

lie two conies of the system which touch at each of the points: 

ii = Z^ = Qa = 0. 

These points are tacnodal points on the surface. For four values of u the 
coplanar conies are consecutive. These four values of u are determined by the 
four tangents to/j = which are parallel to the v axis. 

On the Steiner surface are systems of conies of any genus whatever, lying in 
the planes of the developables of tangents to the surface. 

b. Quintic surfaces. 
The system of conies satisfying the equations: 

Zi + tiZs8 = 

Ll + vQ, = 

(aoi^ + bov + Cq)'^^ + {ait^ + biv + c^) u* + (ojt;^ + 6gf?)ti? + {a^t^ + bsv)v? 

+ a^v^ u + a^f^ =: 

lies on a quintic surface. Two conies of the system lie in each plane of the pencil: 

ij + w Zg = 

and touch at each of the tacnodal points: 

A = A = ©2 = 0. 

The system is, in general, of genus two, but the genus may reduce by the 
appearance of additional double points in /^ (ti, v) = 0. The surface has no nodal 
curve when the system of conies is of genus two, but, with decreasing genus, it 
has one or two nodal conies. These nodal conies may be cuspidal, consecutive, etc. 

The number of consecutive coplanar conies is, at most, six. 

The system of conies 

Zi Zb + t; C2 = 

{aQ'f^ + boV + Cq)u^+ {aiv^ + biv + ci)u^ + {a^r^ + b^v)u + a^f^ = 

is of genus one and lies on a quintic surface. 
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The conic Zjg = Q^ = is nodal, or, in particular, /cuspidal, on the surface. 
The surface may have an additional nodal line. Zjg = X4 = is such a line when : 

«o = ft = ^4 + A A ' 60 A + «i J^ = a -^ + i^ A 
where a and ^ are constants. 

The two conies in an arbitrary plane 

meet twice on the nodal conic and also at each of the points 

L, = L, = Q, = 0. 

Four conies of the system are coplanar with the conies consecutive to them. 

When the plane determined by an arbitrary conic of the system does not 
contain another conic of the system, the planes of the conies envelope a cone of 
class three. Since the imposition on this cone of the condition of being unicursal 
is equivalent to bringing an additional nodal conic on the surface, it is seen that 
the nodal curve is of order three. 

This nodal curve can not be a proper cubic, however, for the surface would 
then be rational as is seen by letting correspond to any point of it the point in 
which a fixed plane is pierced by the bisecant to the nodal cubic through the 
given point and conversely. Neither cap the nodal curve be a proper conic and 
a line for such a surface is easily seen to be either rational or composite. 

There do exist, however, quintics determined by systems of conies, whose 
nodal curve consists of three concurrent straight lines. Each conic of the system 
intersects each nodal line and, since it must meet four other conies of the system, 
passes through the vertex of the cone determined by the planes of the conies. 

Taking two of the lines for fundamental lines, and the vertex of the cone 

for fundamental point in a quadratic-quadratic Cremona transformation, the 

surface is transformed into a ruled quartic of genus one, having the fundamental 

point for simple point. The tangent cone to the quartic at this point is of 

the form : 

LiU + I^v + Li = 

A (w, v) = 0. 

It is easily seen that an infinite number of cones of class three exist which 
are tangent to the quartic and whose equations are of the form : 

L[u + I4v + LI, = 0, 

wherein u and v are joined by the same cubic relation /s = 0. 
16 
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Performing, now, the inverse transformation, we have the system of conies 
determined by: 

/s K v) = 0. 

These equations can be still further specialized. When the surface is a 
quintic, there must be four pairs of values of u and v satisfying /s = for which 
the first equation is a factor of the second. It is easily seen that three of these 
four points in the {u^ v) plane are collinear. Hence, except in the particular cases 
in which some of them are consecutive, the equations of the system may be written : 

Ziti + Z2t; + i8 = 

A ( ii + i^) ti + A (X4 - A) = 

ati*t? + 6Mt^ + c(w^ — w) + dtit; + ev*+ fv = 0. 
The equation of the surface is : 

a^^i,I^-L,f-hL,^{L,-L,){L,^^^) + c^L,{^VL,){L,-L,) 

+ dL,L,I^{L,-L,){I^ + L,)-eLlL,{L, + L,){L, + L,)+/^^^ 

The three nodal lines are : 

Li=L^ = 

A = A = 

Xj + Zs = Zs + i4 = 0. 

These lines may become consecutive. 

All the conies of the system touch X^ = at X^ =: Zjg = Zg = 0. On each 
nodal line are four pinchpoints of the system. The conies obviously can not 
envelope any of the nodal lines since they meet each line in only one point. 

U. S. Natal Aoadbmt, Juns 10, 1906. 



On the Canonical Forms atid Automorphs of Ternary 

Cubic Forms. 

Bt L. E. Dickson. 



Gordan has given* a complete set of canonical types of ternary cubic forms 
and has determined the algebraic irrationalities occurring in the reducing linear 
transformations. There does not seem to be at hand a reduction theory in which 
the coefiScients of the form and those of the reducing transformations belong to 
a given field F. The case in which F has the modulus 3 is essentially di£ferent 
from the contrary case and will be treated in the present paper. After treating 
the reduction problem rationally in the initial field, we consider, in §§19-20, 
reductions involving irrationalities and obtain eleven ultimate canonical forms. 
This result for modular fields is in contrast to Gordan's results for the field of all 
complex numbers. 

1. Let jP be a field having modulus 3, and let 

1,2,8 1,2,8 

(1) /= 2 aiXl+ 2 c^jx;xj + oxiX2X^ 

have its coefficients in F. The Hessian of / is 

(2) l,A^x\— Q \^c^sx\xi -{- hx^x^x^]^ 
where 

(3) = ** — ^1^81 — c^Cig — CiaCgg, 

(4) A^ = c\i Cjti + c^ik Cji — b Cij Cijt (», J, * = 1, 2, 3). 
We infer that Q is an invariant of / and that 

(6) 't\A,+ Qa,)x', 

i 

is a covariant of /. These facts indicate the exceptional character of the case 
in which the field has modulus 3. 



* Trantaeiioru Amsriean Mathematical SocMy, Tol. 1 (1000), p. 408. 
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2. Suppose first that the Cij are not all zero. By an evident transformation, 
we may set Cj, = 1. Applying in turn* £],,, B„t', ^avt ^^ ^'^J make 
Cg] = C]8 := & = 0. The resulting form may be given the notation 

(6) /{x) = xlxi— Qxlx,+ Bxlxs + Sxlxi+Xatxl 
Under the transformation 

(7) Xi = yi — tBys, Xg^tyi^ yf\-t' By^, Xg = ys, 

f{x) becomes /' (y), in which 

J B'=B, S' = S—tQ + t'B', a[=ai + t'at + t, 
'. «« = ««, a!, = aa + t'B''ag-t'^B'ai — tBS-eQB—t*B'. 
Henceforth, let F be the (?^[3»]. Then S' = requires 

(9) tQ-fiB?=S, fi(;^—fB*=S', ....,t'''~"(^'~' — tB'''~' = S''~\ 
The determinant of the coefficients of t,t', . .. ., <*"' equals 

(10) A = g»»"-«— J?8"-». 

If A rj: 0, <, <•, <®, are uniquely determined by (9), and the resulting- 

value of t^ is seen to equal the cube of that of <, etc. Hence, if A rj: 0, we may 
set /S'= in (6). Then, if Q = 0, we multiply a^s l>y & suitable mark and get 

(11) xfxg + xlxz + 2a<a;f. 

But if Q d^O, we apply Bjg^ and make i2 = 0. Then if Q is the square of a 
mark r, we introduce Xj di rars and x^ as new variables, and are led to the case 

I treated in § 3. If Q is a not-square, we multiply Xi by X, and x^ by X~*, and 

' choose X to specialize the new Q ; there results 

(12) 7^X2 — va|flC8 + 2a<Xi (i^a particular not-square). 
Next, let A = 0. UR = S=0, (6) becomes 

(13) xlx^ + Xa^x^. 

If jB = 0, Sd^O, we set yi = X8> V^ — Sxi^ ^8 = ^""^^, and obtain (ll). 
Finally, let -B :J: 0, so that, by (10), Q is a square 4^ 0. Multiplying 7^ by X, 
ajj by A,"*, and x^ by A,fi, and taking f ^* = Q'^^ 7? = jB/i, we get 

(14) xfog — xiarg + x|aj8 + ^ajfxi + Saific?. 



*In the usual notation, B^ alters only Zj , replaeinnf it by z^ + Ix, 
t Any mark p of the OF\Z*\ ia the cube of the mark f^^"^^. 
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In view of (8), this can be transformed into a similar form with 

(e) sf = 8 — t + t\ 

Now t^—t = c\a solvable in the G^i^[3'»] if and only if 

vanishes. Hence^ if ^ (s) = 0, (14) is equivalent to a similar form with « = 0. 
To the latter apply B^_i] there results (yj — yl) y^ + 2, which obviously falls 
under the case treated in § 3. Since ^^ = ^, there remains the case ^ («) = ± 1. 
Under the transformation x^ = — Xj, the sign oi s in (14) is changed. Hence 
we may set ^(«)=H- 1. But if ^(^) = ^(«), then ^{sf — «) = 0, and (e) is 
solvable for < in the OFlZ^^ Hence we may restrict a in {1^) to he a particular 
solution o/^{s) = 1. In case n is prime to 3, we may set s = 1. 

3. Next, let every c^j be zero. According as 6 :^ or & = 0, we get 

(16) XiOjars + 2a<a5f, 

(16) S a«xf (oj, Os, Og not all zero). 

4. No form in one of the six systems (ll)-(16) is reducible to a form in 
another of the systems by a ternary linear transformation in tlie GF[3^^']. 

Indeed, let f, fzy fs denote the partial derivatives of/, given by (1). The 
number N of sets of solutions Xi, Xg, Xs in the G^jP[3^] of /| =^ =^ = is 
invariant under linear transformation.* For (11)-(16), we have iV^=3**, 3**, 
32n^ 1, 3^+^ — 2, 3'^, respectively. The only case needing comment is (14). 
Eliminating x^ between /i = and /j = 0, we get xf — Xj x| — « xj = 0. But 
t^ — t — * = is irreducible since ^ (s) rj: 0. Hence x, = Xg = 0, and then 
Xj = by /a = 0. 

For (11) and (12), we have the same value of N. But for (12), Q is a not- 
square v; while for (11), (13) and (16), ^ = 0; for (14) and (16), Q = 1. 
Under a transformation of determinant D, Q becomes JD^Qf so that the quadratic 
character of Q is an invariant. 

6. In view of §4 the problem of the reduction to canonical forms falls into 
six independent problems. Consider the forms S (a^, aj, Og) of any one of the six 
systems, and let 7^ be a transformation of one of its forms S {a^y a^, a^) into a 
second. Since the modulus is 3, T transforms S&ixf into a similar sum S^ixf. 
A system of forma is invariant under every transformation which replaces one of its 
forms by a second. 



* There exlits an inTarlant (other than Q) InTolTing b and the e^j alone. 
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We proceed to determine the groups of transformations leaving invariant 
the various systems of forms. As the usual direct method would be laborious, 
special devices have been invented. 

6. Group of the system (1 1). Suppose that a particular form 

becomes Fa^a,<Hf given by (11), in view of the transformation 

(17) S: xi=X^a,jXj (i= 1,2,3), 
with coefficients taken modulo 3. Then 

since dxi/dxj=^ a<j . Hence 

= ^18 = '4^88, 3^1 = '4^12, X^ = '4^11 = "i^fa f ail = ^28- 

From = '4/88> w® g^t a28 = ai8 = 0. Hence ass ^ 0, since |a| ^ 0. Then a2i=: 
from = ^18- Next, '4'n = otu^> ^zB^=^<hst<^^' Hence au = a22aflB9 and 

2 

tti2 ttgjj <Xj2 (Z22 Ot jg 

The necessary and sufficient conditions that S~^ S = I are 

Hence the transformations leaving system (11) invariant are 

(18) »{ = aa'i + ai2X8, X2 = a^^X2y x^ = a^a^Xi + 0^X2 + a^x^ (a + 0). 

For the GF[S% the order of the group is 3*'*(3^— 1). 

7. Group of the system (12). Evidently {x\ — vx^x^ is invariant under 

(19) T^y- ari = aa5i + /?aJ8, x'^ = v-^^x^-\- ax^, x^t — x^l^a^ — v'^^), 
where a and ^ are any marks not both zero, and under 

(20) L\ x^ = —x^. 

Let Sy given by (17), be any transformation of the group of the system (12). 
We prove that S is generated by T^^ and L. Now S and STq^i do not both 
have an = ais = 0; let S' denote the one with an and ais not both zero. Then, 
for suitable marks a, ^, Tz^\S' = Si replaces Xi by Xi — fOg. From the con- 
ditions that Si shall replace xfx^ — vxlx^ by a form (12), we readily find that 
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Si is either the identity J or L. Now L transforms T^^ into 71, _^. Hence the 
group M composed of the 2 (3*** — 1) tranafoTmatiom T^^ and T^f^ L. 

A simpler method of determining the group is to introduce the irrationality y, 

where y* = V defines the GF[Z^^']. Theny^ = — j. Introduce the conjugate 
variables 

y = xi + x^j\ y^ = Xi — xj. 
The form (12) becomes 

(21) yt/^x, + a,xl + Af + {Af/^Y\ A = -ai-aJf. 

By inspection, or formally by § 10, this system of forms admits only the 
2 (3«~— 1) transformations T^ and T^L, t any mark :(: of the GF[3^% where 

(190 . 3^t: y' = <y, xi = r«^-^x8, 

(2O0 L: y' = j/^. 

8. Chroup of the system (13). As in § 6, we get 

FoTj — k = 2, wegetai2 = 0. For& = 3, we get ai^ Ogs + aw o^^ = ai^ai8 = 0, 
for y = 1, 2, 3. For y = 3, the latter gives a^s = 0. Then ai^Ogg = {j = 1, 2, 3). 
Hence ajs = 0. For y = 1, Aj = 1 and 2, we get 

Oj = — »i au Oa + aJs afi > ^ = a^i ^ii <h^ • 
Then SS'^ = / requires that afiOss = 1. System (13) i« invariant timber exactly 
the 3*'*(3'* — 1)* transformations 

(22) a;i = aiia?i, a^ = ajaXi + af,*arj8, a:8 = a8iai + aaBSTg + aaB^s (au :^0, Ogs + O). 

9. Group of the system (14). This case is the most difficult of all and 
requires a new device. We introduce a cubic irrationality i such that the 
''determinant of the enlarged field F{i) yields a ternary cubic form belonging 
to the system (14); the factorization of this determinant in F{%) is known.'*' 
For (14), ^{s) ^ 0, so that x* — x — s is irreducible in the GF[S^']. Hence 

(23) i^ = i + s 

defines the (7jP[3^"]. To construct its determinant, expand f 

(ai + xii + Ost') (jfg + yi< + y8<«). 

•Dickion, TrantaetUmi, ToL 7 (1906), pp. 888, 889. 
' t The intereliaiige of BubicriptB 1 and 2 is made here instead of later on. 
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The expansion may be exhibited with detached coefficients thus: 





Vi 


y* 


y» 


1 


BXa 


»« 


SXi 


• 

• 


^ + «, 


• 


xi + ax. 


»« 


ai 


«8 


x«+a%. 



The determinant is congruent modulo 3 to 

(24) xlx^ — xlx^-^' xlxs + 8xlxi — 8x\ — xl — s^xl. 

This form belongs to the system (14); indeed, it is the only form (14) differing 
from its Hessian (2) only by a constant factor (here — 1). 
In view of its origin, (24) has the factors 

(25) | = Xjj + Xii + «8t», ^i = Xt + Xi%^ + Xsi*'^, ^z=x^ + Xii^'^ + Xsi^'^'\ 
It follows from the theory of conjugate variables that (14) equals 

(26) ai^, + ^^' + ^''^\ + fi'"V>, 

or, as we may write, 

(26') ^i+ar+8- + ^ ^8 ^ (^^sjar + (^^sjs- 

In case we wish to pass from the forms and transformations in the (7JP[3'^] 
to those in the (7F[3**], we need the value of ^, viz., 

(27) /?=_(a, + ir)f«-(a, + l)(i«-l)-(a, + ^). 
On* applying to (26') the respective substitutions 

(28) ^' = <^, 

(29) ^' = t^'\ (<^ + »"+»"=l), 

(30) I' = <{»", 

we obtain forms of type (26') in which the new fi's are 

(31) /?«», /3»-«»-"\ /J»"<»""\ 

Further, every automorph of the system (26), which preserves the conjugacy of 
the variables ^, iJi, ijj, is given by (28), (29), or (30). The group of the system , 
(14) is of order 3 {1 + 3**+ 3'**); it is generated by two operators Uand V such that 

(32) ?7»+»'+»*' = /, V^ = l V'^UV=IP\ 

10. Ghroup of the system (15). An immediate application of the method 
of §6 shows that the 6(3^— 1)' transformations are 

(33) xi = oa«, »,' = j8sr„ xi = a-^fi-^x„ (»,y, * =s 1, 8, 8). 
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11. The group of the system (16) is the general ternary group of order 
(34) r = 3«~ (3«^ — 1) (3*'* — 1) (3~ — 1). 

12. As a check on the results in §§ 2-11, we note that 

^38n 7r3^^ 7r3^^ 7r3»" ^3^^* 7r(3^^— 1) 

i" o/o2n r\ I oSit/on i~\2 io/i_LQn_io2n\iis/on 1X81" 



equals 3^^^ — 1, the total number of forms (l), not identically zero. 

13. Jieduction of forms (11). The available transformations are given by 
(18), which replaces (11) by a similar form with 

(35) a{= ct^a^ + a^a^ alz, ai=aiali + a^a'^ + a^alz + a'^ali + a''^a^, ai^a^a^^ 

Let 6rst 03= 0. Since every mark is a cube, we may take ai = or 1. 
Then for a=l, ai3 = 0, 033 = — 02, we have ai=:0 or 1, 02=0. We reach 
types 1 and 2 of the Table. 

Let next 03 ^ 0. We may take Oj = 0. Then for ai2 = 0, 033 = a"* z, 

(35') «i=0| a8 = a^^a3, a2a^ = a2 + Os^ + z. 

By choice of a and 2, we can make 03 = or 1, if n ]> 1. Indeed, suppose that 
X = a3 + a82? + 2j isa not-square for every z in the OFlS^"]. Then 

X*<^'-^^ = XX»X». . . .;i8""' = — 1 (for every z). 

In the final factor, we replace z^' by z. Then the product is of degree 
(3 + 9 + 27 + • • • • + 3^-^) + 3^-^ = i (5 . 3^-^—3) < 3**. 

Hence the relation must be an identity in z. The coefficient of the highest 

power of 2 is ag, 5^ = 1 + 3 -|- 3**"*, if n > 1 ; but is as + 1, if n = 1. 

Excluding for the present the case n = 1, we thus have a| = 0, 03 = or 1. 

For a^ = 03 =: 0, as if: 0, the only further normalization is the specialization 
of Os J3y the choice of a^. Let p be a primitive root of the OF[Z^']. If n is odd, 
the even powers of p are 1 2th powers, since 

p2 = p8p»*-i= ]piC8"+i)}4, ^= K'""}'; 

while the odd powers of p are not-squares and hence not 12th powers. Hence 
for n odd, we may set as ^ d= 1, and reach types 3 and 4 of the Table. If n is 
even, the greatest common divisor of 12 and 3*^ — 1 is 4, so* that the only 12th 

powers are p*, p®, , p'""^ = l. Hence we may set 08= 1, p, p*, or p*, and 

reach types 6 and 6 of the Table. 

*LinMr Onmpt (Teubner, 1901), p. 45, $68. 
17 



.•— t 
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Next, let Oj = 0, a, = 1, as = — o, ^0. We first seek the conditions under 
which this case can be reduced to the preceding. Such a reduction occurs if 
and only if 

(36) = l — a^ + z = Z 

is solvable for z in the G^F[3'*]. Now 

(37) Z+ aZ» + a'^ + .... + ai+8+^ + • •• +8""Z»'" = 1^(0) + 2 — a*^-^^^" 
where 

(38) ^(a) = 1 + a + a* + a'' + • • • + ai+»+»*+- •+»' 
Hence the equation = Z is solvable for z in the 0F[^^'\ only in the following 
cases : either a is a not-square, or a is a square such that 4^ (a) = 0. 

Let therefore a be a square such that 4^ (a) 4= 0. We discuss the values 
taken by a' = Z^a, when z is chosen in the G^-F[3**] so that Z=l — as? + z 
is a 6th power {Z=a% Set i^ = '4/(a), '^' = '^{a'). In view of (38), with 
a replaced by a', we get 

(39) Z^' = Z+aZ'' + a^Z^ + .... + a^+8+....+8-«^8-\ 

Since a is a square and z*" = z, we deduce Z'l^' = -J/ from (37) and (39). 
To make Z a 6th power, it suffices to make it a square. Hence a necessary 
condition for the equivalence of two forms with the parameters a and d is that 
'4^/4^ be a square. We next show that this condition is sufficient. Let a and a' 
be given squares such that -^^/^ is a square. Now 

4 — a'4^=l— a*(»*-^> = 0. 

Hence 1 = 01^^, l=a'4^*. Hence the equation a' := 2?a is satisfied by the 
square Z = '^1'^. For this value of Z, (37) and (39) give 

so that Z=l — a2? + 2 is solvable for 2 in the OF [2:^']. Far the forms {11) 
in which a^ = 0, Og = 1, 03 = — a, a being a square ^ such that '4^ (a) d^ 0, 
those with '^ (a) a square are equivalent^ likewise those with ^ (a) a not-square j 
while the two sets are not equivalent The two resulting canonical forms are listed 
under 7 in the Table. 

It remains to treat the case n = 1, 03 ^ 0, Oj = 0. By (35), for a^ = 0, 
ttj = 0, a'^:=^a^'\' (ag + l)aaB; «8 = ^- If Og = 1, we can make a^ = 0, and 
reach type 3 of the Table. If ag = — 1, no normalization is possible, and we 
have types 4 and 8 of the Table. 

The determination of the automorphs of types 1-8 follows readily from (36). 
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Comment is needed only in the case of 7; viz., ai = 0, a2=l, 03= — a^O. 

Ois = 0, a* = 1, 1 = a^ — a alg + ttaa . 

The case a' = 1 leads to the automorphs listed. The case a^ = — 1 is excluded, 
since z = ol^ would then be a root of (36), whereas the latter was shown to be 
not solvable when a is subject to the conditions on type 7. 

14. Reduction of forma {M), The available transformations are T^^^ and 
71,^ A given by (19) and (20). Now T^^ replaces (12) by a similar form with 

If ai and a^ are not both zero, we can determine a and ^ to make Oi = 1, 03 = 0; 
the resulting type is 11 of the Table. If aj = Og = 0, we can make (4 = or 1; 
the resulting types are 9 and 10 of the Table. Since L leaves unaltered types 
9, 10, 11, no two of them are equivalent. 

16. Reduction of forma (13). A.pplying (22), we get 

For as 4^ we reach type 14 of the Table. For 03 = 0, we first make Og = 0, 
— 1, or — V, where v is a particular not-square. For Og = a2 = 0, we take 
^11 = 1, otja = — tti, and reach type 12. For ag = 0, 02 = — 1, we take an = ifc 1 
to preserve a, = — 1. The problem of the specialization of aj= ifc ai + Oa — a|i 
is essentially the same problem as the specialization of a in (14). As at the end 
of § 2, we may take a[ to be zero or a particular solution of ^ (c) = 1. The 
resulting types are 16 and 16 of the Tables. 

Finally, for Og = 0, 05 = — r, we take an = =fc 1 to preserve a^ = — v 
Setting a^i = ± 2, we have ^la'i^^ai'k' z — v7? = W. Then 

W+ r TF» + r* TT^ -h . . . . + i;i+8+. .+8""*TJ^8-> _ ^ + 2_ y*(3"-i) ^b-^ 

a=a^ + r af + r*a? + .... + i,>+8+ • •• +«""* af~\ 
Since i/*^^"-^>= — 1, the equation Tr= has the root* z = a. Hence we may 
set ai = and have type 13 of the Table. 

16. The reduction of the forms (14)-(16) to the types 17-23 of the Tables 
offers no difficulty in view of the results of §§ 9-11. 

17. In addition to the check in § 12 on the six systems, we note that the 
canonical forms within each system and their automorphs were checked by 
making two counts of the forms of the system. 

*The existence of a root also follows from a theorem on the analytic representation of suhstitntions, 
Lin^r Oraup9^ S 81, p. 57. 
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Canonical form 


Antomorphs 


Nnmber of automorpha 


1 

2 
3 
4 
5 
6 

7 
8 


A =a^a:, + a^Jx, 

A-^-aii 

^ 4- a?J (» odd) 

A '-3!^{n odd) 

A + p^k (n even, i = 0, 2) 

A ■¥ p'ai(n even, i = 1, 3) 

A +4-aai(n>l) 

^=fca5-a5(n = l) 


(aa:^ + /?a:,, a-*a:,, a* fi x, - a^ fi" x^ -{■ a* x^) 

(a:i + /?ar,, a:,, /? a:, - (/9* + /9*) a:, + a:,) 

(zh«i, a:,, ar,) 

(zha:,, a;,, /9a:, + a:,), fi" = fi 

(ax,, c^x,, /?a:, + a:,), a* = 1, p' ^ = - p 

{ax^j a»x,, a:,), a* = 1 

(±a:,, X,, /?a:,4-a;,), ai^ = /9 

(zha?!, a;,, iSa?, + a;,) 


3-(3*-l) 
3* 
2 
6 
12 
4 
6 
6 


9 

10 
11 


jB = a^a?, — wa^a:, 
B + 3i 


y.,^, 3--^^i:(§7) 


2(3»"--l) 

2(3« + l) 

2 


12 
13 
14 
15 
16 


a^Ja:, 4-a5 
aix^-ai 

xlx^ — ai-\- a^ai 


(22) with 0,1 = 

(ia^i, a;,, iSaJi + ya;, + aa;,) 

(aa;i, a-» a;, - a-» i9» a?! , a;, + ,9a;i) 

(zhiPi, /5a;i + a;,, ra^i + ^a;, H- ea;,), /9» = /S 


3««(3«_lj« 

2.3'"(3"-l) 
3"(3--l) 
6.3«-(3*-l) 
3.3»*(3*-l) 


17 
18 


(24) - (26) ^ = 
(14)^(26)^+o 


C28)-(30) 

/, (29) with ^ = /5»""' -»'""' 
(30) with ^-/S*'""*-''"""' 


3(1 4- 3" + 3'*) 
3 


19 
20 
21 
22 


Xi x^ a;, 
XiX^x^ + ai 
a:,a?,a;, + arj + a^ 
XiXjX^ + a Ja^ 


(33) 

(a?!, aa;,, «"* a;^), i, y = 2, 3 
/» (^j > ^jj , a;,) 
PermntatioDB of a;, , a;, , a;, 


6 (3* -IV 
2(3--l) 

2 

6 


23 


*j 


(«i,-«iaV, -/^i^v) 


3»"(3'*-l)(3"-l) 



Specification of the parameters in the canonical forms. 



5, 6 

7 



9, 13 
11 
16 
18 



22 



.•-t 



p is a fixed primitive root of the GF\Z^'\. 

a has two values, each a square in the OF [3**]. For one, 

i//= 1 + a + a* + a'^ + . . . • + a»+8+8*+ - +»' 
is a square ; for the other, ^ is a not-square. 

V is a fixed not-square in the GF [3^*]. 

a, ranges over the 3** marks of the G^-F[3**]. 

Oi is a particular solution of ^ (c) = c -f c? -f . . . . + (? = 1. 

^ ranges over the 3^ — 1 multipliers in a rectangular table of the marks 
4: of the GF [3***], those in the first row being the roots of 

a ranges over the 3**— 1 marks ^ of the GF\Z^\ 



.•-1 
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Thus for system (12), with the canonical forms 9-11, 

2(3^^-1) 2(3'^- 1) 2(3'^- 1) 3n_o8n 

2(3«'» — l)^ 2(3^ + 1) ^ 2 '^ -^ ' 

18. Aside from 17 and 18, all the canonical forms and automorphs in the 
Table have their coeflBcients in the initial field OF[Z^']. A similar treatment 
of 17 and 18 for n = 1 will be given for illustration. We may set « = 1 ; then 
the roots of (23) belong to the exponent 13. As the three canonical forms, we 
may take (14) with 8=1 and 

(40) (oi, a,, Oa) = (-1, -1, -1), (0, 0, 0), (0, 0, -1). 

Indeed, for these, ^ given by (27) equals 0, — 1*+ 1, — i* — 1, respectively; 
while ( — i^ — 1)/( — i^ + 1) = 1 — i belongs to the exponent 26, so that no two 
of the forms given by (40) are equivalent. For t = i, (28) gives 

(41) U: x[ = x^ + xs, x^ = Xs, 4 = ^i (?7^« = /). 
For /3 = 1 — 1«, we get /?!» = — 1 —%\ Hence (29), for < = — 1 —P, gives 

(42) 7: xi = x^ + x^, ai = x^—x^, x^zn—xi — x^ (7»=/), 

an automorph of a^Xj — a| Xg + a| «8 + xixi. Hence (41) and (42) generate the 
group (32) of the system (14) ; its 39 transformations are the automorphs of (40i). 
The 3 automorphs of (4O2) are the powers of V. The 3 automorphs of (403) are 
obtained similarly. 

In (26') for n = 1, set ^ = /?*y. For /? a square, (3^ = 1, we find that the 
form vanishes for 13 values of y, since y^ + y® + y^ + 1 divides y** — 1, modulo 3. 
For ^^ = — 1, the form vanishes for 7 values of y, since — y^ + y® + y* + l and 
y** — 1 have the greatest common divisor y" — j^ — 1. Hence the forms (40) 
vanish for exactly 1, 7 and 13 respective sets of values x^, modulo 3, since 1 — i^ 
is a not-square and — 1 — P a square in the GF[S^'\. 

As the basis for a similar treatment for n >* 1, we note that, at least when 
n = 1, 2, 3, 4, a root i of (23) is a primitive root in the G^jF'[3®**] when « is a 
primitive root in the G^jF'[3**]. 

19. Instead of forms 9, 10, 11, we may, on the basis of § 7, employ 



Canonical form 


Automorphs 


Number 


yy' Xa + f + f -i-Oia^ 


Tt, TtL, defined by (19'), (20') 
Preceding with t''"^^ .= 1 


2(3«" 1) 
2(3" + 1) 
2 
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Hence under transformations with coefficients in a higher field, types 9-11, 
17, 18 reduce to types analogous to 19-22. 

20. Theorem. Every ternary cubic form in the 6rJr[3^] can be reduced^ 
by a ternary linear transformation rational or irrational with respect to the given 
fields to one and but one of the eleven ultimate canonical forms 1, 2, 3, 12, 14, 15, 
19-23. 

For systems (12), (14) and (15), the invariant Q is not zero. In view of 
§ 19, the ultimate canonical forms are 19-22. For the remaining systems (11), 
(13) and (16), Q = 0, so that reduction to 19-22 is impossible ; while (16) alone 
is reducible to 23. As in §§ 6, '8, no form (13) is reducible to a form (11) by a 
transformation of modulus 3. In the reduction of forms (11), in § 13^ the case 
08 = led to types 1, 2. For a^d^O, conditions (35') may be satisfied for a and z 
in a higher field, when we set ag = 1, o^ = 0. After the determination of a^ as a 
fourth root of of ^, a^ follows rationally ; the determination of z requires the 
solution of a cubic. Hence (11) with Os + can be reduced to type 3 by a 
transformation in the G^^[3"'*]. 

In the reduction of forms (13) in § 15, the case a, ^ led to type 14, the 
case Os = Ojg = to type 12. For ag = 0, Oj 4^ 0, we may make a^ = — 1, Oj = 
by using a quadratic and a cubic irrationality; thus in the GF[S^^'] we reach 
type 15. 

The present list of ultimate forms for modulus 3 differs from Gordan's list 
of non-modular forms. His 0^, C^, Ciq are here equivalent to 23; Oi to 22, 
Cq to 21, C^ to 20, C^ to 19, C^ to 14, C7 to 1, Cy to 12, while none correspond to 
2, 3, 15. 

Thb Univbbsttt of Chioaoo, September^ 1906. 



The Elliptic Cylinder Function of Class K. 

By Wiluam H. Butts. 



The object of this paper is the synthetic treatment of the Elliptic Function 
of Class K and the computation of tables of values that may be useful to physicists 
in studying the properties of elliptical membranes and elliptical cylinders. The 
literature on this subject is very limited^ as the only serious attempts to discuss 
this function have been made by Mathieu and Heine. The investigation of 
Mathieu in his M^moire sur le mouvement vibratoire d'une membrane de forme 
elliptique {Jow. de Liouville) made some progress in the theoretical treatment 
of the function, but did not lead to definite conclusions. Heinrich Weber, in 
Annal. von Clebsch und Neumann, Bd. I, says of Mathieu's work: ''Die Inte- 
gration ist dort durch Reihen bewerkstelligt, von denen mit grossem Fleisse eine 
betrachtliche Anzahl Glieder berechnet sind, fur welche aber ebenfalls kein all- 
gemeines Gesetz angegeben ist. Diese Untersuchungen mogen daher fur den 
Physiker immerhin von grossem Werte sein, mathematisch scheint mir das 
Problem dadurch der Losung wenig naher gebracht zu sein, als durch die Auf- 
stellung der gewohnlichen Dififerentialgleichung selbsf 

E. Heine, in Kugelfunktionen, Bd. I, II, makes greater progress in the 
analytic treatment, but does not give a satisfactory proof* of the convergence of 
the series and does not carry the investigation far enough to make the results 
useful to the physicist. 

Pf^V rf^V r^V 

Laplace's equation vs-- + ^-^ + j^ =0 is reduced by Heine, after 

transformations and the introduction of Lam6's elliptical coordinates, to the 
convenient form 

* Since the above statement was written, a aatiaf aotory proof has appeared in the Inaugural Dissertation 
of Simon Dannacher, Ztirich, 1906. 



various 



130 Butts: The Miptic Cylinder Function of Glass K. 

Our investigation wil] be limited to the function of the Class K, 

1 ^ 

(2) J& = ^ Oo + 2 a„ cos 2nA, 

^ n=l 

in which a is independent of ^ but a function of z and of the argument h. Under 
what conditions is this a solution of (1)? 

Substituting this value of J? in (1), we find the following recursion formulas, 
showing the relation between the coefficients : 

(3) ai = — i hza^ , 

a2 = 6(l — z)ai — oo, 
a8 = 6(4~ z)rt2 — ai, 



«n+i = i (n^ — z) a„ — an-i . 



To determine the necessary conditions for the convergence of (2), it is 
necessary first to show that ^™ a^ = 0. 

Substituting a finite portion of (2) in (1) gives 

(4) J_rE' 4- f° COB 2^ + 42 j ^ = ^ (a„ cos (2n + 2) 4) — a^i cob 2n^) . 

If values of z can be found that will make a„ and a„_i arbitrarily small, 
the first member may be made to approximate zero. 

Assuming that Og = 1, O], Oj, , a^ are rational integral functions of z, 

and equations (3), in the form a„ =/(z) = 0, can be solved for various values 
of the argument b. Equations (3) give the following values of O], Og, . . . ., a^, 
explicitly in terms of b and z. Placing these equal to zero we compute the 
values of z that will make a^, . . . . , a^ approximately zero. 

(6) ai = —^bz = 0, 

a, = -l6»(^-5^ + (4-|)z + ^) = 0, 

a,= +ii*(,^-14z»+(49-|)z* + (-36 + y)z+(-y + |)) = 0, 





ri€,i 



a =0 

n 
b=a/ 



I 
/ 

/ 

f 

I 

I 

I 

I 

I 



I 
I 



^€6 1 

I 
I 
I 

I 

I 

I 
I 
I 



I 



4. 



^/C^ 




^/ 



a^ ^^ a^ 
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«» = - \^'(f- 30^* + (273 _ ^)V + (- 820 + ^) r' 

. /-_- 652, 5 \ , /1162 40\\ - 
+ (^576— ^ + g,)« + (-^--^))=0, 

a, = + 1 6» («• - 56z» + (1023 _ ^) z* + (_ 7646 + ^^3^) ^ 

I /^oiA-Tc 3326 , 9\ , , / ,.^-rt , 17488 201 \ „ 
+ (^21076 — _^- + ^J z« + (^_ 14400 + — ^^^ — -^) i 

, / 28800 . 1072 2 \N ^ 

a, = - 1 i^ (z^ - 912« + (3003 _ ^) 2« + (_ 44473 + ^) a!* 

+ (296296 - 1.23«J + 1^) ^ + (_ 773136 + 1^8^ -^) ^ 
. /^c-rcAA 658944,8960 7\ , /1036800 39744 , 11 2\\ . 

In order to study these equations and to deduce from them properties of the 
equation a^^ = 0, we compute tables of values showing the roots to four decimal 

places and the values of the functions a^, a^, ,07 for these approximate 

roots. The Tables I, II, III are given for 6 = 0.1, i = 10 and b= 100. The 
last figure of every result is given exactly as found, and is not increased by unity 
if the next figure is five or more. 

Tables I, II, III and Figs. 1, 2 show how rapidly these roots approach a 
constant limiting value as n increases without limit. This line of argument 
forces us to use a^^ as a function of z of infinite degree and to treat a^^ = as 
an equation of infinite degree. This extension of the function concept may be 
justified by the same necessity which forces us in certain problems to use infinity 
as a limit. 

From equations (6) we deduce the following : 



b =0.1. 



(6) a, = — ^(2) = 0, 



ag = — i^ll (2? — 5z« — 2962 + 800) = 0, 



04 = 



Butts: The EUijatic GyUnder Function of Class K 133 

_l_ {OAY ^^4 _ i4jj8_ 361 j« + 3664J8 + 12800) = 0, 

2 



flj = _ il^ (z» _ 302* — 2272* + 968 0z« — 14624z — 284800) = 0, 

a, = + iMl (ii» _ 652» + 4232(* + ISTSSz^ — 221524z* — 275600z 

+ 6840000) = 0, 
a, = _ (Ml (gT _ 9i2« ^ 2303z» + 4527z* — 802004«» + 67312642? 

+ 17224000Z— 181760000) = 0. 

b = 10. 

(7) a. = -H(^) = 0, 

a,= +^ (a* — 2— 0.02) = 0, 

in' 
as = — ~ (2* — 5z* + 3.972 + 0.08) = 0, 

' in* 

a4= +^ (Z*— 14z»+ 48.962*— 35.642— 0.7198) = 0, 

1 0* 

a6 = — ^ (z* — 302J*+ 272. 95z8_818.&5z2-f 569.48052 + 11,516) = 0, 

a« = +ij^ (2i« — 552* + 1022.942*— 7642.66z8 f 21042.74092* 

— 14226.14012 — 287.892802) = 0, 

in^ 
a7= — ^ (2^— 9l8i« + 3002.932*— 44468.12* + 296172.l714z» 

— 771755.6232* + 611811.4569932 + 10364.025712) = 0. 

b = 100. 

(8) a, = --^^(2) = 0, 

in* 

a, = + iJi-(2» — 2 — . 0002) = 0, 

1 n' 
a8=— ^(2?— 62* + 3.99972 + 0.0008) = 0, 
2 

a4 = + ^ (2* — 14z? + 48 . 99962? — 35. 99642 — . 00719998) = 0, 

Oj = — 1— (2» — 302* + 272.9996s? — 819.98952* + 575.934800062 

+ 0.1151996) =0, 
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0,= + ij^ (a" — 668* + 1022.9994a*— 7644. 9766«»+ 21076.667400092? 

— 14398 . 251202012 — 2.879989280002) = 0, 

a, = — ^(a^— 91z"+ 3002.9993a»— 44472.951Z* + 296294.76170014z» 

— 773122.19660632? + 518334. 106689599993z 

+ 103.679602560112) = 0. 

These equations (6), (7), (8) are solved by Horner's method, and the last 
remainders are multiplied by the factors before the parentheses in the equations 
under consideration. By Zfg^ we represent the third root of Oe = 0, and by a^ the 
value of a« for this approximate z^. See Tables I, 11, III. 

Maximum and Minimum Values oy a^. 

The maxima and minima values of a^ can not be found by the usual 
methods when n increases beyond all limits; since a^ can not be expressed 
explicitly in terms of z^ and a' ^^ = is an equation of an infinite degree. 

Substituting a„ = 6* (w — 1) !^ ^^* we. compute the values of z in ^\ = 
for finite values of n, z^^ being taken graphically as the abscissa corresponding 
to the maximum or minimum value of ^^ between the i** and % + 1^ roots of 
^„ = 0. We compute z from ^'„ = by Horner's method, accurate to one 
decimal place. Substituting these values of z in ^^ by Horner's method, we 
obtain close approximations for /3„ . 



I. Argument 6= 10. 



a. 



(9) ^--1f{n—l)fJ' 

(10) /?3= +5 (2^^ — 2^-0.02), 

/Js = — I (2* — 62? + 3.97Z + 0.08), 

i94 = + Y2 (2^ — 14«" + 48.962? — 35.642 — 6.7198), 

/Js = — JYg2^^ "" ^°^ "*" 272.95jg» - 818.95«* + 569.48052; i 11.516), 



* See Dannacher, p. 16. 
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/8,= + 28800 ^^ ~ ^^^ "*" 1022.94a(* — 7642.562?+ 21042.74092? 

— 14225.1401Z— 287.892802), 

pT = — iqLqq (z^ — 91a« + 3002.93a»— 44468.1^ + 296172.1714z» 

— 771765.6232?+ 511811.4559932+ 10364.025712). 

From these equations Table V is computed. 

Substituting (9) in the recursion formula, 

(11) a, = 6 ((n — 1)« — 2!) a,_i — a^, , 

6" (n - 1) .'« /3, = 6 ((n — 1)« - z) 6-' (n - 2) .' « — J-* (n — 3) .'« /3^j, 

(*^) '^" ~ C^ ~ (n— 1)0 ^"-' ~ 6»(n— l)«(n-2)« ^"-' * 

The first minima for /3. are found by computation to have the relation 
I i^« I > 1 1^81 1 > I /^4i I , and all are negative. See Table V. 

(13) /3„ = (l - ^) ^a - io» X 2^ irF ^"' ^""^ ^' = + ^•'*- 

(14) ^«= (l -|?)/?n- io»xVx2' ^«' ^°' ^« = + ^•*- 
(16) ^„ = (l - y) /i?„ - -l o^xVxS' ^"' ^'"' '" = "^ ^•*- 
(16) ^ao»=0-'y)^°o-i.i- io*^i.^^« ^oo-ii,for5^,. 

The first two roots of ^,| = must lie between — 2 and 0, +1 and +4, 
respectively, as proved by Heine.* Hence the first minimum lies between 
—2 and +4. Beginning with j^, the parenthesis of (16) cannot vary from 
unity by more than one-fourth, and the parenthesis rapidly approaches the limit 
unity in ^^^i as n increases without limit. The last term in (16) equals 
— Q.0007 j^8i ^^^ ^^ subsequent equations rapidly vanishes, so that the first term 
in (16) and in subsequent equations controls the sign and fi^ approaches the 
limit ^^1,1 for i^j. Hence |^nil< I ^n^i,i| • • • •< I ^5i| and 

(!'') n="i> Pnl ^ Pn-l, 1. 

From computations it is evident that the first minimum of ^^o == ^ ^^ 
numerically less than 0.11 and negative; approximately, — 0.09. 



* KugelfvnktioMti, I, 412. 



\ 




(188) 
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By similar reasoning, the first maximum j?^ 2 ^^ + 0.33, approximately. 
By further computation and reasoning from the recursion formula, it is found 
that the succeeding minima and maxima of j^,^ converge to limits for ii=oo, 
each larger than the preceding numerically, and all differing from zero. 

The general form of the curve ^^'='Q \% shown by Fig. 3, the nuUpoints 
being determined by 2^^ ], z^^ 2> • • • • f '^^ i, as subsequently computed and given 
in Table II. 

II. Argument b = 100. 

For argument & = 100, j3^ = has nullpoints still nearer 0, 1, 4, 9, .... , 
(n — 1)^ as shown in Table III. The locus of ^q^ = 0, for 6 =100, has the same 
general form as Fig. 3, the first minimum and the first maximum being nearly 
the same as for 6 = 10. In no case is a maximum or minimum zero. 

III. Argument 6 = 0.1. 

The maxima and minima values of /d^^ for 6 = 0.1 present greater diffi- 
culties, due to the fact that (0.1)^ occurs in all values of fin and to the fact that 

the roots of ^^=0 do not fall in the regular intervals — 2, 1, 4, 9, , 

(n — 1)*, n^ until 

(18) • 6(n — 2)>1. 

See Table I and Heine's Kugel/unktionen, I, 407. 

To determine the laws governing these maxima and minima values, we 
compute i and fi found in Table IV, using the following equations: 

(19) fi,= + lQ?-z-l) = +l{z^-z-200), 

(20) ^8 = — Q (2^— 52*— 2962 + 800), 

o 

(21) (ii= + ~ (a* — 14z'— 3612?+ 3664Z + 12800) , 

(22) /i?6 = — TT^ («*— 30«* — 2272" + 96802*— 146242 — 284800) , 

1 lo ^ 

(23) /3«= + t;^^ (a*— 55z*+423z*+ 167552*— 2215242*— 2756002 

+ 5840000), 

(24) fii = — ^^^l^^r. («'— 912* + 23032* + 45272!*— 8020042* + 67312642* 

lOoDoOO 

+ 17224000Z — 181760000) , 
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(25) (3^= + l(z-i)=:0, 

(26) /3^ = -|(z»-3lz-98|)=0, 

(27) |8i= + A(28_iojj?_i75^2 + 891) = 0, 

(28) /?& = — ,— (z* — 242? — 136iz» + 3872z — 2924f) = 0, 

(29) /36= + ^^^{^ — ^^U' + 'ii'i^ -{^i^^^\^ — ^^i^^z—A&9ZZ\) = o, 

(30) /37= — iqqLoo (g^— 78z^+ 16452^ + 230l|z» — 3437162? +1923218f2J 

+ 2460571f) = 0. 

In Fig. 4, we locate the nullpoints of ^^ = from the values of a^ \^o a^^ 
in Table I, and draw the curves representing /^e = to 1^7 = 0. 

In studying these curves the following tendencies should be considered (see 
Table I and Fig. 4) : 

a) The nullpoints of these curves always approach the nullpoints of /3^ = 
as n increases. 

b) The first z^i and the corresponding minima values of j3 always increase 
numerically with n. r?l"i>^ni must be examined. 

c) The first maximum increases from ^^^0 to /34 = and afterwards 
decreases, apparently to a small positive limit tor p^=^ 0. 

d) The other minima and maxima between two successive roots of jS^^ = 
always decrease numerically as n increases, apparently toward a very small 
limit for /3oo = 0. 

e) In each curve, the maxima and minima for the first half of the arches 
retrograde and for the last half advance beyond the middle of the interval. 

To discuss these tendencies and eventually to discover properties of ^q^ = 0, 
return to the formula 

Substituting a^ = 6** (n — 1) ^ */3n gives 

(31) ^n = (1 — (^rriyO ^H-l - 52(^_i)3^^_2)2 /^n-2. 
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First Minimum. 

To explain tendency b) and to determine the limit of the first minimum^ 
use equation (31) and Table IV. The first minimum evidently lies between 
Zqo , = — 16.9015 and Zoog = — 5.0524, the first two roots of a^ = and of 

Beginning with /?5 = 0, 



(32) Ai = 0+-^)^«-o:on^?X^*'^»' fo'-^M = -12.6, 



(33) /g,i = (l + -^) Ai - 0.01 xV X 4' ^'' ' fori„ = -13.0, 



(34) Ai = (l+-^)/?«- o.oixVx5^ ^"'^"''^ = -^'-'> 



(35) ^„, = (1 + c;^^) ^n-M - o.oi(«-l)*(«-2)« ^»-'" ^**'' *"» • 

Since /Jsi, ^^i, ^71 are known by computation to be negative and 

Ii3(u|<li3«il<li3nl,it is evident from (35) that l^aKIAiK • • • .<|/5ooi|. 
and that they are all negative, since the first term in the second member of (35) 

has the greater multiplier from i^6i to j^q^i, the last multiplier being a proper 

fraction and decreasing rapidly while the first multiplier 1 + . _ Ly remains 
greater than unity. 

The relation | i^^j | < | jSgi | • • • <[ ll^oo 1 1 ^^ preserved when 5oo i ^^ substituted 
for i^i, ^81,. . . ., and the inequalities are still greater, since less ordinates are 
substituted for maximum ordinates. 

(36) However, 

l^nKI (1 + J^^)^r^A and Wr^A<\{} + -^^) Pn^A. 



smce 



^ ^, , 7^5-7 T^&n"! has some small positive value while n is finite. 

0.01 (n — 1)* {n—2f^^ * I ^ 



(37) Hence 



for 5oo 1- ^^^ w = «> ; 2„j = — 13.5 approximately, the last figure being deter- 
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mined by the recursion formula. Computing ^^ = 1224.4 for ioo i =^ — ^3.5 by 
Horner's method, 

(38) ii-ili^niK (l +(^^^T)0^(^+(»r-^V)'^ • • • • X(l + l|5^)x 1224.4. 



For an infinite product, 



(40) ||^,.|<m4.4. ' ^J^^ -^n(i + iy). 

(41) i3ooi= -8826.7. 

The first minimum is therefore a finite number. 

Second Minimum. 
The second minimum first appears in /?4 = 0, and by Table IV, 

(42) |^B8|<|/^«|, 

and both are negative. 

By equation (31) and Table IV, 

(43) ?„ = (l - ^) /?» - o:or7L-7T^ /3«, for «„ = + 9.5; 

(44) ^„ = (i_-||)^„____|__^„, for i™= + 9.5; 

(45) ^«» = 0-^)^^- O.Ol.49.86 ^"^ ^*^'' ^<«= + 9-4. 

By computing the coefficients of (43), (44), (46), it is found that ^^ con- 
tinues negative and of decreasing numerical value. Since the second term of 
the second member is decreasing rapidly, on account of the factors (n — 1)* 

(n — 2)* in the denominator, toward the limit zero, and 1 — . .^ more 

slowly increases toward the limit unity, it is seen that j^gs equals j^^s multiplied 
by a positive proper fraction, plus a much smaller number. Thus ^^s; l^w; • • • • ; 

/^oo 8 remain negative and |/3a8|>|^98| >li^oo8|. 

Ji™ i^n,8=i^n-i,8; ^ud ^^ is a Small negative number. By repeated use 
of (31), 

(46) i^oo 8 = - 27. See Fig. 4- 
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Third and Subsequent Minima. 

The third and subsequent minima can be treated in the same manner. We 
observe that the first minimum in any set or range may be large as compared 
with the minima in the preceding sets. For example^ fi^, for 2^5 = -}- 29.8^ is 
— 497.6. This irregularijby is due to the fact that the first minimum in a set lies 
between the last two roots of an equation of an even degree; e. g., ^^ = 0. For 
6 <[ 1, as in the case under consideration^ the last root does not, in general, lie 
between (n — 1)* and n* until b{n — !)> 1.* 

In such a case z may be greater than (n — 1)^, as in i^s. Hence 

(47) ?« = (1 - (^^^)/^»- 0.01 {n—\y {n-2Y ^^ ^^^ irregularities. By 
computation, 

(48) i3«= (1— ^)(- 1673)- i(+ 3276.3), for i«i = + 29.8. 

(49) ]5«6 = (1 — 1.192) (— 1673)— i(+ 3275.3) = — 497.6 approximately. 

The first parenthesis changes sign, since ZaXn — 1)*, and /S^^ therefore 
becomes a large positive number. However, the coefficient of the next term is 
comparatively large, so that the last term controls the sign of fi^ . 

However, 

(50) ^^ = (i_^7^^^_l^„ = _152.1, for ^5 =25.7. 

Here and subsequently in (j^, • • • j i^oo 6 ^^^ parenthesis is positive, slowly 
approaching the limit unity, and both terms are negative. As the last coefficient 
decreases rapidly toward the limit zero, the values of (is^, . . . ., ^^^ decrease 
numerically with increasing n and are always negative. Hence, as in the second 
minima, 

(81) ]S:'^«i5n5 = i5„.i,5 

and ^00 6 is a very small negative number, and not zero. 

The same argument applies to subsequent sets of minima values. 

* Heine's KugelfunktUmen^ I, 407. 
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Maxima Values of P^. 

The first maximum of each set comes from an equation of odd degree and 
may be large, as in ^jbj since z may be larger than (n — 1)* for the last arch of 
the curve until h{n — 2) > 1 and thus make both terms of (31) positive. The 
first set of maxima values shows an increase in ^^ on account of the small value 
of n and the factor l^ [= 0.0 1] in the denominator of the second term. 

(52) /3« = (l - ^) ^n - 0701-471 /?i2. for 4 = + 11.7 , 

= (— 1.9) (— 38) — 25 (— 5.85) = + 72.2 + 146.25 = + 218.45. 

(53) ^, = (l-^^)^«,-^^^A_^^, fore„= + 4.4, 

= (+0.51)(H- 90) — 2.8 (— 87) = + 4.59 + 243.6 = + 289.5. 

(54) ^« = (i-^)^.-^e-9^-^°'^^-= + ^-^' 

= (+ 0.956) (+ 220) — 0.694 (— 60) = + 251.9 + 41.6 = + 251.9 . 
The subsequent maxima ^©, . . . ., ^g^g will decrease and remain positive, 

since . -,-^- -— decreases rapidly and 1 — -, r^r^ remains 

0.01 (n — 1)* (n — 2)* ^ -^ (n — 1)* 

approximately + 1. 

Hence i^^ 0^2 is a small positive number. From Table IV and equation 
(31), the approximate limit is 0^^^ 2 = 140. 

By the same argument, the subsequent maxima may be shown to be finite 
and not zero. 

Maxima and Minima Valves of a^^^ . 

Max. a„ = 6^ (n — 1) .'* . Max. /J^, (9) 

Min. an = b''{n— 1).'* . Min. ^n- 

Since the maxima and minima values of ^f^ , for 6 = 0.1, & = 10 and 
& = 100, are finite and not zero. 

Max. a^^ = 00 . Max. ^^ = 00 , 
Min. Ooo = 00 . Min. 0^ = 00 . 

Considering the factor 6** in these results, it is evident that the curves 
representing a^=>0 will be more nearly perpendicular to the z-axis for 6 = 10 
and 6 = 100 than for 6 = 0.1 . This conclusion is confirmed by Tables I, II, III 
and Fig. 6. 
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Considering the variations in a^^ in these tables for z^^ to four decimal places^ 
it will be noticed that, in general, a^^ becomes greater as n increases and the pitch 
of the curves are greater at the nullpoints. Moreover, a^< is greater in the 
vicinity of the nullpoint on the side nearest the maximum or minimum point of 
the arch, due allowance being made for the fact that the next figure of z^i in the 
table may be very large or very small in the values compared. It should also 
be noted that a point of inflexion exists in every arch, near the nullpoint which 
is more remote from the maximum or minimum point of the arch. 

Convergence of the Series 

1 ^ 

(55) ^(^) = ^ Oq + 2 a„ cos 2n^. 

^ n=l 

I. Argument 6 = 0.1 . 

The computation of aj, Og, • . • ., a^ for a finite n forms a basis for more 
general conclusions. The method employed in determining the roots oi.a^ = 
and the difficulties encountered in these computations will be illustrated by 
finding the fifth decimal figure of z^^^^j for argument & = 0.1 . Having already 
Zoc8= 5.5813, we compute a^ and a^ from (6) for 2 = 5.58138 by Horner's 
method, using the remainder to twenty-one decimal places for the determination 
of ag and Oy. Then by the recursion formula we compute ag, o^, 

(56) «n + 2 = 6 {{n + 1)' — z) a^ + , — a„ . 

(57) For z = 5.58138, «« = + 0.22846013 

a^ = -f 0.05475009 
a^= + 0.00905173 
ag= — 0.00187210 

Evidently 5.58138 is too large for Zgoa; since Og is negative and, by (56), 
«io; ^uy • • • ' ) <^ao would all be negative and would increase numerically with n, 
since the coefficient of a^^i would be greater than 2 and would increase in- 
definitely. Hence a^^ would not be zero. 

(58) For z = 5.58137, a^, = + 0.228465748 

a^= + 0.054764586 
a^= + 0.009314650 
Oy = — 0.000442830 

This value of z is still too great, but a^ is much smaller numerically. 



146 Butts: The Elliptic Cylinder Function of Glass K. 

(59) For z — 5.58135, a. = + 0.228476975 

a, = + 0.054793676 
ttg = + 0.009429440 
a,, = + 0.000197600 
Oio = — 0.007939170 

Here o^ is positive but a^o is negative, and z = 5.58135 locates a point in the 
z-axis between the nullpoints of a^ = and a^o = 0. 
Computing aj , 02 , ..,07 by Homer's method, 

(60) For z = 5.58134, a^— — 0.279067000 

a^ = — 0.872149970 
03= + 0.416988556 
a^ z= + 1.014702419 
ag = + 0.640200395 
ag = -f 0.228482548 
a^ z= + 0.054808073 
ag = + 0.009687228 
09= + 0.001783414 
aio= + 0.003763039 

It is evident that 5.58134 is the value of z^^ 3, correct to five decimal places; 

since «io<[«ii<^i2 <C^oo ^7 (^^); ^^^ ^^^ ^^ curves Ojo = to a 00 = are 

still above the z-axis for z = 5.58134, but below the z-axis for z = 5.58135. 
Substituting (60) in (55), 

(61) E{(p) = 0.5 — 0.2790 cos 2^) — 0.8721 cos 4^ + 0.4169 cos 6^ 

+ 1.0147 cos 8^ + 0.6402 cos 100 + 0.2284 cos 124» 
+ 0.0547 cos 14<^ + 0.0096 cos 160 + 0.0017 cos 180 
+ 0.0037 cos 200 + 

The accuracy of these coefficients is proved by the recursion formula (56). 

Convergence of the Series, 

This series is computed for a root z^^ 39 accurate to the fifth decimal place. 
By a careful consideration of the last remainders in Horner's process used in 
computing a^, ag, . . . ., a^ it is evident that the first three decimal figures in 
these coefficients will never change, if an infinite number of figures of z^^ are 
computed and substituted in £(0), since an increase of a whole unit in the sixth 
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figure of z does not cause a change in the first three decimal places of a^, o,^ 

.... J Uq • 

Calling the finite sum of the first four terms F^ we write, 

(62) I ^(0)|< I i^ifc (1.0147 + 0.6402 + 0.2284 + 0.0548 + 0.0096 + )|, 

substituting maximum values for cos 80, coslO^, ...., and using the +sign 
when F and the following series have like signs, and the — sign when they have 
opposite signs. 

We must now define a root of ao^ = more carefully. 

(63) Definition of a Root of a^=iO. 

From a certain a^ onward indefinitely, for an exact root of a^o = 0, a^^.i is 
less than a^ and has the same sign to n = oo . 

Otherwise one of the following relations must exist : 

(64) 1) an+i>«n> with the same sign. 

(65) 2) a^+i and a^ differ in sign. 

(66) 3) «n + i<C^n ^^^ one or more terms and then a^^.^ >a^. 

Supposition (64) can not be true for z^i a root of a^=. 0, since a„+2, 
^n+8i • • •, A 00 would form an increasing series, as is shown by the formula 

(67) an+2 = 6 ((n + If — z) a„+, — a^. 

When 6 ((n + 1)* — z) becomes greater than 2 with increasing n and 
^n-^-i^^nj ^n+2 Dfiust be greater than a^+i- Hence ^i™ «n would not be zero. 

The second supposition (65) is false for a root of a^o = 0, because (67) shows 
that, when a^^i and a„ have opposite signs and the coeflBcient of a^+j becomes 
and remains positive with increasing n,. a^+s must, under condition (65), have a 
larger absolute value than a^+i- Hence ^™ a^ is not zero. 

The third supposition (66) reduces to (64) or to (65) and therefore can not 
be true. 

Hence (63) defines a root oi a^^ = 0. 

This definition gives the following rule : 

(68) Rule for Computing Roots of a^:=0. 

Find the successive figures of positive roots of a^o = as great as possible, 
so that a«, a^y a^, . . . ., a^ shall have the same signs. 
20 



148 Butts: The Elliptic Cylinder Function of Class K. 

For negative roots^ each succeeding figure of z^^ j is one less than the least 

figure that gives a permanence in the signs of a^, a^, ag, , a^. 

For a root oi a^ = o, as above defined, (67) gives 

an + 2 = *((w + 1)^ — Z)«n + 1 — «n<«n + l, 

(69) Cln^i < ^ ^^_ ^n_-^--_--^- . 

From a certain n onward to n = oo , 

(70) «n + l<i«n- 

Therefore the last series in (62) may be written 

(71) 1.0147 + 0.6402+0.2284+ <1.0147+0.6402 (1 +i f i + J+ ), 

which is clearly a converging series. 

Hence from (62) and (71), when Zo^g is an exact root of a^ = 0, 

GO 

(72) ^(0) = i <Zo + 2 a„ cos 2n0 is finite and the series is convergent. 

n=l 

II. Argument 6 = 10. 

00 

(73) ^(^) = 2 Oo + 2 a„ cos 2n0. ^ 

n=l 

The computation of the values of a^ with sufficient accuracy to show that 
a^ converges toward the limit zero and that the series representing E{^) is con- 
vergent when n increases without limit, involves difficulties due to the rapidity 
with which the curves a^ = approach perpendicularity to the z-axis at the 
nuUpoints. 

For example, we compute the third root of a^ = by Horner's method, 
carrying the remainders to eighteen decimal places, and find the values of a^ 
and 07 for this root as we obtain the successive approximations. These compu- 
tations are continued imtil the corresponding values of a^ and a^ give a negative 
value for a^ by the recursion formula. 

We find Z78 == 4.00133 +, and observe from the recursion formula that 

Og = 10 (49 — 4.00133) o^ — ag = 460 07 — a^,, approximately. 
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Evidentlj a^ will not become negative until 460 ay is less than a^. When 
these values of Og and o^ are found, z^^ can be found as follows: 



(74) 



278 


«w 


«(B 


4 




3232143580.000000 
• < 


10100579.000000 



1 


814029736.729124 


2543960.282771 


3 


88386514.036511 


276223.188814 


3 


15816887.536327 


49430.563659 


6 


1302846.520815 


4076.625965 


6 


i93341.361791 


291.709237 


3 


20771.043732 


64.914147 

t 


8 


1418.958754 


4.435519 


5 


208.453440 


0.655601 


8 


15.932590 


0.050815 


6 


1.418526 


0.005456 


6 


0.209021 


0.001676 


8 


0.015500 


0.001071 


6 


0.000956 


0.001026 


3 


0.000231 


0.001023 


9 


000013 


0.001023 


5 


0.000001 


0.001023 



Substituting the last results in (67), using 2^ to eighteen decimal places, 

(75) ag = 10 (49 — 4.001336538586586395) . 0.000001 2 — 0.0010230 

= _ 0.000490. 

Since ag is negative, z is too large by (63). 
Taking z to seventeen decimal places, 

(76) ag = 10 (49 — 4.00133653858658639). 0.0000133 — 0.0010231 

= +0.0049617. 

Since ag is here positive and in the former case negative, z^ 3 l^^s between 
the two values taken. 

Zoo 8 = 4.00133653858658639 +. 

Subsequent figures may be found as in (57) to (60). 
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Hence, 

6 

(77) E(^) = 0.b + 2 a„co82n<^+0.0010231co8l24>+0.0000013cosl44>+ 

n=l 

The trial divisor in Homer's process contained twenty figures when the 
contract method was used in determining the last fifteen figures of z. To secure 
values for a^ to a^ that will satisfy the recursion formula, twenty-one decimal 
places should be used in all remainders and the contract method should be em- 
ployed later in the work. 

It will be noted that even with seventeen decimal places of z^ g accurately 
computed, a^ is greater than a^j^ . It is evidently practically impossible to find 

a value for z^^g so near the exact root that o^, o^, , a^g shall form 

a rapidly decreasing series. Heine'*' remarks that when such a value is found, 

^^^) ''-^^<h[{n + \Y-z']-V 

and therefore with increasing w, a„ decreases rapidly to the limit zero Practically 
each succeeding figure of 2;^^ must be found as in (57) to (60). 

For argument h = 100, similar treatment will give like conclusions. As 
the pitch of the curves is greater at the nuUpoints, more decimal places will be 
required and greater difficulties in computation will be encountered. 

The Best Valves of b and z. 
To find a finite number of terms of 

(79) ^(^) = i «o + ^1 cos 2^ + ^ cos 44> + 

that will give a good approximate solution of the equation 



^^+(|co8 24.+ 4z)^(<^) = 0, 



it is evident from the preceding discussion that 2^ < must be computed to four or 
more decimal places when b ^= 0.1 and to many more places when i is a larger 
number. It will be seen that small values of b are desirable ; since the curves 
representing a,| = have a steeper pitch for larger values of 6, and consequently 
a larger number of decimal figures of z^ « must be computed in the latter case 
to obtain a^ and ^n+i sn^^U enough to satisfy the necessary condition given in 



* Kugel/unktUm^^ J, 411. 
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equation (4). Fairly good values of the coefficients of our series for 6= 0.1 

have been found in computing s^^o i to z^o 7- 

5 
(81) 2oo 1 = — 16.9015. El = 0.5 + 2 a^ cos 2n^ + 0.004242 cos 12^) 

+ 0.003259 cos 144> + 

5 
Zqo2= — 5.0524. E2= 0.5 + 2 a„ cos 2n<p — 0.055101 cos 12^) 

— 0.013109 cos 14^— 0.00 246 9 cos 16^ — 0.001497 cos 184>— 

6 

2^g=-f 5.5813. ^3 = 0.5+ 2 an cos 2w4> + 0.228301 cos 124) 

n = l 

+ 0.054866 cos 14<^ +0.009922 cos 164> + 0.003074 cos 184>+ 

6 

Zaoi= + 14.5616. E^ = 0.5 4- 2 a^ cos 2n^ — 0.434188 cos 124> 

n — 1 

— 0.131937 cos 144> — 0.030213 cos 164>— 

2^00 6= + 20.4705. £'5 = 0.5+ 2 a^ COS 2n4) + 0.627187 cos 124> 

+ 0.233685 cqs 14^ + 0.039501 cos 164> + 0.005334 cos 184> 

+ 0.002985 cos 204> + 

5 

2^ j= + 27.1931. ^8 = 0.5+ 2 a„ cos 2n4) — 5.360337 cos 12^) 

n-l 

— 2.830106 cos 144> — 0.811261 cos 164> — 0.155902 cos 18<^ 

— 0.027635 cos 204>— 

6 

2007= + 37.3476. ^7 = 0.5+ 2 a^ cos 2n4> + 69.726061 cos 124> 

n = l 

+ 51.778903 cos 144» + 28.841160 cos I64) + 6.882976 cos I84) 

+ 1.142740 cos 204> + 0.166280 cos 224> + 

It will be noticed in these equations, that, in general, the smaller the roots 
are algebraically the better are the coefficients obtained for an approximate 
solution in the form of a finite number of terms of the infinite series. From 
Fig. 5, we should expect the best approximations for E^ and E^; and this is 
doubtless in general true, since the maxima and minima are here less numerically 
and the slopes of the curves at the nullpoints are not so great, but the possible 
difference in the fifth and subsequent decimal places of Zooii • - * -; ^oot i^&ke 
it impossible to determine this fact definitely without further calculations. 

To obtain, for 6 = 10, as good approximate results as the above, the values 

of Zoo 1 9 9 ^007 inust be computed to eighteen or more decimal places and, 

for b = 100, to many more places. 
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As a general conclusion, it is evident that small values of h and z are the 
best values. 

General Proof of Convergence. 

Granting that a^ ='f{pf 2) = is an equation of an infinite degree in the 
general form of equations (6) and that the coefiScients of the series in (2) satisfy 
the recursion formula (3) for exact roots of a^ = 0, we have shown that these 

roots can be computed to any desired degree of accuracy by rule (68). We must 

00 
now show that the series in the solution ^(^) = ioo + 2 a^ cos 2n^ is con- 

n = l 

vergent for values of ci„ computed for 25 o^ o any exact root of a^ := 0. 
Beginning with a certain a^^ definition (63) gives 

«m + 1 < J l^^if_^_-i J (« 9 ) 

«m + i<i^m. (70) 

00 
(82) E{^) = i oo + 2 a„ cos 2nq> 

n = l 

= (i ^ + «i COS 24) + + ttm-i COS 2 (m — 1) ^) 

+ {a^ cos 2w?^ + .-•• + «oo cos 00 ^). 

If a^ is the first term of the decreasing series that characterizes a root of 
a^o == in definition (63) and satisfies relation (70), 

l^(4>)l< l(i Oo + «! cos 24> -f .... + a^_i cos 2 (m — 1)^) 

=t («m + a^+i + + «oo)|i 

substituting maximum values for cos 2mq^^ . . . ., and using the plus sign when 
the two parentheses are alike in sign, and the minus sign when they are of 
opposite sign. 

|am-t-am + i + ---- + aoo l< l«m(l + i + i + • • • 01 = 1 2a^l- (70) 

The quantities aj, ag, , a^ are finite, since a^, is a rational, integral 

function of z with finite coefficients; hence a^, c^zy ^ ' ^y dm must be finite for 

finite values of z. 

Hence, 

^(4>) I < I (Finite Sum ± 2a^) | , and 



CO 

^(^) = ^ ao + S a„ cos 2n^ is a convergent series and a solution of 

n=l 



d^ 



+ f^ cos 24> + 4z) E= 0. 
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TABLE I. 
6 = 0.1 



TABLE IL 
6 = 10 



TABLE IIL 
6 = 100 



'11 



^ 



z 



'» 






'44 






"56 



Z 
Z 



6S 



i" 
i" 



;qo» 

|0O 8 

;oo4 

1 00 6 
'»T 



+ 0.0000 



-18.6509 
+ 14.6509 



-16.2479 
+ 2.6470 
+ 18.6009 



-16.8064 
— 2.8858 
+ 13.8982 
+ 31.2985 



-16.8984 
- 4.6583 
+ 7.7970 
+ 18.0760 
+ 25.6784 



—16.9011 
— 5.0188 
+ 5.9979 
+ 15.7525 
+ 21.9884 
+ 83.1754 



— 16.9015 

- 5.0500 
+ 5.6193 
+ 14.7525 
+ 30.7688 
+ 28.6580 
+ 48.1526 



-16.9015 
— 5.0524 
+ 5.5818 
+ 14.5616 
+ 20.4705 
+ 27.1981 
+ 37.8476 



'11 



'11 



'SI 



'41 
'4t 

'a 

^44 



'61 

'66 
'64 
'66 



1" 
a: 

•6 



A 



'71 

'ts 

W6 

76 

^77 



+0.00000 



-0.00000 
-0.00000 



-0.00002 
-0.00000 
+ 0.00002 



-0.00000 
+ 0.00002 
+ 0.00000 
-0.00001 



-0.00015 
+ 0.00008 
+ 0.00001 
-0.00002 
+ 0.00084 



-0.00018 
+ 0.00008 
+ 0.00004 
-0.00002 
+ 0.00008 
-0.00074 



-0.00109 
+ 0.00008 
+ 0.00000 
-0.00004 
+ 0.00006 
-0.00021 
+ 0.00348 



'II 



'M 



Jsi 
'» 



;i 7 

z" 
z** 

^44 



'66 



z 



'SI 

'es 

66 



z 



z 



|71 

73 

'74 

73 



"76 


1 

i 


Ux. 


Zqo s 


z«. 


Zo04 


Zqo6 


Zao6 


z», 



+ 0.0000 



- 0.0196 
+ 1.0196 



- 0.0196 
+ 1.0168 
+ 4.0088 



- 0.0196 

+ 1.0168 

+ 4.0018 

+ 9.0019 



- 0.0196 
+ 1.0168 
+ 4.0018 
+ 9.0005 
+ 16.0014 



- 0.0196 
+ 1.0168 
+ 4.0018 
+ 9.0005 
+ 16.0008 
+ 25.0011 



+ 

+ 
+ 

+ 



0.0196 
1.0168 
4.0018 
9.0005 
16.0003 



+ 25.0002 
+ 36.0009 



— 0.0196 
4- 1.0168 
+ 4.0018 
+ 9.0005 
+ 16.0003 
+ 35.0002 
+ 86.0001 



'11 



l!! 



'tl 



'41 
'4S 



'44 



•^61 
'6f 
'6S 
'64 
'66 



'61 
'6S 

^6S 

'm 

^66 



A 



A 



"^Tl 
'Tt 

73 
'74 

76 
^76 

'n 



+ 0.00000 
xlOi 



0.00002 
0.00002 
xlO« 



- 0.00018 ' 

- 0.00006 ! 
+ 0.00071 I 

xlO» I 



0.00112 
0.00082 
0.00110 
0.01295 
xlO* 



0.01875 
0.00476 
0.01815 
0.09021 
0.28200 
xlOS 



- 0.52699 

- 0.08015 
+ 0.27626 

- 1.44069 
+ 1.59149 
-10.02866 

xlO« 



- 16.90846 

- 8.86881 
+ 8.38886 

- 7.26798 
+ 81.69049 
—196.55479 

+ 1084.88159 
xlOT 



•ii 



.11 



'SI 

;ss 
'ss 



'4S 



'44 



;» 

'66 



'61 



'6S 



z. 



'6S 



64 



z 
z 



z 



z 



71 
7S 

'7S 
74 

'76 

'n 



z , 


^00 1 


Zoo. 


z». 


Zoo. 


Zoos 


z«. 


Zo07 



+ 0.0000 



'11 



— 0.0001 I A„ 



+ 1.0001 



- 0.0001 
+ 1.0001 
+ 4.0000 



- 0.0001 

+ 1.0001 

+ 4.0000 

+ 9.0000 



- 0.0001 
+ 1.0001 
+ 4.0000 
+ 9.0000 
+ 16.0000 



- 0.0001 
+ 1.0001 
+ 4.0000 
+ 9.0000 
+ 16.0000 
+ 25.0000 



- 0.0001 
+ 1.0001 
+ 4.0000 
+ 9.0000 
+ 16.0000 
+ 25.0000 
+ 56.0000 



- 0.0001 
+ 1.0000 
+ 4.0000 
+ 9.0000 
+ 16.0000 
+ 25.0000 
+ 86.0000 



'« 



'n 



'41 
'41 



'61 
^61 
'61 
'64 
^66 



A 
A 



'61 
'61 



64 



'71 
'71 
'71 
'74 
'76 
'7t 

'n 



+ 0.00000 
xlO* 



- 0.00004 

- 0.00004 
xlO* 



- 0.00019 

— 0.00009 
+ 0.00020 

xlO« 



- 0.00179 

- 0.00079 
+ 0.00040 

- 0.00859 
xlO« 



0.02879 
0.01199 
0.00480 
0.00719 
0.14400 
xiow 



0.71997 
0.28791 
0.10080 
0.11520 
0.28798 
8.88001 
xlO" 



-25.91922 
-10.07714 
+ 8.32567 
- 8.11084 
+ 5.76028 
-20.16004 
+ 1088.68940 
xlO" 
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TABLE IV. 



TABLE V. 



6 = 0.1 



- ;3 = Mln. 



■ I 



6= 10 



+ ^ = Max. 
- /3 = MId. 



a.= 0, /?.= 



'«i 



-18.6509 
+ 14.6509 



Z.I 


-16.8479 


z„ 


+ 8.6470 


z„ 


+ 18.6009 


z« 


-16.8064 


z„ 


— 8.8858 


z« 


+ 18.8938 


Z44 


+ 81.8985 


z„ 


-16.8984 


Zm 


- 4.6588 


z„ 


+ 7.7970 


Zm 


+ 18.0760 


z» 


+ 85.6784 


z., 


-16.9010 


z„ 


- 5.0188 


z. 


+ 6.9979 


z« 


+ 15.7585 


z« 


+ 81.9884 


z. 


+ 88.1754 


z„ 


-16.9015 


Zn 


- 5.0500 


z„ 


+ 5.6198 


z„ 


+ 14.7585 


z„ 


+ 80.7688 


z™ 


+ 88.6580 


z„ 


+ 48.1586 



p 



+ 0.5 . — 100.1 



- 8.4 I - 892.6 



+ 11.7 : + 218.2 



-11.4 



+ 4.4 



- 497.4 



+ 289.6 



+ 17.8 - 188.0 



-12.6 
+. 0.7 
+ 12.9 
+ 22.7 



-18.0 
- 0.5 
+ 9.5 
+ 19.2 



+ 29.8 



-18.8 
- 1.0 
+ 9.1 
+ 17.8 
+ 25.7 
+ 89.5 



- 708.8 
+ 252.4 

- 156.7 
+ 192.9 



-1187.2 
+ 205.5 



- 86.1 



+ 49.1 
- 497.6 



- 1227.4 



+ 165.9 



- 47.0 



+ 28.2 
- 152.1 
+1481.7 



a. = 0,/3. = 



- 1.00100 



- 1.17040 
+ 0.87280 



Z„ I - 0.0196 

I 
Z„ I + 1.0196 



'11 



— 1.79071 
+ 1.04256 

— 0.67680 



'» 



'M 



'41 



•« 



! z 



- 4.08811 
+ 1.45483 

- 0.81259 
+ 1.11110 



-16.87618 



+ 2.96017 



- 1.24016 



+ 0.70788 
- 7.16590 



-68.68182 
+ 8.60857 

— 2.44122 
+ 1.20588 

- 7.87878 
+ 74.22189 



44 



'51 



'M 



- 0.0196 
+ 1.0168 
+ 4.0088 

- 0.0196 
+ 1.0168 
+ 4.0013 
+ 9.0019 

- 0.0196 
' + L0163 



+ 0.4 ! 

I 

+ 2.8 j 

I 

I 
\ 

I 

I 

+ 0.4 ' 

+ 2.7 '•■ 
+ 7.7 ' 



Zj, ; + 4.0018 \ 
Zj^ ' + 9.0005 



'56 



'SI 



'63 



'64 



Zn 
Zt. 
Zt4 
Zt5 
Z7. 
Zn 



+ 16.0014 

- 0.0196 
+ 1.0168 
+ 4.0018 
+ 9.0005 
+ 16.0008 
+ 25.0011 

- 0.0196 
+ 1.0168 
+ 4.0018 
+ 9.0005 
+ 16.0008 
+ 25.0002 
+ 86.0009 



+ 0.4 
+ 2.7 
+ 7.0 
+ 18.7 



+ 0.4 
+ 2.6 
+ 6.9 
+ 18.4 
+ 22.8 



+ 0.4 
+ 2.6 
+ 6.9 
+ 18.2 



P 



+ 0.5 ! — 0.18 



- 0.11 



+ 0.75 



- 0.10 



+ 0.52 



- 0.00180x10* 



- 0.00048x10* 
+ 0.00800 xlO« 



- 0.00086x108 
+ 0.00187 xlO« 



- 8.48 - 0.01285x108 



— 0.10 



- 0.00069 xlOM 



+ 0.45 : + 0.00261 x 10" 



- 1.96 

+ 15.84 



- 0.01184x101* 
+ 0.09189 xlOM 



- O.IO , - 0.00158 xlO^s 



+ 0.88 



- 1.41 



+ 7.20 
-69.88 



- 0.10 
+ 0.85 

- 1.14 
+ 4.51 



+ 0. 00568 xlO» 
- 0.08041 xlO» 
+ 0.10864 xlOU 



- 0.99847x10" 



+ 21.9 -26.29 



+ 84.0 



+ 1561.99 



- 0.00547x10" 
+ 0.01850 xlOi« 

- 0.05941x10" 
+ 0.28898x10" 

- 1.86891x10" 
+80.45680 X 10" 



a.= 6-(ii-l)/«/;^. 



a = 6« (ii-l)/»5 
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On Elliptic Modular Equations for Transformations of 

Orders 29, 31, 37. 

By Arthur Berry. 

§ 1. Introdriction. 

The problem of the transformation of elliptic functions gives rise to the 
problem of calculating modular equations corresponding to a transformation of 
any order ; i. e., of algebraic equations connecting some modular function of the 
ratio of the periods (r) with the same function of the ratio of the transformed 
periods^ which can in general be taken to be nr, or r/n, where n is the order of 
the transformation. Jacobi* used the modular function u^'^k, for which 
Hermite introduced the notation ^(t)^ and computed the modular equations for 
n = 3, 5y as rational equations between u and the transformed modulus v = \^X. 
Sohnckef subsequently dealt with the cases of n= 7, 11, 13, 17, 19. As far as 
I know, no higher cases have been worked out in this form, but a large number 
of modular equations have been worked out in terms of various irrational 
functions of k^ X conjointly. The two most extensive sets of equations have 
been given by Schroeter, J who used irrational functions differing from order to 
order and computed the equations for prime orders up to 31, as well as for cer- 
tain non-prime orders, and by R. Russell, § who worked systematically with the 
functions kX, TdX' and their square roots and fourth roots and obtained equations 
for prime orders up to 59, with the exception of 41 (for which case his work is 
not quite finished) and 37, as well as for several non-prime orders and for 
various higher prime orders. A number of irrational modular equations were 
also given a little earlier by E. W. Fiedler || in his inaugural dissertation. 

« 

^FundafMfUa Nova^ SS18, 15. 
t Crelle'8 Journal^ voL 16 (1886). 

XDe Aequatianibu* Mbdularibusj Konigsberg^, 1854, and OrelWi Journal^ vol. 58 (1860). 
%Ptoee^ingi of the London Mathematical Society, Series I, vol. 19 (1889), vol. 21 (1891). 
II Ueber eine beiondere ClasBe irrationaler Modulargleichungen der elllptiBchen Functionen. Ziirich, 1885 
alio in Woiri ZeiUchrift, vol. 80. 
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In 1858 Hermite* introduced a new modular function ;k(t)= ^(kkf). The 
corresponding modular equations were given by Schlafli f for prime orders up to 
19, and the equations frequently bear his name ; the case of n = 23 was given 
by Weber J as an illustration of the theory of complex multiplication. 

Klein, in a well-known paper,§ considered the modular equations formed with 
the absolute invariant J, and gave explicit formulae for J and the transformed 
function J^ as rational functions of a parameter, in the cases n = 3, 4, 5, 7, 13. 
In the same volume Gierster worked out the remaining cases in which the modular 
equation is of deficiency zero; viz., the cases of n = 6, 8, 9, 10, 12, 16, 18, 26. 

A comparison of the modular equations formed respectively with J, ti, x 
shews that the first are functionally niuch the simplest and the last the most 
complicated. For example, the deficiency (genus) of the u, v equation for n = 3 
is already 7, and for n = 5 is 15 ; while the deficiency of Schlafli's equation for 
n = 5 is 23. But the order of numerical simplicity is the reverse. The modular 
equation in J for n = 3, which I believe to be the highest which has been 
explicitly calculated, || consists of 17 terms and contains the numerical coefficient 
2^^ 5^ 22973; whereas for the higher case of n = 5 the ti, v equation consists 
of only 6 terms with no coefficient greater than 5, and the Schlafli equation (with 
a slight numerical modification) assumes the extremely simple form 

35* + y*— ay + 4a*y* = 0. 

The object of this paper is to establish what I believe to be a new property 
of the Schlafli modular equations (§3), and to compute the equations for the 
cases n = 29, 31, 37, the last case being one for which, as far as I know, no 
modular equation in any form has been computed. 

§ 2. The Modular Function x{r). 

I find it convenient for numerical purposes slightly to modify Hermite's 
function and to work instead with 

2-^/*. ^{JM) = 2-i/« x{r)=^^^/ n (1 + ^-'). 



*Stir la r6Bolatlon de r^qnation dn quatrldme degr6, Comptes Bendus^ vol. 46 (1868), reprinted with other 
papers in the pamphlet, Snr la tb6orie dee ^qnations modulaires et la resolution de r6qnation du cinqnidme 
degr6. Paris (1859). 

t Cr€lU'8 Journal, vol. 72 (1870). 

X In bis book Elliptiiche FunctUmen und AlgebraUche ZahUn, % 99. 

§Ueber die Transformation der elllptlschen Functionen and die Aafldsung der Gleicbnngen fiinften 
Grades, Mathematitche Annalen, vol. 14 (1879). 

I It is given in a slightly different notation by H. J. S. Smith, Proaedinga of the London Mathnnatical 
Society ^ vol. 9 (1878), and Collected Mathematical Papers, vol. 2, p. 242. 
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This is the reciprocal of Weber's fuDction /(o) ; I denote it for convenience 
by a;(T), and denote the corresponding transformed function a:(nT) by y, so that 
the required modular equation appears as an equation in x and y. 

It is known that x {—^/r) =x{r)] x{2 + r) = 6X (r), where e = ^'^^. The 
modular equation for a transformation of prime order n, greater than 3, is of 
order n+ I in either x or y and symmetrical in them. The w + 1 values of y 
are y^ = x (nr), and yr=x ((^^r + t)/w) (r = 0, 1 . . . . n — 1). When x vanishes 
all the values of y vanish also, and the corresponding approximations are given 
by y** = 05, and y = x^. Also the modular equation is unaffected if x is replaced 
by ex, y by e^y ; since a term y**+^ must occur, it at once follows that if a term 
x'y^ occurs a + n^ = w + l, mod. 48. The high modulus of this congruence 
explains why the number of terms is small compared with the number in the 
corresponding u, v or J, J' equations. Further by means of the quadratic trans- 
formation ]t, (1+t)/(1 — T)f it can be shewn that the modular equation is 

unaffected if in it we write 2~^/^ x"^, (- J 2'"'^'^ y"^ for x, y respectively,* where (-\ 

is Legendre's symbol and denotes + 1 or — 1 as n is of the form 8m ± 1 or 
8m =fc 3. We shall refer to this property briefly as reciprocity. 

These properties enable us to write down the possible terms in the modular 
equation, and to assign coefiBcients to four of them ; viz., we always have the 
four terms 

a-n+i ^ yfi+i — rgy— Q.\^^^'i)i^ x"" y"" ; 

moreover, a large number of the remaining coefficients are not independent, since 
the coefficient pf x*y^ is equal to that of x^y", while that of x**^^"* y^'^^"^ can be 
at once derived from either by reciprocity. Lastly, the coefficients are all 
integers, and save for the four "known" terms just written down, they are all 
multiples of n. , 

§ 3. The Bfanch Places of the (x, y) Modular Equation. 

The approximations at the origin and at infinity given in the last paragraph 
show that y, regarded as a function of x, has at x=:0 and x=qo n branches 
which are cyclically permuted when x describes a circuit round the place, and one 
distinct branch ; in other words, the Riemann surface has at each of the places 
X = 0, X = 00 a winding-point of order n and an isolated sheet. 



* These properties and their proofs are all to be found in Weber* § book. 
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The remaining branch places are given by aj** = 2~®, or r = t + 2^, where p 
is an integer. To prove this and to investigate the nature of the branching let 
us first consider x = 2""^^*, r = i. 

The substitution T or (r, — l/r) applied to r leaves x{r) unchanged, and a 
slight modification of a familiar process shows that this substitution interchanges 
the roots y^^ y^ of the modular equation and also the roots y^, y,, where 

1 + 48l r . « = 0, mod. n. 
Thus y^ becomes 

X (nTV) = X ( — fi/r) = x (r/n) = y^. 

Further, y^ becomes 

/ 48r + TV N _ ^ / — 1 + 48rT \ _ ^ / —I — 48^ r . g + 48r (48g + t) \ 
\ n / \ nr J \ nr / 



X 



If now we choose s a positive integer less than n to satisfy the congruence 
1 + 48^ rs = 0, mod. n, say 1 + 48^ rs = en, where c is an integer, we have 



X 



/ — c+48r.TA 
\—48s + nr^ r 



where r, is written for r (48« + t)/w. This expression is of the form 

X (c + (ir,/a + frr,), 

where a, 6, c, d are integers such that ad — Jc = 1 ; also 6,c are odd, a,d are even, 

^ T l + 48*r« n*— 1 — 48«rtf_^ . ^^ . 
and 6 — c = n — = = 0, mod. 48, smce n is a prime 

number other than 2 or 3. Hermite's formulae for linear transformation of the 
function x (r), or j^ (r),* show that our expression reduces to x (r,) or y,. Now 
the congruence 1 + 48^r5= 0, mod. n, always admits of a solution for any value 
of r from 1 to w — 1, since n is prime to 48 ; also the congruence is symmetrical 
in r, s\ hence in general the substitution ^ permutes the two roots y„ y^. The 
exceptional case is when r coincides with s, in which case the corresponding 
root is unaffected. The congruence 1 + 48*r^= 0, mod. n, evidently admits of 
solutions under the same conditions as the congruence 1 + r*=0, and therefore, 
by a well-known result of the theory of numbers,f there are two solutions or 
none as n is of the form 4^ + 1 or 4^ — 1. Hence the substitution T applied to r 
interchanges in pairs n — 1 orn + 1 of the roots of the modular equation, while 



*See for example Tannery and Molk*8 TMorU dea Fonetions Slliptiqttes, vol. 2, Table XL VI. 
t MathewB* Theory of Number %y % 87. 
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there are two or no isolated roots. Since 7S = i and x {%) = 2"^^*, we thus see 
that: 

When 5c = 2"^/*, tJie Riemann surface has (w — l)/2 or (w + l)/2 simple 
winding-points^ at each of which two roots are interchanged^ while 2 or sheets are 
distinct^ according as n is of the form 4p + 1 or 4p — 1. 

Further, it can be shown that the two isolated values of y, when they occur 
(i. e., in the case n = 4jp +• 1), are always equal to the value of x multiplied by 
=k 1 or d= i. This can be established by using the quadratic transformation 

^T/ "* \ of which T = i is a fixed point. This substitution converts x into 
2-i/« x-\ X (nr) into (^) 2-'^/x {nr^ Now if r'rz (1 + t)/(1 — r), 

x\{r^ + ^8r)/n\ = x(-,^^^) = x\ ^ ''S-\ + ''\. ]. 
'^ ^ ^' * W+48r/ U + 48r+(l — 48r)TJ 

Choose r so that 1 + 48* r* = 0, mod. n, or 1 + 48' r* = nn', where n' is an integer. 
Then our function becomes x \ ~\ T — ^^^\J {where rr^={T'{'4t8r)/n),which 

is X C ^ _ j^ j, where il7T= ^ 7], and 2a= — 1 — 48r +w', 26=1 — 48r + n, 

2c = — 1 — 48r + n', 2d5 = — 1 + 48r + n. Here a, 6, c, d are integers satis- 
fying the relation ad — bc= 1, and it is easy to verify that (a +d) {abd — c)=24 

or 0, mod. 48, according as n is of the form 8^ — 3 or 8^? + 1. Hence x ( ^jj ) 

_ ^y^/x^ZPtr) = T-j . 2"^''*/x(t^) by Hermite's formulae for the linear trans- 
formation of x(t). 

Now if T = t, t' = t also, so that we have proved that for this value of r, 

y^ = T- j . 2"^^^*/^^, where r is either root of the congruence l-t-48*r' = 0, 

mod. n. Thus, if n = 8^ — 3, y^ = ± 12-^/*, and, if n = 8^ + 1, yr = ± 2-^'*- 
Moreover, the two isolated roots of the equation, corresponding to the two roots 
of the congruence, are of the form 5c(=fc a + tj3), so that by a known result one 
is always conjugate to the other. Hence in one case the two isolated roots are 
i2~^^^ and — i2~^/* respectively, and in the other they are both 2"^^* or both 
— 2-^/*. 

•Weber, tec. c«., §76. 
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I have not succeeded in finding any simple criterion distinguishing these 
last two cases. It is however quite easy in any concrete case to reduce 
yr = x \{i+ 48r)/n} by continual application of the substitutions Tor (r, — 1/t) 
and S^ or (r, 2 + r) to the form ^x{i). For example, if n = 113 the roots of 
the congruence are r = 36 or 78 ; now using in succession the identities 
98«+ 1 = 113.85, 72« + 1=85.61, 50« + 1 = 61.41, 82»+ 1 = 41.26, 18* + 1 
= 25.13, 8* + 1 = 13.5, we obtain 

~ ^ ^( — « I 9 J = ^(*) = 2""^''*, so that in this case X = 24. 

I have tested in this way all the primes of the forms 4jp + 1 up to 113. In 
all those of the form 8p — 3, X is d= 6 in accordance with the theory ; for 
n = 17, 41, 97, ;i is 12; and for w= 73, 89, 113, ^ is 24. 

It is obvious that exactly like properties hold at each of the 24 points given 
by a?* = 2~*, and it is easily seen that there are no other branch places, since a 
branch place is clearly a fixed point of a substitution belonging to that subgroup 

T, "^ , J which leaves x(t) unaltered. From the known 
properties of the modular group it readily follows that of the three fundamental 
singular points r = qo , t = t, r = — — "^ ^ of the modular group, the last 

gives rise to no fixed point of a substitution belonging to our subgroup, while 
the first two give the branch places 0, oo , v' 2"* already considered. 
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§ 4. The Modular Equation for n =: 29. 
Using the properties quoted in § 2, we have for the equation 
— xy{l — 2^^a^y^) 

+ 29aa:V (1 — 2^® a^ 2^) 

+ 296 {x^^y^ + xV^) (1 + ^^W^) 

+ 29 (ciO^V + c^a'y^ + c^7?y'^) (1 — 2« x'^-y^^) 

+ 29 {d,a^f + d,x''y'+d,x'y'' + d^ a:^2/«^) (1 + 2*a:V) 

+ 29 {e,a^y + €^^'y' + e^^^y"^ + e,x'y'' + e^xy^) (1 - 2^x' y') 

+ a^ + 2^+29(/iX^y«+/3X^«y^+/2a:«y^«+/ia:V) = 0. 

where a, 6, Cj, Gj, dj, c^, e^, c^, 6^,/i, /^ are eleven integers which have to be 
determined. 

Substituting for x, y the q functions, q^^/{l + q) (1 + g^) . . . . and 

g^/^/ (1 + g^) (1 + g^) , we have an identity in q. It is convenient to 

divide by a:^ so as to get rid of fractional powers, and then to multiply by a 

power of (1 + g) (1 + g*) , so as to avoid as far as possible high indices in 

the binomials. If we retain only terms up to g^ we have 5 equations giving in 
succession Cj = 1, eZ^ := 9, c^ = 27, 6 = 23, a = 7. 

We next consider the factors of the modular equation corresponding to the 
case of complex multiplication given by ^ = x. Making this substitution and 
writing for brevity z for a*, the modular equation reduces to 

/{z) = — 1 + 29a2? + 6Sb7? +29Gs^+ 29Dz^ + 29^z* + (2 + 29i^z^ 

— 21 29 . ^ . z8 + . . . . + 2^* z^* = 0, 

where G=2c, + c^, D=2{d^ + d^), E= 2e^ + 2€^ + e^, F^^^ifi+A), and 
the coefficients not written down can be at once supplied if wanted from 
reciprocity. 

1. Corresponding to the expression of 29 as the quadratic form 4*+ 13, 
we have 



X 



C-±^)=^(-j3W) = ^<-'' + *^»> = '"''(^ + <^)' 



and it readily follows tliat 



" \ 29 ■/ ~ ^ \ 29 /= ea? (4 + »V 13) = X (6 + tV 13.) 

Thus yi=x (— 29~ ) — * W' ^^^^ t = 6 + iy/Ts, and similarly y, = a; (r). 
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Thus z = a*(6 H-iVlS) is a repeated root of y][z) = 0. But the modular 



equation forn = 13 gives x^ (tV 13) = j , so that z = j ; ration- 

' alizing this we have 42? — 625 — 1 as a repeated factor of /{z). 

2. Similarly from the expression of 29 as 1^ + 28, we deduce 

whence 



y» 



^ ^(^ 2.48+(. + <^7) ) ^ ^^ ( - U + .V7 ) ^ ^^(.^^^ ^ ^(, ^ .^,^ 



and similarly ^5 = x for the same value of the argument. From the modular 
equation for n = 7 we have x{W7) = 1/V2, so that z = x^{6 +tV7) = — 1/4; 
we have therefore the repeated factor 4z — 1, and by reciprocity we have asso- 
ciated with this the factor « + 1, and therefore the repeated factor 42? + 32s, — 1. 

^is/ 29 \ 

3. We have obviously x (^ ^^ ] = x {W 29), i. e. j/q =x, when r = iV 29; 

and there are also associated with this two values ^ , for which we 



have respectively yi'=='X and y^::=x. We might quote the values of x(iV29) 
from Weber's table,* but I purposely use only results connected with modular 
equations of lower order thau the one under discussion. 

' We have now accounted for all the factors of /(z), so that 

— /(z) = (l + 6z — 42?)2 (1 + 32— 42^)* (1 + az + /32» + yz»— 2«/3z* 

+ 2*az*— 2«2«), 

where the last factor corresponds to the values just discussed. 
Equating coeflScients of z, 2?, 2?, we have 

= 18 + a 

— 29a =101 + 18a + i3 

— 586 = 108 + 101a + 18^ + y, 

whence, a and & being known, a = — 18, ^=20, y=16. We have thus 
shown that a:(«V29) satisfies the sextic equation 

1 — I82; + 202^ + 162^— 2^ 2O2;*— 2*. I82;*— 2^sf^ = 0, 

which agrees with Weber's equation. 

*Loc. cit.^ pp. 499-504. 
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Equating coefficients of 2^, 2*, ^^ z^, we now deduce 

(7=8, Z) = — 376, ^=432, 1^=2,966, 
whence 

C2= — 46, (^2 = — 197, 2^8 + 68 = 430, /,+/a= 1,483. 

We now want one more equation connecting e^ and e^ and one connecting 
/i and /j. These might be obtained from the complex theory arising from 
y=iBx or ^ =: 6^x, and I originally obtained the missing coefficients by this 
method; but it is perhaps a little simpler to use the property given by §3. 

When T = t, or x = 2"^^^*, two of the roots of the modular equation are 
isolated and equal to ±t2"^^*; the rest are equal in pairs. On substituting 
X = 2"^* and, for convenience, y = 2""^^*>7> w© have consequently 

1 + >7 (2 . 29 . 61— 2^) + >72 22. 29 . dj + >?». 2^ 29 . Cj + >?*. 2*. 29 . 6 
+ >7^ 29 {2^a—2ei) + >?•. 29 ./j 4- >7l 2 . 29 . 63 + >?». 2*. 29 . d^ 
+ >7*. 2». 29 . Ci + >7^^ 29 . (2«di + 2* 6) — >?" 2 . 29 . 6^ + n^^. 29 ./^ 
+ >7i». 2 . 29 . 68 + Yi^^. 2\ 29 . (^2 + >7i^ + >7^«. 2«. 29 (ig — >?". 2 . 29 . 68- . . . 
+ >7» (— 2 . 29 . 61 + 2^) + >7» = (1 + >7^) (1 + Aji>7 + A:,>7» + Ai>7». . • . 

Equating in this identity the coefficients of >?, >7^ ,>7^ we obtain successively 

fci = — 35, A:^ = — 91, A^ = — 18, Aj^ = 44, Ajj = — 46. Equating coefficients 
of >7^, >?•, we obtain ^^ = 100 and A;y= +54. Equating coefficients of >7*, rp^ 
we then obtain /^ = 185, 62 = 0, whence, from the values already found, e^ = 430, 
/a = 1298 = 2 . 11 . 59. Thus all the coefficients of the modular equation have 
been obtained. If in our identity we further equate coefficients of 17^^, VS V^^t 
J7^', >7*S we obtain 5 new relations between the coefficients which may serve as 
equations of verification. 

Collecting the results, we see that the modular equation for n = 29 is 
of the form written at the beginning of this paragraph, with the numerical 
coefficients : 

a = 7, i = 23, Cj = 27, (^ = — 46, <?, = 9, <^ = — 197, 

ei = l, <i! = 0, «%=430, /i=185, /,= 1,298 = 2.11 . 59. 
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§6. The Modular Equation for n=31. 

As before, the equation is 

— xy{l + 2i*^a^y») 

+ 31 .a.x^y^{l + 2^a^y^) 

+ 31 {b,7^^7/' + b,x'y' + b,a?y'') (1 + 2W^y^) 

+ 31 (c^x^V + ^B^J^V + csx^'y'^ + C8X*y* + c^a^y"') (1 + 2«a5^y»«) 
+ 31 {d^7»y + d^oi^'y^ + d^a^' y' + d,^^y^ + d^x' y^' + d^x'y^ 

+ d,xy^) (l + 28aV) 
+ a" + y^ + 31 (ci x«^2^ + eia»*s/» + 68a:»y^« + e,ai«y" 

where a, ij, &2^ ^n ^2; ^i ^i ^^ ^> ^4> ^u ^; ^^ ^4 ^^^ fourteen integers 
to be determined. 

If we substitute, as before, the g^-products for a, y, divide out by ary, 
multiply by { (1 + fi') (1 + 2^) }**, and expand as far as q', we find successively 

di=l, Ci = 8, &i=13, a =3, 6i = 25, (22= — 256, Cjj = — 205. 

Let us consider next the complex multiplications of the type y = 6*a;, which 
arise from the resolutions 31=2^ + 27, 31 = 4^ + 15. We verify at once 
that «](— 1 +»V27)/31t = 6*a;(— 2 + tV27), so that 6''^x{W27) satisfies 
the equation y = ^x. From the known modular equation for n = 3 we find that 
2=x*(»V27) satisfies the cubic equation 1 — 6O2 + 482? — 642? = 0. 

Similarly y^ = a;{(9 . 48 + 6 + t\/T5)/31 \ = ^x{6 + tVTS), so that 
05(6 + tVl5) = 6*a;(i\/l5) is also a solution of y^^^x. From the modular 

equation of order 19 we have a:'(tVl9) = — ^l — f ^^ ^^^^ 2; = a?(iVl9) satis- 
fies the quadratic equation 1 — 242; + 642? = 0. 

If in the modular equation we put (to avoid imaginaries) jc = ei^, y = e'^, 
we get an equation of degree 10 in 2: = ^•y satisfied by a:'(tVl9) and a?(i\/27), 
of which we have just found a quadratic and a cubic factor. Using reciprocity 
we obtain the remaining factors. 

We thus have the identity 

1 — 31a2— 315' 2?— 31^^—312)' JS* + (1 — 31^02*.. ••+ ^^^^^^ 

= (1 — 6025 + 482?— 642?) (1 — 625 + 6O2?— 82?) (1 — 24z+642») (1 — 32J + z«), 

B' = — bi + &2, C' = — Cj — Cg + c^, 

D' = 2d^ — d^—d^ + d^, E^= ie^ — e^— e, + e^. 
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Equating coefficients^ we obtain 

a = 3 (verifying the previous result), 

J?' = — 77, C' = S34, Zy=— 6,100, ^'=24,295; 
whence 

62 = — 64, C8=637, €^—^4= 6,358, Cg + 63 — C4 = — 24,245. 

We can now obtain two more equations from the complex multiplication of the 
type y = x. It is easily verified that if 

1 + tV3 u 1. _ /27 . 48 + T\ , _ /7 . 48 + T\ 
^= 2 ,eachofygy = a?(^ 31~>) *^^ ^7 = ^ (^ 3l"/ 

is equal to ^(t); so that ^(— ^^^) ^^ * repeated root of y = a;, and this 
quantity is well known to be 2~^^*. We have also obviously 

so that X (t V^) is another root of our equation, but we do not assume this 
quantity to be known. 

Using reciprocity, we now have, on putting ^ ^ x in the modular equation, 
and then writing z for a?, 

(1 — 31az— 31 B^—31 C^ — Sl Dz*— (2 + 31JF) z» + 2» z*') 

= (1— 2z)*(l — 4z)»(H-az + /3a?' + yz» + 2'»/3z*+ 2«az»+ 2» z«), 

where a, ^, y are at present unknown, and 

5=26i + Jgsz — 38, <7=2ci+ 2c8 + q,= 243, 

I> = 2<i + 2<ij + 2d;, + ^4, ^=2c, + 2e,+ 2c8+e4. 

Equating coefficients of z, ^, 7?, we have 

a — 12 = — 31. a, /8— 12a + 62= 31 . 38, 

y — 12/8 + 52a— 96 = — 31. 241; 
whence 

a = — 81, ^=154, y = — 1,377. 

Equating coefficients of 2*, ^, we deduce 

Z> = — 1,084, ^=3,598; 
whence 

<^= 1,928 = 2*. 241, (^4 = - 4,430, e^ = 17,346= 2.3. 7». 59, «% + e8=— M*^- 
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We have shown incidentally that z = a:^(i\/31) satisfies the equation 

l_8l2+ 1542*— l,377z*+ 2». 1542* — 2«.81z*+ 2V = 0, 

agreeing with Weber's result. 

We still want one more equation connecting e^ and e^. This can be obtained 
from complex multiplication of the type y = ex. Corresponding to the resolution 
31 = 5' + 6, we easily find that if 

so that X ( — 1 + i\/^ is a solution of y = bx. But from the modular equation for 
n = 7 we have sc* ( — 1 +tV^) = c"^ (2 — \/5)/4. If therefore we put y = ca: and 
then a;* = €"^z, the resulting equation in z is satisfied by (2 — V2)/4. The 
equation is 

_ 1 _ 2^^7^^+Slaz{l + 2^2f^) + 31JB"z«(l + 2V) + 3lG":f{l + 2«2^) 

+ Zliy ^ (1 + 2»2?) + (— 1 + 31^ V = 0, 

where 

J?" = 5, + 6„ C7" = — Cj + C8 + ci, 

Zy' = — 2^1 — ^2 + c^ + ^4, E"=z—2e^ — e^ + es + e^. 

Putting 2 = (2 — \/5)/4 and substituting the known values of a, B", C\ jy\ 

we obtain 

W^ = 7,903, whence e^ — e^= 9,393, 

and, since we know 62 + ^9 

€i= 1,247, 63 = — 8,146. 

Summing up the results, we see that the modular equation for n = 31 is of 
the form written at the beginning of this paragraph, with the numerical 
coefficients : 

a = 3, 6i = 13, 62 = — 64, Cj = 8, Cg = — 205, Cg = 637 = 7*. 13, 
d^znl, (22= — 256, (28=1,928 = 2^.241, (^4 = — 4,430, <5x=25, 
€^= 1,247 = 29 . 43, <% = — 8,146, e^ = 17,346 = 2.3.7*. 59. 

I have checked the accuracy of these results by carrying the expansions as far 
as g^, and further by verifying that when t = i, x= 2"^^*, the roots of the 
modular equation are all equal in pairs. 
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§ 6. Tfie Modular Equation for n = 37. 
The equation is 

+ S7{a,a^y' + a^a^''j/' + a^7f'y'+(h^j/' + a^x'y'^ + a,a?y^){l + 2^ 
+ 37 {b,^y + h^^'if^ 4- Ih^'y"" + i^a^y' + ftfiX^V + \^}^^ + h.^^y'^ 

+ *» + y" + 37 (cja^y* + c^a^y* + ••.. + c,a:»3^» + c»xi»y« + . . . . 

+ C2aJ*y*^ + CiX*y") = 0, 

where a^^ Oj, Og, &i, f ^if <hf > ^ ^^^ nineteen integers to be determined. 

If we substitute, as before, g^-products for x, y, divide by ay, multiply by 

K^ + S') (1 + 3*) \^9 *^^ expand as far as 3^, we get in succession 

61=1, «i=5, ^1 = 3, 62 = — 1^8, 

02=51, C2=119, 63 = — 333, 08 = 133, 

Cg = 2,073, 64 = 540, C4 = 16,558, 65 = 4,806, 

and have also one superfluous equation serving as a verification. 

It is now possible to complete the calculation by means of the property 
of § 3. When t = i, aj = 2""^^*, we have two isolated roots, viz. y = =fc i2~*^*, 
of the modular equation, and the other roots are equal in pairs. If therefore 
we put X = 2~^^*, y = 2""^^*>7, the left-hand side of the modular equation reduces 
to 1 +>7* multiplied by the square of a polynomial in r^ of degree 18. By 
reciprocity only 9 coefficients in this polynomial are independent, and by means 

of the known coefficients Oi, Oj, 03, Jj, , &61 ^u • • • •, C4, they can readily be 

computed by equating coefficients, or by extracting a square root. The left- 
hand side of the modular equation is thus found to reduce to 

(l+yj^) (1— 108>7 + 143>7«— 432)7»— 270>7*— 792^7*^— 1,026)7« 

_ S6W— 605>7»— 900V + 606yi^^— 864)7". • • •— >7^T 
Equating coefficients of >7^®, j;", yj^, 17^', >7^*, >7^*, >7^®, we obtain in turn 

Cg = 66,994, &3 = 11,556, C3 = 157,454, 67 = 16,031, 

C7= 221,234, C8 = 179,655, 09 = 88,617. 

By equating the coefficients of V^ >?" w® have two equations of verification. 

Thus, finally, the modular equation is as written at the beginning of this 
paragraph, with the numerical coefficients: 

ai = 5, 02=51, 03=133 = 7.19; 61=1, 62 = — 108, 6^ = — 333 
= — 31 37, 64 = 540, &6 = 4,806 = 2 . 3^ 89, 6, = 1 1,556 = 2». 3». 107, 
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• 

67 = 15,031, Cj = 3, Cjj = 1 19 = 7 . 17, 03 = 2,073 = 3 . 691, C4 = 16,558 
= 2.17. 487, C5 = 66,994 = 2 . 19 . 41 . 43, c« = 157,454 = 2.11.17. 421, 
Oi = 221,234 = 2 . 13 . 67 . 127, 0^ = 179,655 = 3 . 5 . 7 . 29 . 59, 09 = 88,617 
= 3. 109.271. 

We can now use complex multiplication for further verification of the 
coefficients. I have in fact worked out most of the cases, but I reproduce only 
one. Corresponding to the resolution 37 = 3^ + 2^ 7, it is easily verified that, if 
r = 2 + tV 7, yg = ^35 = a: (t) ; so that a (2 + tV 7) = cjb (iV 7) is a repeated 
root of the equation y ^=x. Making this substitution in the modular equation 
and writing for brevity z = a^, we have 

/{z)=l — 2^»2«— 37^ (1 + 2^ JS*)— 375«« (1 _ 2* z») — (2 + 37C7)z» = 0, 

where • 

^ = 2 (oj + a, + Os), £ = 2 (&i + . ... + &(,) + 67, C=2{c, + .... + (^). 

« 

From the modular equation for n = 7 we have x {i\/7) = 2"^^^, whence 
2 = — 2"*; associated with this by reciprocity we have z = 1. 

Thus f{z) = {l + 63z—2P^y {l+2a — 2^^), where the second factor 
corresponds to z = a5*^(f\/37). 

Giving A its known value 378 and equating coefficients of z, we have 
X = — 14,112. Equating coefficients of 2*, 2?, we have 5 = 47,955, 
(7= 1,465,414; agreeing with preceding results. The residual factor gives 

82; = — 882+ 145V87 = (V37 — 6)^ 

80 that 

2aj*(iV37) = \/87 — 6, 

which agrees with Weber's result. 

I have to express my thanks to Miss H. P. Hudson, of Newnham College, 
who has helped me materially by carrying out some of the calculations 
independently. 

Kinoes Collbob, Cambbidob. 



On Translation- Surfaces Connected with a Unicursal 

Quartic. 

Bt John Eiesland. 



In a paper published in Vol. XXIX of the American Journal of Mathe- 
matics I have found and discussed all the types of algebraic translation-surfaces 
that can be generated in four different ways. Surfaces that admit of such fourfold 
generation were discovered by S. Lie, who in a series of papers* made known 
their general properties and method of analytical representation. A historical 
introduction to this interesting subject may be found in a paper published by 
Georg Scheffers in Acta Mathematica, Yo\. 28^ 1903, where also an independent 
treatment of certain parts of the theory is given. 

With the exception of two theses by R. Kummer and Georg Wiegner f no 
detailed study of these surfaces has been undertaken, although^ as G. Scheffers 
remarks,! such investigations promise sufficient results to justify the effort. 

Owing to the large number of types of translation-surfaces admitting of 
fourfold generation, I limited myself in my former paper to the consideration of 
algebitiic surfaces, reserving the investigation of transcendental surfaces to these 
and future investigations. 

As is well known, all surfaces of this kind are closely connected with a 
quartic curve, irreducible or not, in the plane at infinity. All surfaces corre- 
sponding to projectively equivalent quartics are said to belong to the same type. 
It was found that all algebraic surfaces correspond to a untcursal quartic having no 
double or triple points with distinct tangents. (The correspondence here mentioned 
will be explained in what follows.) 

The remaining unicursal quartics give rise to transcendental surfaces, the 
study of which is the object of the present paper. 

•BtrUhU der Koniglieh, Saeh. OesOU, der WU$., 1896 and 1897. (Sea Bibliography.) 
t Georg Wiegner, Diuertation. Leipzig, 1898. 
XAeta Math., toL d8, 1904, p. 90. 
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Since the whole theory, according to Lie, is intimately bound up with 
Abel's theorem, the following pages may also be looked upon as a study of 
Abelian Integrals of the first kind with respect to a unicursal quartic. 

The method of constructing translation-surfaces with a fourfold mode of 
generation is based on a theorem by Lie,* viz. : 

If on a translation-surface tJiai can he generated in more than two ways we 
draw tangents at any point along the four generating curves ^ the intersection of these 
tangents urith the plane at infinity is a curve of the fourth order. 

Conversely y if we suppose given in the plane at infinity a curve of the fourth 
order y there exist always infinitely many ( oo *) surfaces generated in four ways, 
whose tangents along the generating curves cut the plane ai infinity along the given 
curve. 

The coordinates of these surfaces are expressible as the sum of any two Abelian 
integrals with respect to the four points of intersection of a variable straight line 
with this quartic curve. 

Every direction in space is determined by a point in the plane at infinity ; 
the direction of a line joining a point to a consecutive point is determined 

dix du 

whenever the ratios ,- and ^ are given. We may therefore, with Lie, con- 
sider these ratios as coordinates i^, 97 in the plane at infinity. 

Let there be given in this plane a quartic curve -F(^, ^7) = ; in order to 
determine the translation - surface, according to Lie's theorem, we form the 
Abelian integrals 

^-•/ F\,: ^-J J^\,^ ^-J i^,,/ 

whose limits we fix as follows : We suppose the quartic cut by a fixed and a 
variable straight line; denoting the abscissas of the point of intersection by 
^9 ^If ^8; ^4 ^^^ ^1} ^2f ^S} ^i respectively, we choose the former as the lower 
and the latter as the upper limits, so that we have 







*StriclU» dtr 8aeh. OetaU. dtr WUt., ToL 48, 1896, p. 197. 
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Now by Abel's theorem we have (the constants ^ being properly chosen) : 

*, + <D, + <I>, + <D4 = 0, 

X, + Xj + X8 + X4 = 0, 
from which it follows that 

<I>l + <I>g= — *8 — 4>4, 

^1 4" ^ = ^3 ^4> 

SO that the equations 

x = <Di + <D2, y = % + %, 2 = Xi + X, 

represent the same surface as 

« = — <D3— <D„ y=_ip3_tp^, 2= — Xs — X,, 

a translation-surface generated in four ways, as is seen from the double mode of 
representation. 

If the quartic is irreducible, the integrals ^^ have the same form ; the same 
is true of the V's and X's. The curves ^i and ^j cover the surface twice and are 
all parallel to each other and similarly placed. The curve ^i = i^s is a special 
asymptotic line on the surface and the envelope of the curves ^i = const, 
gg z= const. The same is true of the curves ^g and ^4 which have for envelope the 
special asymptotic line i^8= ^4- The surface may also be considered as the locus 
of the middle points of all chords of the curve ^1 = ^2 or of the curve ^, = ^4. 
It should be noticed that the surface is symmetric with respect to a certain 
point which, by properly fixing the lower limits of the integrals, may be taken as 
the origin ; it has therefore a center. 

I. 

We shall begin with a quartic having three non-consecutive double points; 
by a projective transformation (real or imaginary) the curve may be thrown into 
the form, using a;, y instead of £, 97, 

a^+ y^— 2aay + off^—ihofy— 2cxy* = 0, (1) 

in which the double points are placed at the vertices of the triangle of reference. 

In order to find a suitable parametric representation we intersect the curve by 

the hyperbola 

ay + pa? + cry = 0, (2) 

which passes through the double points ; let it also pass through the point of 
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intersection of y = wx with the curve, m being one of the roots of the equation 

m* — 2am + 1=0. This point is easily found to be — ^ , 2(6 + inc). 

Now in order that the hyperbola (2) shall pass through this point, the following 
relation between p and a must exist : 

m(T + p = — 2(6 + mc). 
Substituting the value of a; from (2) in (1) we have 

(a* + 2cor + l)y* + 2(p + acr — Jo* + cap)y + a* + p' + 2ao'p = 0, 

of which y + met + p is a factor. There remains therefore, after dividing the 

expression, 

(a^ + 2ca + l)y + p + {2a—m)a, 

which gives us the required parametric representation: 



a+o 



y = ;s 



(1 — fn')p+ 2{b + mc) 



o« + 2c<T + 1 "" p' + (46 + 2mc) p + m* + 46* + 4bmc ' 



X 



_ — (or -I- mp) _ (1 — ffl') p + 2 (6 + mc) 
~ p*+ 26p+ 1 ~ m (p" + 2Jp + 1) • 



We also find 

_ (1 — w') p' + 4 (6 + too) p + 46 {b + fnc) + m?— 1 
*"~ (p«+2ip+l)« 



do 



and 



K) = j^^[.i.^-<^)y + <y + <^'] 



a»y 



(y + p) 



s 



r (l - m') p« + 4 (6 + wc) p + 46 (6 + fflc) + m«— 1 
L <T»+2c<y+l 



]- 



^ _ — (y + p)'^^-^^^-!) . 



-^Of) 



<T«y(p«+26p+l) 



(T*y»(p'+ 26p+ i)« ' 



but 



hence 



^— <^y' _ _ (q + wp)' 

(y + p)'~ (p'+26p+i)«» 



dx 

xdx __ 
ydx 



do 



(1 _ i„«) p 4- 2 (6 + mc) » 

^P 

m (p* + 26p + 1) ' 

do 
p* + (46 + 2mc) p + w* + 46» + 46mo * 



(3) 
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The surface may now be written, putting 

and dropping the primes, / 



/ dpi n <^p8 
p! + 26pi + 1 ■*" J pi + 26p3 + 1 ' 

dfi 

pi + (46 + 2mc) pi + m^ + 46^ + 46mc 



-/p! 



^ 



T" J p5 + (45 + 2mc) Pj + m« + 46^ + 46mc ' 



(3') 



Z = 






The discriminants of the three quadratic equations 



p? + 2&p, + 1 = 0, 

pi + (46 + 2mc) pi + m^ + 46» + Ahmc = 0, (4) 

m^ — 2am + 1 = 

are V — 1, m^{(? — 1), a* — 1, respectively. If therefore 6, c and a be greater 
than unity, the integration will give rise to logarithmic functions. In case 
either &, c (or both) is less than unity, while a is greater than unity, antitrigono- 
metric functions instead of logarithmic will be introduced in the equation of 
the surface. These cases will be discussed later. If a is less than unity the 
surface (3) is apparently imaginary, although in reality it is as real as in the 
three preceding cases; this case, therefore, needs separate treatment For the 
present we need not distinguish between the different cases; we shall integrate 
without regard to the sign of the discriminants of (4), it being understood that 
whenever 6, c, or both, are less than unity the surface may be thrown into a real 
form by introducing trigonometric functions in the coordinates X and F. This 
remark is also applicable to the case where all three parameters are less than 
unity, but, as we have said before, a separate treatment is needed. The 
geometric interpretation of each of the four cases will also be explained hereafter. 
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Calling the roots of the first two equations (4) aj, /3i; Oj, /dg respectiyely, 
we have after integrating: 



X= 



F= 



Z= 



1 ,._ (pi— «i)((>»— ai) 

J_ _ |_„ (Pi - «») (P8 — «») 



log (Pl — ^) (p8 — ^) , ^ = — 



__ 2 (6 + wic) 



1 — TO* • 



By using the transformation 2Vl^—lX=X', 2V?--^ F= F', Z=2', 
these equations may be written : 

■-r _ (Pi — «i) (P« — ««) .V - (Pi — ««) (P» ~ ««) fiZ-ro -A,Uo. — *,^ 



or, 



Pip8 — *i (pi + pa) + ^ — «^= 0, 

(1 -O PiP»-(ai — /Si**) (Pi + p*) + «!- /Sfe^ = 0, 
(1 — c^)piP8-(a,-i3,e^ (px+ P8)+ of — i^e^ = 0, 



from which by elimination we obtain 



1 

l-e^ 
\ — e^ 






A^- 



<4 






= 0, 



which expanded may be written 

where the coefficients have the following values : 



A — {ai- 

2) = a2 - 
0= ai- 



h (aj + og) + Af], 






(6) 
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These coefficients are not independent; in fact, the following identical relation 
is easily seen to exist between them : 

EGAF= EDGE, (6) 

which is of fundamental importance. 

We have then the 

Theorem: To a unicursal quartic having three double points with distinct 
tangents there corresponds a translatum'Sunrface of the form 

A + Be^ + Ge^ + De^ + j&e^+^ + Fe^^^ + Ge^^^ + JTe^+^+^= 0, (5) 

tjoith the following identical relation between the coefficients: 

EGAF—HDGB. (6) 

There exist oo^ types of such surfaces corresponding to the oo' prqjectivdy non- 
equivalent quartics with three non-oonsectUive double points. 

Every surface (5) has a center which is found by putting X = X' — f , 
F = Y' — yjy Z=^Z' — ^ in (5). After this transformation the new coefficients 
A, B\ Cf , ^ must satisfy the following conditions : 

A = — H',B' = — G',C' = -E\ D' = - F'i 

we find then the following equalities : 

£ + ,7 + f = log(|;), 

^ + ^_^ = log(|.), 

^ + |_„ = log(§), 

^ + „_^ = log(J). 
Solving the first three equations, we have 

which values are found to satisfy the fourth equation, owing to the relation (6). 
The surface has now the following simple form : 

A (1-6^+^+^) + B' (e^+^— e^) + G' (6^+^— e^) + Z?' (e^-^y—^) = 0, (8) 
whose center of symmetry is at the origin. 



Eiesland: Translation' Surfaces Connected with a Unicursal Quartic. 177 

Remark. A translation X = X' — 2 nTtt, F= Y — 2nnif Z=^ Z' — 2 n 7ti, 
where n is any positive or negative integer, leaves the surface invariant^ while 
a translation X=^X' — nni^ Y=^Y' — nni, Z=Z' — nni transforms it into 
a real surface whose center of symmetry is at the point nni, nni, nni, viz.: 

^(1 + e^+^+^) + 5'(e^+^ + t^) + a' (6^+^ + e^) + Z)'(^+^ + e^) = 0. (9) 

Before proceeding further we shall introduce a few definitions due to Lie : 
If we transform a twisted curve in the space {x, y, z) by the transformation 

ai = ^a;. yi = (^y, Zi = vz, (10) 

we obtain a family of oo ' curves which evidently remains invariant for the trans- 
formation. We say then that tJiese curves belong to the same species (Gattung). 
The same definitibn may also be extended to surfaces. ^ 

Another fruitful idea due to Lie is the logarithmic transformation : 

X = loga;, F=logy, Z = log z, (11) 

where {x, y, z) is the so-called logarithmic space, f 
Consider now all the curves of the same species, 

x = X.q>{t), y = (i.'4^{t), z=zv.x{t)i 

transforming by (11), we have 

X=\og^it) + log;i, Y= log^(0 + \og(i, Z=logx{i) + ^ogv, 

by which we obtain in the space {X, Y, Z) all the curves that are parallel to each 
other and similarly placed. Bence: 

To all the co^ curves in space {X, Y, Z) obtained by the <»' translaiions of a 
twisted curve there correspond in the space (x, y, z) all the co^ curves of the same 
species. This is also evident from the fact that to a translation in {X, Y, Z) 
corresponds the affinity transformation (10). 

Moreover, to the transformation -Sr= — X, F= — Y, Z -=> — Z (the 
so-called reflexion, Spieglung) corresponds the involutary transformation 

The general involutary transformation 

X y z 

•See Lie-Scheffers, Beruhr, Tran»,^ pp. 881 and 884. t JiMd., p. 856. 
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may be considered as a succession of the transformations (10) and (12)^ so that 
we may say : 

To the general invoiutary transformation (13) in the space (x, y, z) there corre- 
sponds a reflexion of all the points of (X, F, Z) tcith respect to the point {log X^ 
log (I, log v). 

If now we apply the logarithmic transformation to the surface (6), we obtain 
the cubic surface 

A + Bx+ Cy + Dz + Exz + Fxy + Gyz + Hxyz = 0, (14) 

the coefficients of which satisfy the same relation as before^ viz. : 

EGAF=HDCB. (6) 

These oo^ surfaces remain invariant by the invoiutary transformation (13). The 
transformed surface is : 

Axyz + XByz + (i Gxz + vDxy + XvEy + fiXFz + v(iGx + Xfiv H= 0, 

which is evidently of the same form as (14) with the same relation (6) between 
the coefficients. 

From the above it is easily seen that there is one set of values of X, fi, v 
which will leave the surface invariant^ viz. : 

. AG EA _AF ,^^. 

^-BH' ^-GH^ ""-HD' (^^) 

as is easily verified, taking into account the identical relation (6). To the trans- 
lation curves on (6) correspond the double set of twisted cubics on the surface 
represented by the equations 

^ — (Pi — <h) (p2 — tti) 
(Pi-ft)(p.-ft)' 
^ _ (Pi — g8)(fe — 03) (16) 

^"(Pi-ft)(p.-ft)' 

2=(pl — ^)(P8— ^)- 

The curves p^ = const., ^ = const, constitute a family of curves of the same 
species which cover the surface doubly and may therefore be considered rather 
as two families, both made up of curves of the same species. By means of the 
invoiutary transformation 
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where \ (ly v have the values given in (15), we obtain the same surface, but in 
another analytic form, viz. : 

^ ^ ;^ (Ps - /?l) (P4 - jgl) 

^ (p8 — ai) (pi — ai) ' 

y^^^i p-m?^-^^ (;7) 



% 



(p8 — ^2) (P4 — 1^2) ' 
V 



(ps— *1)(P4— *l)' 

on which the curves ps and p^ are two families of the same species. We thus see 
that the involutary transformation (13) has transformed the curves pj = const., 
P2 := const., into pg = const., pi = const., each pair of families belonging to the 
same species ; while any two curves belonging to diflferent pairs are of different 
species. We may therefore say : 
The surface 

A + Bx+ Cy + Dz + Exz + Fxy + Gyz + Hxyz = (18) 

contains two pairs of families of curves^ each pair consisting of curves of the same 
species. The surface may he generated by performing on any one of these curves 00^ 
affinity transfer matums; that is, the surface admits of a fourfold mode of generation.* 
This surface is thus seen to be analogous to the surface 

Ayz + Bzx + Gxy + Lx + My + Nz = 0, 

which, as S. Lie has shown, f has a similar mode of generation; it has four 
families of curves; viz., the two sets of generators and two families of cubic 
curves. By the inverse of the logarithmic transformation this surface is trans- 
formed into a translation-surface 

^6^+^ + Be^^^ + Ce^-^y + Le^ + Me"" + Ne^ = 0, 

which corresponds to the case where the quartic degenerates into two intersecting 
conies. X Whenever this happens the curves belonging to either pair (a set of 
generators and a family of cubics) are not of the same species ; this is due to the 
fact that since the surface (JT, Y, Z) corresponds to a degenerate quartic (two 
conies), the functions <I>i and <I>8 (see p. 172) are of identically the same form, and 

*By fourfold mode of generation we mean in this case that the same surface may be represented in two 
different ways, namely (16) and (17). The phrase /<mr/oZd mode applies here to the logarithmic space (z, y, z). 
fG. Scheffers, Beriihr, Trans, y Vol. I, pp. 850 and 864. 
tibid. 
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likewise <I>2 and 4>4 , while 4>i and <I>2 and also <I>8 and <I>4 are not ; the same is also 
true of the *'s and X's. 

Conversely, let the surface (17) be given. Since we know that it contains 
two pairs of families of curves, each pair being of the same species, and that 
either pair by the reflexion (13) is transformed into the other, we conclude that 
the surface- 

A + Be^+Ce'' + De^ + E^^^ + i^e^+^ + Ge^^^ + Jffe^+^+^ = (18) 

is a translation'Surface containing two pairs of families of translation-curves^ and 
thus admits of a fowrfold generaiion. 

Let the surface (18) be referred to its center of symmetry as origin, writing 
it as before 

A (1 _e^+v'+^) + B^ (c^+^ —e^) + a (e^+^ — e^) + U (e^+^ — e^) = 0. (8) 

Putting -Z'=— -Z, F= — Y, Z=z — Z and subtracting the result from (8), 
we have 

A (e-<^+^+^ — e^+^+^) + B' (e-<^+^ — e^+^ + e"^ — ^) 

+ (7'(c-^+^ — e^+^ + e-^ — e^) + 2)'(e-<^+^ — e^+^ — e^ + e^^) = 0. 

If now we employ the transformation X = t Zi , F = t Fj , Z = i Zi , and 
reduce, this equation takes the form 

A sin (Xi+ Ti + Z,) + B^ [sin ( T, + Z,) — sin XJ + G' [sin {X, + T,) — sin ZJ 

+ Z)' [sin (Xi + Zi) — sin FJ = 0, 

which again reduces to 

A sin i {X, + Fi + ^i) + 5' sin i ( ri + Zi — X,) + C sin \ (X^ + F^ - ZO 

+ J9'sini(Xi+ Fi — Z0 = O, 
and Anally, putting \Xi=X, \T^=T, \Z^ = Z, * 

^sin(X+ F+Z) + 5'sin(F+^— X) + C''8in(X+ T—Z) 

+ -D'sin(X+ Z— F) = 0. (19) 

This transformation, it will be noticed, has no eflfect on the corresponding quartic 
in the plane at infinity. In the new space (tX, i F, iZ) the surface appears as 
a real surface with three real periods, while in the original space it had three 
imaginary periods. They both belong to the same type, provided a, h and c in 
the quartic have constant values. They are, moreover, very different in form : 
the surface (19) is contained in a cube whose side equals tc, and the whole of 
space being divided into such cubes, each one contains an exact reproduction 



Eiesland: Translation' Surfaces Connected with a Unicwrsal Quartic. 181 

the surface in the original cube. The surface (8) shows no such periodicity, the 
periods being imaginary. It is thus seen that leaving the quartic curve in the 
plane at infinity invariant, we can express the corresponding surface either as a 
surface having imaginary periods , or as one having real periods. 

We may express the above results in the following 

Theorem : To a unicursal quartic having three non-consecutive double points 
with distinct tangents there corresponds a translation'Swrface of the form 

A + Be^+Ce'^ + De^ + Ee^+^ + F^^^ + Ge""^^ + Jffe^+^+^ = 0, 

with the following identical relation between the coefficients : 

EGAB = EDGE. 

The swrface^ when transformed to its center of symmetry as origin, takes the form 

A{1 — e^+^+^) + 5' (6^+^ — e^) + G^ {i^^y — e')j^D' (e^+^ — e^) = 0, 

which by means of the transformation 

X=2tXi, r=2tTi, Z=2iZi, 

may be put into the form 

A sin (Xi + ^1 + Z,) + 5' sin (Fi + Z^ — X^) + G^ sin {X^ + Y^— Z^ 

+ D' sin (Xi + Zi— Fj) = 0. 

Remark. If in (19) we put T + Z— X = X^, X + Y—Z= T^, 
X + Z — F = ^1 , the equation becomes 

A sin (Xi + Fi + Zi) + jB' sin X^ + G' sin Fj + D' sin Z^ = 0, 

which for certain purposes may be simpler and more convenient. 

II. 

In the case where the three double points have imaginary pairs of tangents 
(the three vertices of the triangle being conjugate points), the parametric represen- 
tation of the quartic that we have used (p. 173) becomes inconvenient, if we want 
the surface in a real form ; in fact, ki becomes imaginary with m, since 9n is a 
root of the equation m^ — 2am + l=0, a now being less than unity. To avoid 
this difiSculty we must find a suitable parametric representation. 

We write the quartic as before, 

aj^ + y*— 2aajy + aj*y^— 26a?y— 2cajy* = 0, (1) 



or. 



i+^-^ + l-^-?-^ = 0, (2) 

7? jf xy y X ^ ^ ^ 
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from which it is seen that a parametric representation of (1) may be found by 
obtaining one for the conic 

(see Salmon's Higher Plane Curves, p. 244 *), obtained by putting a:i = - , y^ = - ^ 

X y 

Zi = - in (2). Since a, h and c are all less than unity, this conic (in general an 
ellipse) lies wholly inside the triangle of reference. Transforming the origin to 
the center f v"^ -« i . r h ^^ have 



»i + yi — 2aaiyi = 



- - _ a« + 6« + c«+ 2a6c— 1 __ IP 



a' 



1—d 



2> 



from which it appears that the ellipse, and hence the quartic, is real whenever 
R^ is positive. In order to express i, and yi in terms of a variable parameter p, 

we pass a line y = px + a through the point f . ^, Oj and find the second 

and variable point of intersection, which is 



«\ > 



and hence, 



Vi ^ 



VI— o»(l — 2op + p«)' 



a^ = Xi + ^ = 

yi = yi + * = 



(p'-i)g 



c-fai 
+ "i -8 » 



Vl — a2(l— 2ap + p'') ^ J— a' 



2p(ap — 1).R 



+ 



6 + ac , 



V 1 — a*(l — 2ap + p') 1 — a* 
so that we finally have the following values for x and y on the quartic: 

^ (l-a')(l-2ap + p«) __^ 

[V 1 — a*i2 + c + a6]p*— 2a(c + a6)p + c + a6 — VI — a»i2 

(1— a')(l — 2ap + p') 



x = 



y= 



[2 V 1 — a'a-B + 6 + ac] p*— [2a (6 + ac) + 2 V 1 — a*£] p + 6 +ac 
We also have 



(2) 



F^y = y— 2cxy + ya^ — ax — bxy = x's/{l^ — l)g^+ 2{c + ab)x + a* — l 
and 



dx _ 2(1— a')V 1— a'iZ(ap^— 2p+l) 

dp [(V 1 — a' R -\- c+ ab) ^ — 2a[c + ab) f, + c + ab — a/ 1 — a' K]'' 



* We refer here to the second edition of this work. 
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By substituting in F^y the value of x in terms of p, we have 

a?V 1 — a'.R(ap^ — 2p + a) 



Ft„\ — 



^^ {Vl—a'R + c-\-ab)p'' — 2a{c + ab)p-\-c + ab — >/l—a'E 
The corresponding surface may now be written : 

d^ 



X=2(l-a«)r 
F=2(l — a*)/* 



A Pi 



Z = 



2 



A pi 



J 1 — a pi 



+p^ 



+ 2{l-a')f- 
+ 2{l-a')f- 



3 



<^P 
Ap2 



+ 



Ap8 
<^P8 



«P2 + P2 



if 



(3) 



where A ^^^ A ^'^ ^^^ respective denominators of x and ^ in (2). It should 
be observed that the discriminant of D^ and Dg, viz.: (1 — a'fib' — 1) and 
(1 — a^y{c^ — 1) respectively, are both negative, 6 and c being less than unity. 
We have now, after integrating and transforming in a suitable manner to get 
rid uf extraneous factors, 

a (c + ab) g (c + g 6) 

_, ^'~ V 1 — a^B + c + ab 



TT * _ /' ^/ 1 — a^B + c + ab , . 



(1 — g«)Vl — 5» 



V 1 — a'R + c + ab 



Pi 



g(& + ac) + Vl — g^-B 



P8— 



V 1 — a'B + e + ab 
a(b + ac) + ^i—a'R 



r-^-,-i 2Vl-g'^gi? + 6H-ac I ^„„- /' 2^^T^^^^«i^ + 6 + 



ac 



Z = tan-> - 



(1 — g^ V 1 — ^ 
2V1 — g*gi2 + 6 + gc 

Pi — « _L^o^-l Pg~^ 



(1 — g«)Vl — i» 



2VI — g«ai2 + 6 + 



gc 



+ tan 



Vl — g 



(4) 



VI — g^ 
In order to facilitate elimination we write these equations in the form 

X = tan-» P'T"^ + tan-» P'T"^ , 
F= tan-» P^ T "' + tan-^ ^~'^ , 

Z = tan-» ft- " , + tan-^ -fe=^, 

»/ 1 — g* V 1 — g' 

which give rise to the following equations, pi and p^ being eliminated : 

A tan X tan F tan Z + 5 tan X tan F + G tan Xtan Z -^ D tan T taa Z 

+ JE^ tan X + jP'tan F + (7 tan Z = 0, 



(6) 



(«) 
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in which the constants A^ B^ . . . . ^ O have the following values : 

A = (tti — og) [ttittg — a(ai + 02)+ 2a*— 1] + aj Aj| — Og A;f — a (fe| — Ajf ), 
B = \/l— a»(af— aH- 2aa2— 2 a a^ + &§ — A;f ), 
67 = A^(fcf — af +2aia2— 2aa2 + 2 a* — 1), 
J9 z= A^(a| — Aj|+ 2aai — 2aia2+ 1 — 2 a*), 
E= 2\/ 1 — a*A^(a2 — a), 

i^ = 2\/l— a*Ai(a — ai), 
(y = 2 A^ &8 (ai — ag). 

It remains now to transform the origin to the center of symmetry and to 
find the coordinates of this center. If we start with equations (6), putting 
X =1 X' + ^, F = F + >7, Z = Z' + f , and express the conditions that the 
resulting equation shall reduce to the form 

A' tan -Z tan r + B^ tanX tan Z + C tau TteLU Z + jy = 0, 

we obtain a set of equations involving tan ^y tan >;, tan ^ which appear somewhat 
difficult to solve by ordinary methods. To avoid this difficulty we substitute for 
the trigonometric functions their exponential values, so that we obtain the 
following equation of the surface : 

(_5_(7— 2) + Ai—Ei—Fi — Gi) e*<^+^+^ 

+ {^—B — C—D—Ai + Ei + Fi + Gi) e-*<^+^+^ 
+ (67 + 2)— 5— ^f — i^t+ G^)c*<^+^-^ 

+ ((7 + D— 5 + Ji + ^t + Fi — Gi) e-*<^+^-^ 
^ (^B + D — G + Ai— Ei + Fi—Qi) e'^^^-^ 

+ (5 + D — G—Ai + Ei—Fi + Gi) 6-<<^+^-^ 
^(^B+G—D —Ai + Ei —Fi — Gi) e*<^+^-^ 

+ (5 + C—D + Ai —Ei + Fi + Gi) 6-<<^+^-^> = 0, 

which may be written in the form 

A^ + jBje**^ + Cie**^ + D^e^'^ + ^iC**<^+^ + i?\e**<^+^ + G,e^'^^^^ 

+5ie**^^+^+^>=0. (6'0 

Putting now in (6') X = X' + ^^ T= T + yi, Z = Z^ + ^ and expressing the 
condition of symmetry, viz. ; 

A, = H,, B, = G,, G,=E,, D, = F,, 
we obtain the following equations : 



(6') 
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t , i y ♦ -1 B + C+D 



>7 + ? - ^ = tan-» 



C+Z)— 5 



a — A — E—F' 
B + D-C (7) 

A-\-G—E — F' 



Solving these equations, we have, using all four equations (7), 

^-2L G=-^-^-^+'*° -E-\.G-A-Fy 

>? = 2L'"' ' g-a-e-f -^'^'' 'a^^--f+g]' ('> 

r -^ftan-^ B + D-C , B + C-D 1 

^-2L E+G-A-F^^'''' A-E-F+Gj- 



Since, moreover, the relation 

EiGi HiDi 
CiB^ A^F^ 



(9) 



must necessarily be satisfied^ if the surface is to be symmetrical, the equations (7) 
are all satisfied, so that (9) may be replaced by the equivalent one, 

tan-i B + C + D _ , C+D-B , B + D-C 

**'' E+F+'&~^^~ G-A-E-F^^^ E-F+G-H 

+ **^ A-E-F+G' 

We shall not verify this relation, as it would involve long and tedious algebraic 
calculations ; it is moreover imnecessarj, its truth being known a prion. 
The surface (6") now takes the form 

Ai (1 + e8*«+>'+^) + Bi (e"<^+^ + e"^) + C^ (e"^+^ + c«^) 

+ A (e"'^+^ + «"') = 0, (10) 

which may easily be reduced back to the form 

A' tan X tan F + B' tan Xtan Z + C" tan Ftan Z + D' = 0, (11) 
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where the coefBcients A', . . . ., D' are found from the equations 



A' + B'+C + D' = '^{B +C+Dy+{E+F+ a —Ay, 
A' — B'—C' + D'= ^/{C+ D—Bf + (G — F—E—Af, 

— A' + B'—C' + D' = ^{B + D—Cy + {A + F—E— Q)\ 

— A' — B'+C + D' = A/{B+~C^^^^y~+ (E—F—G~—Ay. 

We have not carried out these calculations in detail, as they do not present any 
serious difficulties. We have then the 

Theorem : To a unicursal quartic tmth three conjugate points there corresponds 
a translation-surface of the form 

A' tan X tan r + B' tan X t&n Z + C tan Ftan Z + Z>' = 0. (11) 

If we transform (10) by means of the transformation X' = 2iX^ Y' = 2iTy 
Z' = 2i Z, it takes the same form as was obtained in the case where the double 
points of the quartic have real and distinct tangents [see p. 177, (9)], viz.: 

A, (1 + e^'+^'+^') + B, (e^+^ +e^) + G, (e^+^ + c^ + A i^-^"" + e^) = 0. (9) 

Now since a transformation of the form 

X' = 2iX, r=2iY, Z^-2iZ 

leaves the quartic in the plane at infinity unaltered, we may collect the result 
obtained in the following form : 

Theorem: To a unicursal quartic having non-consecutive double points with 
distinct tangents, these tangents being either both real, or both imaginary, in pairs, 
there corresponds a translation-surface which may be thrown into either of the 
following forms: 

A{1+ e^+^+^) + B (6^+^ + e^) + G (e^+^ + e^) + D (e^+^ + e^) = 0, (10) 
A' tan X tan r + B^ tan X tan Z + C tan F tan Z + -D' = 0. (11) 

If we put X = X' + Tit, F= F' + ni, Z = Z' + ni in (10) and 
X= X' + 71, F= F' + 71, Z = Z' + 7t in (11), these equations may also 
be written : 

^(1 _e^'+K'+z') ^jB (^K'+z'_^') ^ qe^'+z'_^y') +/> (^'+y'_^') = q, (10') 

A^ tan Z' + B' tan F + C tan X' + J?' tan X' tan F' tan Z^ = 0, (11') 

which are sometimes more convenient, inasmuch as the center of symmetry is 
here situated on the surface. 
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III. 



Quartics Having Two Double Points with Real Tangents and One Conjugate Point. 

Let the conjugate point be at x = 0, y := oo . We have now to integrate 
equations (3'), p. 174, on the hypothesis, a <C1, 6 > 1, c > 1, and after a suitable 
real transformation, in order to avoid extraneous factors, we have 



X - tan-i P^ + ^ 4- tan-i P^ + ^ 
2L - tan ^j_ j2 + tan ^^^ jgi 



loff fe-~_«2) (P3— Og) 

^(Pi-/?2)(p«-i5^)' 



27 = 

2Z=log(pi — A^)(p2 — /fei), 



where oc^, ^^2^ ^^ before, are the roots of the equation 



f + (4& + 2mc) p + m^ + 46^ + 467nc = 0, and A^ = — 
Eliminating pi and p^ we have the equation 

— tanX 



_ 2 (6 + mc) 



1 — m 



2 



,2Z 



ai 



6tanX+ Vl — 6« (1 



e' 

26«)tanX— 26Vl — 6« 



= 0, 



or, developed, 



where 






(1) 



D=VT=F(as— 



^'= 



G' 
^) (08+^1 + 26), £>' 



— 6—02, 

(os — A!i)(l — 26* — Og^i — aa6 — kj)). 



(2) 



The equation (1) may be simplified just as in the former case bj transforming 
to the center of symmetry. Putting X ■=■ X' -\- ^, F= F' + >7, Z =^ Z' + ^, 
and expressing the condition of symmetry, we have 



25 



{A — A' tan |) e^'-^^^ — 
\b — B' tan {) e'^-^ = 
(^' + 4 tan ^) «»'■•+« = 
(£' + 5 tan ^) ««('-« = 



— iP — D' tan 0, 

— (C — C'tanI), 
D' + D tan ^, 
C" + C tan ^. 



(3) 
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From these equations we find that tan ^ must be a common root of the following 
two quadratic equations: 

(a) {AU + DA!) tan* ^ + 2 {A'U — DA) tan ^ — {AU + DA') = 0, ) 

(b) {Ba + CB^ tan* ^ + 2 {&C' — BC) tan j^ — \bC'+ OR) = 0. ) ^ ^ 

The condition that these equations shall have a common root is 

{AD' + DA) {B'C — BG) = {BC + B'G) {A'U — DA), (5) 

which is seen to be identically satisfied by the values of -4, , D, A!, , D' 

obtained from (2). Calling the roots of (4) a and , we have, by solving, 

^ = tan""^ a, ^ = tan""^ a — - , 

of which either value may be taken without infiuencing the form of (1) as to 
symmetry. Solving (3) we have 

J? - 4 log ^^ _ ^, ^^^ ^^ ^^ _ ^, ^^ ^y 

r - 1 loff (^' tan £ - D ) {B - B' tan |) 
^ ~ * ^ (A — A' tan ^) (C ta"n X— 0) ' 

The surface now reduces to the form 

tan ^ - A[ (e2<^+^ + 1) + ^{ (e*^ + e*^) ' ^^ 

in which ^, = D — Z>' tan £, 5i = C— C"tan|, ^( = D' + Z> tan f , and 
B[ = G' + tan ^. We have then the 

Theoreh: To a quartic having ttoo double points with distinct and real tangents 
and one conjugate point there corresponds a translation-surface of the form 

. y.^ Ae'^^+^^ + Be^^ + Ge'^ + D ._. 

"^^ ^ - ^/g!!(V+«) ^ B'e"^ + (7'e*^ + D' ' ^ ' 

with the following identical relation between the coefficients : 

{AD' + DA') {B'G' - BG) = {BG' + GB') {A<D> — DA). (5) 

The surface (6) has two imaginary and one real period. By using the trans- 
formation X = iX', T=iT', Z= iZ', which does not affect the quartic curve, 
we may transform it into a surface having two real and one imaginary period.. 

We have 

e-^-e^ _ JAi {e"<y+^ — 1) + t'A (e" ^ — g"^) 
e-^ + e^ " A[ (««*(i^+2) + 1) + Bi (c">' + c"^) ' 
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which may be written 

By principle of symmetry this equation may also be written, putting ^ = — X, 
T=— T, Z= —Z, 

^ [(.4{ -till) e-"(^+^ + {fi{ —iBi) e-" »' +{B[ +iBi) «-"^ +A[ +1.1] , . 

Adding (8) and (9) and introducing the trigonometric equivalents, we have 

ix — Ztan FtanZ+Jftan F+iVtanZ+ P , . 

* ~ XtanFtanZ— JftanF— i^tanZ+P' ^^ 

where L=^^, P = ^^^\ M=^-^-^, N^^Ll^Ar. 

IV. 

Quartics Having One Double Point with Distinct Tangents and Two Conjugate Points, 

We have in this case 6 < 1, c <; 1, a > 1, the conjugate points being 
a;=:Oy ^ = qo; a; = oo^ ^ = 0. On this hypothesis, integrating equations (3'), 
p. 174, we have 

ms/l — (? ■ m>/l — (? ^^ 

Z = log (pi — Aji) (p2 — A^). 

Eliminating we have 



(1') 



-z 4Jtan Xj^an F + ^t anX+ gtanr+ D 
A! tan X tan F + jB' tan X + C" tan F ' 

where A, , D, A', , C have the following values : 

A — {U + mc)\\-\-T^-\-hmc-\- 26fci + A^OTc] +^(1—25*) 

+ *!J + m*(l — c»)(6i + A,), 
B=m'>/ f^^[l + A^ + 26* + 2hmc + 4A:i6 + 2)5^ mc], (2) 

C = V 1 — 6« (2mV — m'' + Umc — 1^— 2\h), 
D=2m Vl — 6* Vl — c^ (6 + mc), 
4' = J + »ic, 5' = m'v/l — c*, C"= — Vl — J». 



(4) 



(6) 



(6) 



(7) 
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TraDsforming the center of symmetry, we have 

iz _ -gtanXtan Y+ Ft&nX-\- GtanT+ H ,„x 

* — ^tanXtan F— J'tanX— <7tan r+ 5"' ^^ 

where the coefficients have the following values : 

^ = ^ — £ tan>7— Ctan £ + D tan £ tan>7 = e^{A!—Bf tan>7 — C" tan ^), 
^ = ^tan >7+ jB— Ctan | tan )7— 2) tan ^ = —^ {A' tan »7+5'— C" tan ^tan ri), 
(? = J tan li—B tan »? tan £ + G—D tan ri = — c< (-i' tan ^—B' tan ^ tan »?+ C"), 
5'=^tan^tan»7+5tan^+Ctan»7+Z>=e«(^'tan|tan»7+J5'tan^+^'tan>7). 

From these equations we obtain by elimination of e^ 

1{A — D) {B' + C) + A'{B-\- G)] ian^iri + ^) + 2A! {A — D)\An{ri + i) 

— {A — D) {B' + G') — A! {B + G) = 0, 

[iA + D){G'—B') + A'(C—D)] tan«(»7 — I) + 2^' (^ + Z>) tan (>? — ^) 

— {A + D){B' — G') — A'{B—G)=0, 

2A'D tan {rj + ^) tan (n — ^ + [(5' + (?') (A + D) — {B+ G)A'2 tan (^ — ^) 
+ [a' (B-G) — {B - G>) {A — £>)] tan (y, + ^) + 2{BG' — GB) = 0, 

2(67£'-5C)tan(n+$)tan(,7-a + [(^-2))(C"-S')-(C-£M']tan(>7-a , . 

+ [(£'+C)(il+i?) — (B+^)^']tan(>7 + a-2^'i> = 0. ^ ^ 

From (7) and (8) we easily find 

- 1 f w,-i C'5' — 5C" + A'D 

._.. _i BG> -\-A>D — GB' 
*~* 5' J. + C'Z) — BA! ' 

Calling one of the two reciprocal roots of (6) a, we have 

.^^ A-D-{B+G)a 

^ ^ A — {B' + C") a ' 

which three coordinates will satisfy all four equations provided the following 

relation exists : 

TU+ RS _ S'+ U\ 

(A — D) (B' + G') + A'{B + G)~' 2 A' {D — A)' 

whore 

B = 2 A'D, S={B'+ C') (A + D) —A' {B + C), 

T=A'{B+ C) — {B'—C>){A — D), U=2{BG' — BG). 
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If we Bubstitute the values A, . . . .^ D, A'^ , C7' from (2) in this relation it is 

seen to be satisfied identically.* I 

As in the former case, we may now prove that by means of the trans- 
formation X= tX', F= tP, Z = iZ^ we may put (1') in the form 

so that combining the results of III and IV we have the following 

Theorem : 7b a unicursal quartic loith two double points having distinct tangents 
and one conjugate pointy or two conjugate points and one double pointy there corre- 
spond 00^ types of translation-sur faces that can he generated in four different ways. 
The general equation of these surfaces may he put into either of the two forms : 

U\ tan T - ^1 ^'"'''^"' - 1) + A (e«^ -e '^) 
Va; tan ^ - ^, ^^uy^-Z) _^ j Y^Tb^ {e*^ ^ e^) ' 

..V gx _ -gtan FtanZ + .Ftan F+ Gia.nZ+ H 

^^ * ~ FianYtanZ — FtfinY—GteLnZ+H' 

The form (a) is transformed into (b) hy means of the transformation, X = iX', 
Y = iT, Z = iZ>. 

V. 

Quartics with One Cusp and Tvoo Double Points. 

1. Let the double points have real tangents. Putting a = 1 in (3'), p. 174, 
and remembering that h and c are both greater than unity, we have 

X = loc (P» ~ "i) (fe — «i) 
Y= log (Pi ~ «») (fe ~ ^) 

z = pi + pg . 

Eliminating pi and p2 , we obtain the surface 
and transforming to the center ^, >;, ^, we find 



* The details of the algebraic work have been omitted as unnecessary. 
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A = [a|-af + ^(o^-ai)], B = [a? - /^ + f (a^ - i^,)] e', 
^'=as — a,, 5' = (a, - /?2) e-, 

the coordinates of the center of symmetry being 

y _ _ «1 + «2 + /?! + l^g 

^~ 2 

2. When the double points are conjugate points, that is 6 ■< 1, c<^l, the 
surface, when transformed to its center of symmetry as origin, takes the form 

y A tan X + B tan Y f„. 

A' t&n X t&n Y^^B" ^^^ 

which may be derived from equations (3'), p. 174, by putting m^l. Hence the 

Theobeu : To a unicursal quartic with one cusp, and tux> double points whose 
tangents may he either real or imaginary; there correspond »* types of translation- 
surfojces that can he generated in four different ways. The equation of these surfaces 
may he thrown into either of thfi two following forms (corresponding to real and 
imaginary pairs of tangents): 

^ - A' (e^+^ + 1) + -B'"(?q^ ' ^^ 

„ A tan X + B tan F , . 

A' t&n X t&n Y + B' • ^^' 

S. If only one of the double points is a conjugate point, we have, since 
now a = 1, J < 1, c>i (p. 174, (3')), 



Y — loff (Pi — «8) (p» — «») 

■^ = Pi + Pi , 



which gives rise to the following equations, eliminating pi and pg: 



(26' — 1— i^)tanJr.ey+(a| + l — 2y)tanX+25Vl — ye^— 2&\/l — 6» 
— {b + /?s) tan-T.e^ + (i + o,) tanX— VT^=~6*e'' + VT^^i* 
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which by transformation to the center of symmetry takes the form 

„ _ ^ tan X.Ce^+l) + ^(6^-1) ,„. 

~ A' tan jr. (e^- 1) + B' (e^ + 1) ' ^ ' 

80 that we have the 

Theorem : To a quartic having one cuapy one double point with real tangents and 
one conjugate point correspond »* translationsurfaces of the form 

y_A tanX.(e^+l) + ^(e^— 1) , . 

^~ Al tanX.(c^- 1) + B (c^ + l)* ^^^ 

It will be noticed that in this case the transformation -Z'= iX^^ F= iF', 
Z^=^iZ' leaves the surface in the same form as before. 

VI. 

Quartics with a Double Point and Tkco Cusps. 

1. The double point has a pair of real tangents. In this case we have 
b = c = l and a > 1. Equations (3'), p. 174, give us by integrating : 



Pl + 1 p2+l' 

T=z - H ^ (1) 

from which we obtain the surface 

[x-r-(i+m)xr]e'-(5+i^i^)x+!L<5L±i^^r 

+ °;i''_\y ^y+Mi+m)=o, 

which may be written, putting (1 — nife^ =^'» 

z'_{ m + lf{2m — l)X+m{m+l)^{m—2)e^— m{l+mfZT—2{l+m){ l—my 
^ - - X—Y-{l + m)XY 

We now put Z' = Z— logAjs, X=X' + k^, F= F + *«, As being a 
positive quantity, and express the condition that the coefficients of X and Y 
in the numerator shall equal the coefficients of X and Y in the denominator 
taken with opposite signs, while the absolute term and the coefficient o{ XY in 
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the numerator shall equal the corresponding terms in the denominator. We 
thus obtain the following four equations : 

k^ki{l + fnY{2m—l) + kikifn{l + mY{m — 2)—k^k^k^fn{l + in)» 

— 2k^{l+fn){l—my = k^—k^—k^k^{l + m), 
k^fn{l + mY=l +m, 

*i(l +mf{2m — l)—k2lhfn{l + my=—l + k^{l + m), 

i^m{l + mf{m — 2) — k^k9fn{l + in)» = 1 + jfe,(l + wi). 

Solving the three last equations, we obtain 

T tn — 3 1 3in — 1 ^ 1 

^ — 7m — r~zz\9 ^ — «_ /, — i — zr\> ^ — 



2(l + iii)' ^ 2m{l+my ^ m{l + my' 

which, substituted in the first, reduces it to an identity. The equation of the 
surface is: 

^ iii-my-"^ X-*^T+(l + fn)XY 
2 (1 _,!»)« + 5LpA X + ^^ F + (1 + m) Xr' 
or, patting — ^ X equal to a new X and — - — T equal to a new Y, 



e^ = 



2{i-my-X-T+ 4^ (! + "») XT 

^ (1 — my 

2(1— my + x + Y+ l^L(L+^)xr 

^ (1 — my 



If now we make use of the transformation X = X' + lY'^ F = X' — i F', 
which amounts to transforming the quartie into a limapon with a conjugate point, 
we obtain a surface which has a striking resemblance to the Cardioid surface 
obtained in my previous paper.^ The equation of this surface is : 

2(i-my-2X+ l^(l±^\x«+F«) 
e^ = y-^r (3) 

2{l-my + 2X+ l^iL±p(X*+F«) 

Every section parallel to the XF-plane is a circle which for Z= becomes the 
F-axis. If we put ^ = k, ^=2(1 — in)% ^ = ^^C^+^) this section 

may be written 

B{k—l){X^+ F*)+ 2(Jfe + l)X+^(*— 1) = 0, 



* Ammrietm Journal of Mathematie^, ToL 29, p. 878. (See pUte of modeL) 
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(Jc + 1\* 
J--J- — j , 

so that to any given type, that is, for any given valve of m, tTie svrface wHl have ttoo 
umhilical points on the 2raxis at equal distances above and below the origin. This 
point will be at infinity when 8m (1 + tn) = 1, or tn = — i =fc ^ \/f . If the 
product AB w <; 1, there toiU be no real umbilical point. If AB w >• 1, this point 
is determined by the equation 

which, regarded as an equation determining Z, has two real and finite roots. 

Examples : 1. w = ^^ . The surface extends to infinity in both directions 

along the Z-axis and has no umbilical points (Fig. 1). 

2. m = — 2. The surface has two umbilical points at Z= ± log i (Fig. 2). 
In both cases the projection of the surface on the XZ-plane has been given. 

The surface (3) has an imaginary period, but if we transform to the 
imaginary space {iX, iT, iZ), we obtain one having a real period. Writing 
the surface in the form 

^_ A — 2X+B{X^+Y^) 
^ ~ A + 2X+ 5 (X2 + F«) 

and using the transformation, we have 



e"^ + \ ~ i A — AB {X* -{■ Yy ' 

or, tan Z = ^_^s\x> + T') ' ^^> 

one branch of which is contained entirely in a space between the parallel planes 
Z = — n and Z=-n. Any section tan Z = const, is the circle 



Bk 4B 



from which it is obvious that, whenever AB is positive, the surface will extend 
to infinity along the ^-axis. If, however, AB is negative, the surface will 
26 
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become imaginary somewhere between ^ = and ^ = d: — , so that there will 



be an umbilical point at ik = 



1 



>/^^AB 




Fig. 1. 




— LOQl 



Fig. 2. 



Example 1. If A = 45, m is equal to 0.07 nearly ; for Z = — we obtain 
the unit circle X'+r*=l (Pig. 3). 
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Example 2. Let AB = — l, «i = ~^i' . The umbilical point is 

Z =1 ± J (Pig. 4). In both examples the locus of the centers of the circular 
sections has been indicated by the dotted curve. 




Fig, 8. 



Fig. 4. 



VII. 



Quartics Having Tkoo Ouaps and a Conjugate Point. 

In this case we put fn=l, a=l, c:=l, in (3'), p. 174, while b is less than 
unity. Integrating we have, omitting extraneous factors, 

X - tan-» P^ + ^. -I- tan-» P» + ^ 



T = 



+ 



Pi + 1 + 26 ■ pj5+l + 2d' 
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from which by elimination we obtain 



tanX- (Z+^)TV1-P 

2(1 + 6)T+ (5 + l) YZ—Z— 2 - 46' 

transforming, putting Z + 2i = Z', this may be written : 



. ^ ^/X — VYZ 

tanX = 



2(l + 6)F + (l + 6)rZ— Z— 25— 2' 
The center of symmetry may now be found just as before. We have 

tanX + A^i (r +;fca)(Z + A:^)(l— A:ltanZ•)^/ 1 — y 

1 — A!,tanX 2(l + 6)(r+A:j) + (l +6)(r+;ii)(Z + Ai) — Z — A;8— 26 — 2' 

in which the terms in YZ tan JT, tan JT, F, Z must vanish. We have therefore 
the four equations : 

_ ^ \ — }^Tc^ _ (1 + 6) = 0, 

\^1 — 6**8— 2ifei (1 + 6) — A!,A8(1 + *) = 0, 
Vl — 6**2 — ife,A8(l+6) + *i = 0, 

— \^ir=^A:, Ai A;8 + *8 + 26 + 2 — 2 (1 + 6) Ai — (1 - 6) Ais jfcg = 0. 

Solving, we find 

*> = -;r^' ^ = *' *» = -(! + *), 

which values satisfy the fourth equation. The equation now reduces to the form 

x^„ xr_ (l + 6)(l + 26)-2(l + 6)FZ 



^ 1 ja 

which may be simplified by putting — Z = Z', — 2 V 1 — 6* F = F', 

so that we have 

Every section X = const, is a rectangular hyperbola ; one branch of the surface 
is contained entirely in the space between the planes X = ^, X= — ^. If we 

transform the surface, using the transformation ^= Z' + t'F', Y^=^ Z' — iF', 
we have 

tan J: = l + 26 + 3^^(Z'+F«) ^ (5) 

2Z 
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which, by putting -Z = X + -— , is seen to be of the same form as (4), p. 196. 

It appears then that in this case no new types are obtained. As in all other 
cases, the transformation X=$Z', Yzi^iT, Z = iZ' will transform (6) into 
a form involving e^ instead of tan X, viz. : 

'^ A—2Z + B{Y^ + Z^y 

Theorem : lb a unicursal quartic with two cusps and one double point with a 
real or imaginary pair of tangents there correspond oo ^ types of translaium-surfaces 
that can he generated in fofwr diffsreni ways. These siurfojces may by proper trans- 
formations be brought into either of the two forma : 

We shall now collect the results obtained in the following table : 



I. 



11. 



III. ^ 



ThB FLA.NB (zy) A.T INVINITT. 

a. Quartic curye with three double points 
haying real tangents. 

b. Quartics with three conjugate points. 

c Quartics haying three double points of 
which two are conjugate points. 

d. Quartics with three double points of 
which one is a conjugate point. 

a. Quartics haying one cusp and two doable 
points, both haying distinct and real 
tangents. 

b. Quartics haying one cusp and two double 
points, one of which is a conjugate 
point. 

'a. Quartics haying two cusps and one 
double point. 

b. Quartics with two cusps and a conju- 
gate point. 



Spagb {Xf F, Z). 



-0 = 0. 



b. ^tanXtanF+5tanZtanZ+ Ctan FtanZ + Z) = 0. 



^ir_ ZtanXtanZ+ JftanF+ JVtanZ+P 



b. 



Z tan Xtan Z - Jf tan F - JV^tan Z + P ■ 

tan ?T- ^(''^' -!)+-» (*'-'') . 
^' («'+' + 1) + ^ («' + «0 

^' («'+'+ 1) + ^ («• + «») * 

y ^tanZ(g^+l) + .g(«^-l) 
A' tan -^(e'- 1) + £'(«'' + 1) ' 



fb. 



.' + 2X + B'(x* + r*y 



A' + 2X + B'iX* + 
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VIII. 

Quartics vrith a Triple Point {Real Tangents). 

A quartic with a triple point may be written yu^ = t^^ ^ where u^ is homo- 
geneous of the third degree in x and z and u^ of the fourth degree in the same 
variables. If ^ = be taken as a double tangent and ce = 0^ 2 = be two of the 
tangents at the triple pointy the curve will take the form 

xyz {x — az) =^{a? + kixz + \^Y. (1) 

Putting now az = s^'i ^ = ay^ x = a/, this equation reduces to 

xyz {x — z) = (cc^ + axz + 62?)^ 

where a = -^ , 6 = -^ ; or, in Cartesian coordinates, 

xy (x — 1) = (x^ + oa; + 6)1 (2) 

The corresponding translation-surface may now be written : 

X= C ^^^ -\- C ^ 

J «i(xi-i)"^J x,{:x,-\y 

from which we derive the following equalities : 

X = log (aji - 1) (X, - 1), Z = log^?t^^AH^.=i), 1 

Xi Xg . ^4 j 

a^ + Xg = e^+^ — c^ 4- 1, 05102 = e^"^; 
F=aj, + Xj + 2(a + l)X+26Z — (a + l)«(^— + -^)-26(a+l)Z 

nSCj "■"■ 1 Xg "^^ i< 

_^(a+,)(_i-j+_^J+J.[_J-J+2(X-^-(^,+^J-2x]; 

SO that we have from (4) 

r-2(a+l)X+26(a + 6)Z=x, + X8-(a + 6+l)«[^-^±^lH-^] 



_ 5« (^±^ . (5) 
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Substituting from (4) and putting the left-hand aide of (5) equal to a new F, 
we have 

which may be reduced to the form 

Putting X = X' + k^, Y=Y', Z = Z' + k^, we shall determine k^ and k 
so as to make the surface symmetrical with respect to the origin ; the center 
is easily found to be 

A, = log(a + 6 + l), ^3 = 0, ^3 = ^ + ^+^ {a + b+l4z0\ 

so that we have, finally, 

T=b{e^-^ — e^''^) — {a + b + l){e^ — e-^) + b{a + b + l){^ — e-% (6) 

which surface has two imaginary periods. 

By means of the well-known transformation X=:iX', Y=^iT', Z = iZ'f 
it may be transformed into the form ^ 

F= 6 sin (X — ^) — (a + 6 + 1) sin X+ 6 (a + 6 + 1) sin Z, {&) 

which has two real periods. 

1. If a + 6 << — 1, the center of symmetry is imaginary. 

2. If a* — 46 = 0, <A« quartic has a point of undvlaiion at x:=:> — -, y = 0; 
in this case the surface (6) becomes 



or, 



F= ^ sin (X- ^) - (f + l)' sin X+ ^(1 + l)' sin Z. (7') 

Theorem : I. To a quartic having a triple point with real tangents correspond 
00^ translationsur faces of the form 

F=6(e'-^-c^-^) — (a + 6 + l)(«' — c-') + 5(a + 6 + l)(e2 — e-^), (6) 
or, 

F= 6 sin (J: — Z) — (a + 6 + 1) sin X+ 6 (a + 6 + 1) sin Z. (6') 
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II. To a quartic wUh a triple point and a paint of unduLation correepcnd oo^ 
translatum'Burfaoes of the form 

or, 

T=^ sin (X- Z) -(1+ 1)' Bin X+ j'(l + 0' "^ ^ ^^'^ 

IX. 

Quartica Having a Triple Point with One Real and TVro Imaginary Thngenta. 

We put the quartic in the form 

yz {a* + sf) = {a? + aaz -{• Jz»)*, (1) 

or, putting z ^ 1, 

y(x«+l) = (x« + ax+6)«, (2) 

from which we derive the surface (xi and a^ being the parameters) : 

X = log (asf + 1) («i +1), Z = tan-» x, + tan-^ x, , 
F = »i + oj + a log (a;f + 1) (ajf + 1 ) + 2 (6 — 1) (tan-» a?, + tan-» a,) 

+ a«(tan-'x, + tan-»«,)-a(6-l)[^^ + ^] (2) 

so that we have 

T—2aX—[2{b—l)Z + a*Z + l{{b—iy—a')Z2=BmZe^ 



q 



or, 

r=«'«^+^%^ [cos 2Z-4e-»^cosZ] + (^ ~^2'~°* [sinZ(2e-^— cosZ)]. 

Transforming to the center of symmetry, putting X =z X' + ki, T^^Y', 
Z= Z' + is, we easily find 

and the surface reduces to the form 

F=(6— l)8inZ,(6^+<5-^) + acosZ.(e^— e-^)— i[(6-iy + a«]sin2Z* (4) 



* Here, at elsewhere, we haye omitted the somewhat long algebraic calculations. As a check we haye used 
througbont the property of symmetry which characterlset all these snrf aces. 
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If the quartic in addition has a point of undulation, we have cf = 4b, so that (4) 
reduces to 

T={b— l)BixiZ{e^ + e-^) +2^/b COB Z{e^ — e-^)—i{b + If sin 2Z. 

X. 

Qtuirtica with a Triple Paint, Two of the Tangents Being Coincident. 

The quartic may be written 

yocs? = (oB* + aax + 62^*, 

in which a may be reduced to unity, 

yxs? = (a* + «x + 62^)*, 
or, 

ya = (cB* + a; +. bf. 
The corresponding surface is 

F=iX« — 62:(e^ + 6-^), (1) 

the center of symmetry being A^ = 0, A:^ = 0, A^ = log 5. If 1 — 45 = 0, the 
quartic will have a point of undulation, in which case the surface (1) becomes 

We may now express the results obtained in YIII, IX and X thus : 

Theorem : I. 7b a qtuirtic with a triple point, the tangents being all real, 
there correspond 00* types of translaiion-sur/aoes 0/ the form 

F=6(e^-"^ — c^-^)-(a + 6+l)(c^— «-^) + 6(a + 6+l)(6^-«-^), (6) 

or, 

Y= bBm{X—Z) — {a + b + 1) sinX+ 6 {a + b + 1) sin Z. 

II. To a qvartic with a triple point, having real tangents and also a point of 
undulation, correspond qo^ types 0/ translaiion-sur/aces of (he form 

or, 

F=^' sin (X- Z) -(1 + 1)" Bin X+ ^ (l + l)' sin Z. 

III. To a quartic voUh a triple point, one pair of whose tangents are imaginary, 
there correspond »* translation-surfaces of the form 

F= (6 - 1) sin Z.{e^ + e"') + a cos Z . (e' — «-') - J [(6 — 1)« + o«] sin 2Z. 

27 
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If the quartic also has a point of undulation, the corresponding surface 19 ( oo^ types): 
7= (6 — 1) 8inZ(e^ + «-^ + 2 \/ 6 co8Z(e^ — (5-^) — i (6 + 1)^ sin 2Z. 

IV. To a quartic with a triple point, two of whose tangents are coincident, there 
correspond oo^ types of surf aces 

N. Toa quartic which in addition to the triple point {two coincident tangents) 
also has a point of undulation there corresponds a single type of surfaces of the form 

7%^ last two surfaces may also be put in the form 

F = — i X» — 2 6 COB Z . Z, 
r=— iX»— iXcoflZ. 

YI. If finally all the tangents at the triple point coincide, two types of oUg^raic 
surfaces are obtained which have been discussed in a former paper,* where the proof 
is given. 

We now give a r^sum^ of the results obtained : 

PlJLVB AT IVFIVITT. 8PA.CB (Z, F, Z). 

L Quartica with a triple^ point (real tan- fa. F=i(e^'-e^')-(o+i-hl)(«'-0 + *ro-hi+l)(a'— O- 
gents). lb. F=^8in(X-Z)-(o + J-hl)8inX+ J(o + J4-l)8inZ. 



II. Qoartica with a triple point and a point 
of undulation. 



a. F=^(^-'-e-^-g+lJ(^-0 + f(| + lJ(^-0. 

b. F=^Bin(X-Z) + g +lY8inX+ j7? +lY 8inZ. 



III. Quartica having a triple point with one r r=(b-l)BinZ.(e''^e-^)-haoo8Z.(s''-e-^-\l(b-'iy-hc^An2Z. 

real and two imaginary tangents. L 

IV. Quartics baring a triple point with one f F=(i-l)8inZ(^ + + 2VFoo8Z(^-d-')-i(* + l)*8in^^- 

real and two imaginary tangents and 
also a point of undulation. 

V. Quartics with a triple point, two of the r j^=: jx* — bX(f + r'). 
tangents being coincident. I 

VI. Quartics with a triple point, two of the r F= JX* — i^if -f ^). 
tangents being coincident, and baring J 
also a point of undulation. [ 

VII. Quartics with a triple point, all three f Algebraic surface, 
tangents being coincident. \ 

VIII. Quartic with a triple point, coincident / Algebraic surface, 
tangents, and a point of undulation. L 

•Am. Jimr. «f Maih,^ ToL 99: On a Certftln CUm of Algebnic Tnuitlation-Siirfacet, pp. 8»4-S85. 



EiBSLAND : Th^analaticn- Surfaces Connected with a Unicursal Quartic. 205 

Quartics with a Tac-Node and Double Point 

A quartic with a tac-node and a double point takes the following form after 
a proper projective transformation : 

a* + cQi?y + dxfi^z + a^a* + h^j^yz = 0. (l) 

By means of an afiSnity transformation this curve may be thrown into the form 

(z = l): 

as* + ory + a?y + ay* + hxt^ = 0, 

which may he represented parametrically as follows : 

9 + h ' ^~ p(p + 6r- 

We shall distinguish between 5 cases: 

1. a > 1, the tac-node is imaginary. 

2. a < i, the tac-node is real. 

3. a = i, ramphoid cusp and a node. 

4. 6 = 0, tac-node and cusp (node either real or imaginary according 

as a $ J). 
6. a = i, 5 = 0^ ramphoid cusp and cusp. 

The last case gives rise to an algebraic surface, as we have shown in a former 
paper, and will not be discussed here. We shall not go into the details of the 
calculations^ only giving the chief results. 

1 . In the first case we obtain the surface 

J <i + 9i + 9iJ « + (>8 + pl' 

2 r (pi + ft)c^p, . p dp, ^ 

^-J {a + f, + pl)'^J (a + p. + pi)"' 
which, after integrating and transforming linearly, may be written (a >> j^): 



va — i va — J 

^(Pi + *)(p» + i)' 
Z = Pi + <^ . p8 + c / b—2a \ 

a + Pi + p!"^a + p« + pr V 2b-lJ- 



(3) 
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Z= 



Eliminating p^ and p^ from these equations we obtain a surface of the form 



^'6''tan'X+ jB'«'''+ 0" tan'X4- 2>'e''tan'X+ ^V^tanX4- i^'«^tanX+ (?'6'+ J?' tanX+ i 



>. (4) 



We shall not endeavor to find the center of symmetry, as it involves very long 
calculations. 

2. In the second case we get the same form as (4), only, instead of tan X, 
we must substitute e^. 

3. Putting a = i in (3) we obtain the surface 



Pi + i P2 + i' 
Y = loe P^Pg 



7 — 4 I ^b-- 1 , 4 , 26 — 1 

(pi + i)' "^ (Pi + if "^ (pT+T? (p« + i?' 

from which, by elimination of pi and ^ and tranforming to the center of symmetry, 
we obtain a surface of the form 






A — BX^- CX^-DX^-EZ' 

4. When 6 = 0, we have the curve 

a* + a*y + a*y + ay^ = 0, 
and the corresponding surface may be written : 

X - tan-i P^+\ + tan-^ -^i^T, 

V a — i V a — i 



and in case a <^ i : 



r = i + ^, (6) 

pi p2 

^_ pi + 2a p8 + 2<» . 

a + pi + pi a + p2 + pi' 



X = loe (pi - V i — «) (pa — v^ i — g) 
(Pi + ^^i-a)(p» + ^^i-a)' 

pi p2 

a + pi + Pi o + P2 + pi 
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From (6) we obtain a Surface of the form 

^_ u4F'tan'X-h^F' + gtan'X+i>rtan'X-hig^F'taDX-h^FtaiiX + gF-hirtaDX+/ 
"A'T' tan'X4- jB' F* + 0" tan«X+ 1/ Ftan*X+ ^ F' tan Jr+ F' Ftan Jr+ &Y-^H' tanX+ /' ' 

and from (7) a sv/rface of the same farm^ e^ being substituted for tan X. 

Remark. If in the second case the node is imaginary^ the curve may be 
put in a suitable form so that, in (5), tan F will appear instead of e^. 

Quartics with an Osc-Node. 

This case has been discussed in my former paper on algebraic translation- 
surfaces'^ with a fourfold mode of representation. It was found that the surface 
may be represented parametrically as follows : 



7(<^+ 



) ' 




j_.yL._(^_>)]V(^+^0[^-(f-0]' 



which we shall not discuss in detail. When c=: =b 2^ we obtain an algebraic surface 
which has been treated in the previous paper. The classification of translation- 
surfaces connected with a unicursal quartic is thus completed. The cubic surface 
obtained on p. 178 deserves a closer study inasmuch as, from the standpoint of the 
theory of translation-surfaces, it holds a unique place in geometry. The existence 
and properties of such a surface fully realize the expectation of Georg Schefiers 
when he says {Acta Maih.^ Vol. XXVIII, 1904, p. 90): "Die grosse Zahl ver- 
schiedenartiger Typen von Translationsflachen, die sich aus dem Lie'schen 
Theorem ergeben, ist bisher, so viel ich weiss, noch nicht genauer untersucht 
worden, obgleich ihre Betrachtung wegen des innigen Zusammenhangs mit dem 
AbePschen Theorem sowohl in geometrischer als auch in analytischer Hinsicht 
gewiss sehr lohnend sein wurde.'' 



* On a Certain Class, etc. : Am, Jfmr. of MoHh, toL 29, p. 882. 
27 
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The interpretation of this and the previous paper from the standpoint of 
the theory of functions is so evident that we have not thought it worth while to 
dwell on it. The functions obtained are all degenerate Abelian Integrals of the 
second and third kind* (polar and logarithmic singularities). 

Uniysbsitt of Wb8t Viboihia, July 20, 1907. 
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The Determination of the Conjugate Points for Discon- 
tinuotM Solutions in the Calculus of Variations. 

Bt Oskar Bolza. 



Id §§ 8 and 9 of his Inaugural-Dissertation, ^' Ueber die disooniinuierUchen 
Ldstrngen in der Variationsrechnung'' (Gottingen, 1904), Caratheodory develops 
the general theory of the conjugate points for discontinuous solutions. The object 
of the present note is to derive Caratheodory's results concerning conjugate points 
by a more direct method, to supplement them in certain points, and to give in 
particular, in explicit form, the equation which connects the parameters of a pair 
of conjugate points. 

§ 1. Sets of ^^ Broken Extremals*'. 

In order that a curve Pj Pq P^ vrith a *^corner" at Pq* l>^t otherwise of 
class* G\ may minimize f the integral 

it is in the first place necessary that the two '^continuous'' branches Pi P^^ and 
PisP^ should separately satisfy the four necessary conditions for a minimum 
with fixed endpoints. In particular, each one of the two arcs Pj P^ and P^ P^ 
must be an extremal. 

Further, at the point Pq (jkoi yo) Weierstrass-Erdmann's comer-conditionX 
must be satisfied: 

^x' K, yo, cos ^, sin ^) = F^{xq, y^, cos ^, sin ^), 
K' (^o, yoi cos 3o, sin ^) = Py, (xq, yo, cos ^oi sii^ ^), 

* Compare for the terminology my Lecture* on the Calculue of VariatUme^ % 2, c) and % 24, a). 
t In the sense defined in % 24, c) of my Lectures and under the assumptions concerning the function 
F (z, y, x', yO stated in $ 24, b). 
X Compare Lectures, $ 25, c). 
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where ^o denotes the amplitude of the positive tangent to the arc Pj Pq at Pq^ 
^ the amplitude of the positive tangent to the arc Pq -Pa ** -Po- 

We shall call a curve Pi Pq Pg consisting of two arcs of extremals Pj Pq and 
Pq P2 a ^^hroTcen extremaV\ if at Pq this corner-condition (1) is satisfied. 




Fig. 1. 



We assume for the following discussion that the curve Pj Pq Pg lies in the 
interior of the domain of continuity R of the function F (compare Lectures^ § 24, b), 
and that Legendre's condition is satisfied in the stronger form*^ 

Pi > (2) 

along each of the two branches P^ Pq and Pq Pj . 

Let now 

x = ^{t,a), y = '4^{t,a) (3) 

be any one-parameter set of extremals which contains the arc Pj Pq for a = oq, 
so that the arc Pi Pq is representable by the equations 

x = q>{t,aQ), y = iK<,ao), <i5<;<o- (4) 

The functions 



* Compare Lecturet, § 27, b). 
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are supposed * to be of class C7' as functions of t and a in the domain 

hQ,hiy d being sufficiently small positive quantities. 

The extremal of the set (3) corresponding to a particular value a will be 
denoted by ©« ; further we write (Bq for (Boo • 

We propose to determine a point P [t) on a given extremal ©« of the set (3), 
and at the same time a direction 3^ passing through P, such that the direction 3^ 
together with the direction 3^ of the positive tangent to the extremal &a ^t P 
shall satisfy Weierstrass-Erdmann's comer-condition for the point P. 

We have^ then, for the determination of the two unknown quantities t and ^, 
the two equations f: 

Fx' l^ ity «), '^ (tf < ^t {*f «), "i^t {*f «)] - ^x' [^ («, a), '4^ {t, a), cos f , sin f ] =0, 
J^y [* («, «), '^ («, «), ^t (ty «), '4^1 {*f «)] - J^y [4^ i*7 «), "^^ (<i «)i cos ^, sin ^] = 0. ^ ^ 

These equations are satisfied for < = ^^ a = Og, 3^'= ^y since according to our 
assumptions the broken extremal Pi Pq P^ satisfies the corner-condition (1). 
Further, their left-hand members, which we denote by (<, a, ^) and * ( f, a, 3) 
respectively, are of class O in the vicinity of the point <o, Ooi ^o* Hence we can 
apply the theorem on implicit functions,!]; provided that the Jacobian 

is different from zero at the point <o, ^, ^- If we write for brevity 

cos S' = jj, sin S' = 2^ ; cos S' = ^, sin S' = j, 

and remember that along the extremal P^ Pq 
we obtain : 






(6) 



* The existence of an infinitade of sets of extremals satisfying these conditions Is a eonseqaence of onr 
assumptions according to certain existence th^rems on differential equations; compare Kneser, Lthrhiuih der 
VariatUmirechnung^ { 37, and Bolsa, Tram, Amer, Math, 8oe , Vol. VII (1906), p. 464. 

t Since F^ , F^ are positively homogeneous of dimension zero In z', y\ we may replace In these functions 
cos ^, sin ^ by ^ (2, a), V^ (2, a). 

t Compart, for instance, Osgood, Lehrbueh der FunctUmentheorie, Vol. I, p. 52. 
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where the arguments of F^^ Fy are : ^ (<, a\ '^ (<, a), a/ := 4>t (<, a), y' = i^t (<i a) ; 
those of -Fi, -Fjp/jp, etc.: 4> (<,«), '4'(<,a), ^, ^. 

Making use of the homogeneity properties* of the function F and its partial 
derivatives, we obtain for the above Jacobian: 



(8) 



Jt, = ^x^' + y^'F,\pF, + qFy-{pF, + qFy)\, (7) 

where now the two last arguments in F^j Fy arejp, q. 

The first two factors of J^i are different from zero for < = <o, « = «o> S = ^. 
Hence if we put, with Caratheodory, 

^ («o, yo) = jpo Fx (oo, yo, ^, 5o) + ?o J^y (oo, yo, ^, 5 ) 

— ^0 ^x (iro, yo, 2>0, ?o) — ?0 ^y (Oo, yo, i>0, 2o)l 

where 

2)o = cos^o> 2^0 = sin ^0, ^ = cos^, ^o = sin^oi 

we have the result : 

If the condition 

a(a:o,yo)+.0 (9) 

is satisfied, there exists one and hut one system of functions 

t = t{a), S = ^(a), (10) 

of class C in the vicinity of a^=za^^ which satisfies the two equaiions (6) and the 
initial conditions 

<(ao) = <o, S(ao) = ^. (11) 

The functions (10) represent, at least for the vicinity of the point Pq, the solution 
of the problem proposed above. 

From our assumption (2), applied to the point Pq and the branch Pq Pg, 
it follows that 

F, {^ [t (a), a], il. [t (a), a], cos ^ (a), sin ^ (a)) 4: 

for all sufficiently small values of \a — a^\. Hence f it is possible to construct 
one and but one extremal 

©a: x = $(e,a), y = $(<,a) (12) 

through the point P in the direction 3^ (a). The parameter t can be so selected 
that also on (&a ^he value j = < (a) furnishes the point P, so that 

* [t (a), a] = 4) [< (a), a], ^[t (a), a] = i/. p (a), a] . (13) 

* Compare Lecture*^ S 24, b) equations (8) and (10). 

f According to Gancby*8 existence theorem on differential equations; compare LeetureM, §25, b). 
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We thus obtain a broken extremal €<, + @a with a corner at P, on which 
the parameter t varies continuously. If we let a vary, we obtain a»s^ of broken 
extremals. We shall call the set (12) the s^ of extremals complementary to the 
set (3). On account of (11) it contains, for a = ao, the extremal @o of which 
the arc P^ P, forms a part 

From the properties of the integrals of a system of differential equations as 

functions of their initial values,'*' it follows that the ftinctions ^{t,a\ ^{t,a) 
have the same continuity properties as the functions ^ {t, a), i^/ (t, a), in a domain 

<o— *o<'<*ii + ^i I a — «o I <<*• 

§2. The Gomer-Ourve.f 

If we let a vary, the comer P describes a curve ®, which we call the 
^^comer-curv^^ If we define the functions x(a), y (a) by the equations 

i{a) = q> It (a), a], y (a) = >^ [t (a), a], (14) 

or, what amounts to the same thing according to (13), 

i{a) = ^ [t (a), a], y{a) = '4^ [t (a), a], (14a) 

the comer-curve is given in parameter-representation by the equations 

©: x = x{a), y = y{a)^ 
and any particular value of a furnishes that point of @ which is the corner for 
the corresponding broken extremal f&a'\'^a* 

We propose first to compute the slope tan 3^ of the tangent to the corner- 
curve ® at the point P. 

From the definition of the functions £, y, we obtain for their derivatives 
with respect to a : 

and from (6) we obtain, according to the rules for the differentiation of implicit 
functions, 

where 



* Compare Kneser, Lehrbtieh der Variaiiontreehnung^ $27, and Bliss, The Solution of Differential Equations 
of the First Order as Functions of their Initial Values, AnnaU of MathemaHes^ Ser. 2, Vol. VI, p. 49. 
t Garatheodory^s ** Knickpunkt-CurTe ". 
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But 

^a = ^y'x^a + ^v'v'^a+ ^v^x'^ta + ^y'v^'4'ta — ^y' x^a'^^v'v'^^ai 

the functions Fg.,g.^ Fx'yi ^yxf Fy'y ^r© positively homogeneous of dimension 
zero with respect to their last two arguments Pjq] hence we may replace p and^ 
by tpf (<, a) and -J/^ (<, a) respectively. This being done, we express all the partial 
derivatives of F in terms of Weierstrass' functions* : j^i, X, M^ N. The result is 

where 

»" = ht (*, «), y" = ^tt (<, «) ; A (<^ a) = 4>( ■«^a — ■«^t 4»<. , 
^ =L — L, B = M—M, C = N-N; 

the quantities X, M, N refer to the point P and the extremal ©„, the quantities 
L, Mj N U) the point P and the extremal S^. Finally, the last two arguments 
of Fi and Fi are a/, y and s?, y' respectively. 
From (15) and (6) we obtain 

At the same time the expression (7) for J^^ may be thrown into another form, 

if we remember the homogeneity properties of JFj, i^g., Fy and make use of the 

relations f 

Laf + Myf = F,, Mx' + Ny' = Fyi 
we thus obtain 

J,, = {^^ + 2^«) F, {ATiW + 5(^/2^ + y'i') + Cyj^. (17) 

The comparison between the two expressions for c/i^ leads to a second form 
for the quantity SI (x, y) ; viz., 

SHx,y) = App+ B{pq + qp) + Gqq. (18) 

We thus finally obtain 



Zf - -A{B^+Cy') + xfA,F,{a^y'-y'^) 
"^ Aa/^ + B{a/y' + y'i) + Cy^y' 

-I _ £^{AW + By') + y*£^F ^ {x*y'-y^^) 
y ~ ^a/5' + .B(a/y' + y'5') + C7yy' ' 



(19) 



* Compare Leeturet^ Chap. IV, equations (11a) and (85). 
t Compare Leeturu^ p. 183. 
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Hence follows, /or the slope tan S' of the tangent to the comer-curve ® at the point P, 
the expression 

§3. Interrelation Between the Slope of the Comer-Curve at Pq and the Focal-Points 

of the Set of Broken Extremals. 

We now consider in particular the question how the slope tan ^q of the tangent 
to the comer-curve at Pq depends upon the choice of the set of extremals (3)- 
For this purpose we have to put a = Oq in (20), and consequently, according to 
(11), the argument < = <(a), in sc', yf\ 5', y', A(<,a), etc., equal to <o- ^^ the 
resulting expression for tan So ; the Jacobian A (^o^ ^) ^^^ its derivative 
Ae (<o, ^) are the only quantities which depend upon the choice of the set of 
extremals (3). 

The function A(<, Oq), in its turn, is determined to a constant factor by the 
condition that it satisfies Jacobi's differential equation '^ for the extremal @o, viz., 

and by one of its zeros. Let < = r be the zero of A {t, Oq) next smaller than t^, 
so that the corresponding point of @o> which we denote by Q, is the focal point f 

of the set (3) on @o- Then 

A {t, Oo) = Const, e (<, r), 

where {t, t) is the function which determines in Weierstrass' % theory the 
conjugate point to Q. We may therefore write 

*^''^""y0(<o,T) + ^0t(<o,<r)' ^^^^ 

where 

a = ^^ + £o?o, |3 = ^0 i^i (<o) sin (^ - ^) (xi» + y ^«), 

the subscript indicating that the quantities to which it is affixed are to be 
computed for the point Pq- 

* Compare Leeturet^ pp. 40 and 200. 

t Compare Kneser, Isehrb%u;h der Vdriatiansrechnungf % 24, and my Leeturet^ % 88. 

X Compare Leeturet^ p. IS 5. * 
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The coeflBcients a, ^, y, h are therefore independent of t. Hence the slope 
of the comer-curve Q, at Pq is the same for aU sets of extremals (3) which have the 
same focal point Q, the set of extremals through the point Q being included 
among the latter. 

We examine next hov7 the slope tan ^q varies when the focal point Q 
describes the extremal @o- ^^r this purpose, we compute the derivative of 
tan So with respect to r : 

d tan So _ _ (g g - /3 y) ] e (<o, r) Bt. (<o, r) - St (<o, t) e, {tp, t) \ 
di {ye(<o,'r) + 5ee(<o,T)}« • 

But from the definition of [t, r) it follows that 

«o, r) 0t. (<o, t) - 0t (A,, t) 0, {to, r) 

= [^1 (<o) 3i (<o) - ^2 (<o) ^[ m \>x (T) ^i (r) - 3, (r) 3{ (r)], 

where ^i{t), \{t) are two linearly independent solutions of Jacobi's differential 
equation (21). Hence from the theory of linear differential equations it follows* 
that 

where ik is a constant different from zero. 

On the other hand we get, on substituting the values of a, P, y, 8, 

a 5 - /? y = ^1 (<o) sin {^-^)£i{xo, yo) {4' + Po')- 
Hence it follows that 

^ ^"^ i^i(T)|y0(<o,T)+l0-r^,r)p-- ^2*^ 

We suppose for the further discussion that 

^ — ^^0(mod7«), (25) 

and that the inequality (2) holds not only for the arc Pi Pq of the extremal @o 
but also for its continuation beyond Pi, at least as far as the point Pq (< = (^ 
whose conjugate the point Pq is. 

And now we let r increase from titoto; i. e., we let the point Q describe the 
extremal @o from PqU) Pq. The derivative of tan ^ will then always have a 

* Compare, for instanee, Leciur$9^ p. 58, footnote *. 
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constant sign, since D, {x^, y^), which is independent of r, is supposed to be 
diflferent from zero. For r = <o and t = ^, but for no other value between them, 
the function {t^, r) vanishes and tan Sq takes the value 

tanSo = 4 = — = tan^. 
d JPo 
Hence we have the result : 

While the point Q describes the extremal @o from P^ to Pq; '^^ ?in6* Sq revolves 

ahout the point Pq from the initial position ^o constantly in the same sense through 

an angle 0/ 180®. The rotation takes place: 

In positive sense, when £i (xo, yo) si^ (^0 — S'oX 5 

In negative sense, when ft (oq; yo) ^^^ (^ — S'o) ^ 0. 

It passes therefore once and but once through the position ^. We denote the 

value of r for which this takes place by e^ and the corresponding point f of @o 

by Eq. For the discussion of sufficient conditions^ it is important to distinguish 

whether the line ^0 li^s i^ th® angle J between the two branches PiPq and P0-P2 
or outside of it. Four cases must be distinguished according to the signs of 
n (iCoi yo) and sin (^0 — ^)' The result is : 

While the point Q moves from Pq to E^y the line Sq revolves from the position ^ 
into the position ^q^ inside of the angle between Pj Pq and Pq Pg when £i (xq, yo) ^ 0| 
outside of it when H (0*0, yo)<C 0. As the point Q moves on from E^to Pq, the line S^ 
continues its rotation from (he position \ into the position ^oi ouiside of the angle in 
question when D, (xq, yo) > 0, inside of it when D, (xq, yo) <C 0. 

Conversely: To every line ^0 through the point Pq which is tangent to 
neither of the two arcs Pj Pq, Pq Pg at Pq, there belongs one and but one 
point Q, between Pq and Pq, such that the corner-curve for every set of extremals- 
(3) for which Q is the focal point, touches the line S'o at Pq. 

The value of r belonging to a given line So is obtained by solving equation 
(22) with respect to r. The equation may be thrown into the form 

[AqPoPq + Bq {poqQ + gopo) + Cojiog^ (<o, '^) 

- {4' + yo') F, (<o) sin (So - ^) sin {^0 - ^0) ©t W, ^) = 0, 
where 

Pq = cos ^ , qQ = sin ^ . 

* J. e., the line through P^ of slope tan i^. 

t Caratheodory denotes this point by E^ ; see DUsertatian^ p. 31. 

XT. e.y that one of the two. angles formed by the half -rays ^^ and ^^ + tr which is less than tt. 

29 
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Caae I : tin (^« — t»^ > 0, O (x^, y^ >0. 




« 



Fie. 2. 



Cue 12: flin(9.-t»^>0, 0(x^. y,><0. 



4 



? 




« 



Fio. 8. 
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Case III : sin (^o — ^o> < ®» <«•» Vj > ®- 



^f 




C 



Fie. 4. 



Owe IV: iliKe^^ — 1^^<0, C(x„y^<0. 




^^ 



Fig. 5. 
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In particular, the equation for the determination of the parameter e^ of the point 
jBi) is obtained by putting, in (26), 3© = ^. 

1 

§ 4. The Conjugate Points of Discontinuous Solutions. 

Let, for a moment, the equations (12) represent any set of extremals con- 

taining, for a = Oq, the extremal @o- ^® ^^y ^^^ propose for the set (Ig) the 
same problem which we have solved in § 1 for the set (3). The only diflference 
will be that in the equations (6) the symbols 4>, ij/, S must be interchanged 
with ^, 0^, ^, and the same interchange must be applied in the results ; in this 
process the quantities -4, 5, C are changed into — -4, — 5, — C. Accordingly, 
if ^ (< = r) be the focal point of the set (12) on @oi the slope of the corner-curve 
belonging to the set (1 2) at Pq is 

.,„ € _"^ Co, t) + pe, {to, r) f . 

where the quantities a, ^, y, E are derived from a, ^, y, S by the above interchange, 
and @ has the same meaning for ^ as @ for @o* 

Conversely, we obtain the value of r corresponding to a given line S by 
solving equation (27). We denote the value of f corresponding to the particular 
line ^ by €b and the corresponding point of @o by Eq] this point lies between the 

point Po Ai^cl its conjugate Pq {t = ^o) on @o* 

Let now the equation (12) denote again, as in §1, the particular set of 
extremals complementary to the set (3). The two sets (3) and (12) will then 
have the corner-curve in common ; hence we have, in this case, 

We obtain, therefore, the focal point of the set (12) complementary to the set (3) 
by equating the right-hand members of the two equations (22) and (27) and 
solving the equation thus obtained with respect to t. After some reductions 
the following result is obtained : 

// < = T be the parameter of (he focal point Q of the set of extremals (3) an @oi 
and < = T the parameter of the focal point Q of the set (12), complementary <o(3), 
on (Sq, then the following relation holds between r and r: 
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iA,Co-Bl)@{to,r)@{t„r) 

- {4' + y'.') {^' + ifo') F. it,) F, (g sin* (^0 - ^o) -®^-^-- -il"- 



= 0. 



(28) 



The two points Q and Q are called, according to Caratheodory,* a pair of 
conjugate points of the broken extremal @o +®o- According to a previous remark, 
the point Q conjugate to Q on @o + ®o ™*y ^'^^o be defined as the focal point on @o 
of the set of extremals which is complementary to tlie set of extremals through the point Q. 

In Figs. 2 to 5 the interrelation between the points Q and Q and the line So 
is indicated. For instance, in Case I the point Q moves on @o fro™ E^ to Po 

while the point Q moves on ©q from i^ to -^oJ ^^ t^^ same time the line \ 
revolves about Pq from the position ^, in the sense of the arrow, into the 
position So* 

The conjugate points thus defined play for the discontinuous solutions a r61e 
similar to that of the ordinary conjugate points for continuous solutions, at least 

in the case when the line So lies inside the angle of the two branches Pj Pq, PqP^. 
We refer in this respect to Caratheodory's dissertation, § 9. 

Thb Uniykbsitt of Chicago, JantMry 29, 1907. 



* Caratbeodory restricts, boweyer, tbe definition to tbe case wben tbe line \ lies inside of tbe angle of tbe 
two branches Pj P^, P^ P,. 



Mathematical Logic a« ba^ed on the Theory of Types. 

Bt Bertband Bussell. 



The following theory of symbolic logic recommended itself to me in the first 
instance by its ability to solve certain contradictions, of which the one best 
known to mathematicians is Burali-Forti's concerning the greatest ordinal.* But 
the theory in question seems not wholly dependent on this indirect recom- 
mendation ; it has also, if I am not mistaken, a certain consonance with common 
sense which makes it inherently credible. This, however, is not a merit upon 
which much stress should be laid ; for common sense is far more fallible than it 
likes to believe. I shall therefore begin by stating some of the contradictions to 
be solved, and shall then show how the theory of logical types effects their 
solution. 

I. 

The Oontradictions. 

(1) The oldest contradiction of the kind in question is the Epimenides. 
Epimenides the Cretan said that all Cretans were liars, and all other statements 
made by Cretans were certainly lies. Was this a lie ? The simplest form of this 
contradiction is afforded by the man who says " I am lying;" if he is lying, he 
is speaking the truth, and vice versa. 

(2) Let w be the class of all those classes which are not members of them- 
selves. Then, whatever class x may be, "« is a to" is equivalent f to **x is not 
an a." Hence, giving to x the value ti?, "ti? is a ti?" is equivalent to "ti? is not 
an?." 

(3) Let T be the relation which subsists between two relations E and S 
whenever B does not have the relation R to S. Then, whatever relations B and 
/S^may be, "-B has the relation Tto iS" is equivalent to "i2 does not have the 

*See below. 

f Two propoiitions are caUed equivaietU when both are tme or both are false. 
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relation R to /S." Hence, giving the value T to "both R and /S, " T has the rela- 
tion Tio r' is equivalent to '' Tdoes not have the relation Tio Tr 

(4) The number of syllables in the English names of finite integers tends 
to increase as the Integers grow larger, and must gradually increase indefinitely, 
since only a finite number of names can be made with a given 'finite number of 
syllables. Hence the names of some integers must consist of at least nineteen 
syllables, and among these there must be a least. Hence '^ the least integer not 
nameable in fewer than nineteen syllables ^' must denote a definite integer ; in 
fact, it denotes 111,777. But ''the least integer not nameable in fewer than 
nineteen syllables " is itself a name consisting of eighteen syllables ; hence the 
least integer not nameable in fewer than nineteen syllables can be named in 
eighteen syllables, which is a contradiction^"^ 

(6) Among transfinite ordinals some can be defined, while others can not ; 
for the total number of possible definitions is Moi while the number of trans- 
finite ordinals exceeds t(o- Hence there must be indefinable ordinals, and 
among these there must be a least. But this is defined as '' the least indefinable 
ordinal," which is a contradiction.f 

(6) Richard's paradox % is akin to that of the least indefinable ordinal. It 
is as follows : Consider all decimals that can be defined by means of a finite 
number of words ; let £^ be the class of such decimals. Then E has t(o terms; 

hence its members can be ordered as the 1st, 2nd, 3rd, Let JV^ be a number 

defined as follows : If the 72th figure in the nth decimal is ^, let the nth figure 
in iV be p + 1 (or 0, if ^ = 9). Then N is different from all the members of Ey 
since, whatever finite value n may have, the nth figure in N is different from the 
nth figure in the nth of the decimals composing E^ and therefore N is different 
from the nth decimal. Nevertheless we have defined iV in a finite number of 
words, and therefore N ought to be a member of E. Thus N both is and is not 
a member of E. 

(7) Burali-Forti's contradiction § may be stated as follows : It can be shown 

*Thi8 contradiction was snggested to me by Mr. 6. 6. Berry of the Bodleian Library. 

\ Cf, K5ni|(, <* Ueber die Grnndlagen der Mengenlehre nnd das Kontinunmproblem/' Math. Annalen, Vol. 
LXI (1905); A. C. Dixon, "On « well-ordered ' aggregates," Proe. London Math. 8oc.^ Series 2, Vol. IV, Part I 
(1906); and £. W. Hobson, "On the Arithmetic Continnnm," ibid. The solution offered in the last of these 
papers does not seem to me adequate. 

XCf. Poincar6, **Les math6matiqaes et la logiqne," B^vue de JfStaphysique et de Morale^ Mai, 1906, especially 
sections VII and IX; also Peano, BevUta de Mathematical Vol. VIII, No. 5 (1906), p. 149 ff. 

S ** Una questione sni numeri transfiniti," Bmdieomi del eircolo matematieo di Palermo, VoL XI (1897). 
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that every well-ordered series has an ordinal number, that the series of ordinals 
up to and including, any given ordinal exceeds the given ordinal by one, and (on 
certain very natural assumptions) that the series of all ordinals (in order of 
magnitude) is well-ordered. It follows that the series of all ordinals has an 
ordinal number, £i say. But in that case the series of all ordinals including £i 
has the ordinal number fl + 1, which must be greater than £i. Hence £i is not 
the ordinal number of all ordinals. 

In all the above contradictions (which are merely selections from an 
indefinite number) there is a common characteristic, which we may describe as 
self-reference or reflexiveness. The remark of Epimenides must include itself 
in its own scope If all classes, provided they are not members of themselves, 
are members of w^ this must also apply to w ; and similarly for the analogous 
relational contradiction. In the cases of names and definitions, the paradoxes 
result from considering non-nameability and indefinability as elements in names 
and definitions. In the case of Burali-Forti's paradox, the series whose ordinal 
number causes the difficulty is the series of all ordinal numbers. In each con- 
tradiction something is said about aU cases of some kind, and from what is said 
a new case seems to be generated, which both is and is not of the same kind as 
the cases of which all were concerned in what was said. Let us go through the 
contradictions one by one and see how this occurs. 

(1) When a man says " 1 am lying," we may interpret his statement as : 
''There is a proposition which I am affirming and which is false." All state- 
ments that " there is " so-and-so may be regarded as denying that the opposite 
is always true; thus ''I am lying" becomes: ''It is not true of all propositions 
that either I am not affirming them or they are true;" in other words, "It is 
not true for all propositions p that if I affirm jp, p is true." The paradox 
results from regarding this statement as affirming a proposition, which must 
therefore come within the scope of the statement. This, however, makes it 
evident that the notion of " all propositions" is illegitimate ; for otherwise, there 
must be propositions (such as the above) which are about all propositions, and 
yet can not, without contradiction, be included among the propositions they are 
about. Whatever we suppose to be the totality of propositions, statements about 
this totality generate new propositions which, on pain of contradiction, must lie 
outside the totality. It is useless to enlarge the totality, for that equally 
enlarges the scope of statements about the totality. Hence there must be no 
totality of propositions, and " all propositions " must be a meaningless phrase. 
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(2) Iq this case, the class vo is defined by reference to '^ all classes/' and then 
turns out to be one among classes. If we seek help by deciding that no class is 
a member of itself, then w becomes the class of all classes, and we have to decide 
that this is not a member of itself, i. 6., is not a class. This is only possible if 
there is no such thing as the class of all classes in the sense required by the 
paradox. That there is no such class results from the fact that, if we suppose 
there is, the supposition immediately gives rise (as in the above contradiction) 
to new classes lying outside the supposed total of all classes. 

(3) This case is exactly analogous to (2), and shows that we can not 
legitimately speak of " all relations." 

(4) "The least integer not nameable in fewer than nineteen syllables'' 
involves the totality of names, for it is " the least integer such that all names 
either do not apply to it or have more than nineteen syllables." Here we 
assume, in obtaining the contradiction, that a phrase containing "all names" is 
itself a name, though it appears from the contradiction that it can not be one of 
the names which were supposed to be all the names there are. Hence " all 
names " is an illegitimate notion. 

(6) This case, similarly, shows that "all definitions" is an illegitimate 
notion. 

(6) This is solved, like (5), by remarking that "all definitions" is an 
illegitimate notion. Thus the number E is not defined in a finite number of 
words, being in fact not defined at all.'*' 

(7) Burali-Forti's contradiction shows that "all ordinals" is an illegitimate 
notion ; for if not, all ordinals in order of magnitude form a well-ordered series, 
which must have an ordinal number greater than all ordinals. 

Thus all our contradictions have in common the assumption of a totality 
such that, if it were legitimate, it would at once be enlarged l>y new members 
defined in terms of itself. 

This leads us to the rule : " Whatever involves all of a collection must not 
be one of the collection ; " or, conversely : " If, provided a certain collection had 
a total, it would have members only definable in terms of that total, then the 
said collection has no total." f 

* Cf. ** Lea paradoxes de la logique,** by the present author, Bevue de Mitaphytiqtie $t de Morale^ Sept., 1906, 
p. 645. 

f When I say that a collection has no total, I mean that statements about all its members are nonsense. 
Fnrthermore, it will be found that the use of this principle requires the distinction of all and any considered in 
Section II. 

30 
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The above principle is, however, purely negative in its scope. It suflBces to 
show that many theories are wrong, but it does not show how the errors are to 
be rectified. We can not say : ^^ When I speak of all propositions, I mean all 
except those in which 'all propositions' are mentioned ;'' for in this explanation 
we have mentioned the propositions in which all propositions are mentioned, 
which we can not do significantly. It is impossible to avoid mentioning a thing 
by mentioning that we won't mention it. One might as well, in talking to a 
man with a long nose, say : ^^ When I speak of noses, I except such as are inor- 
dinately long," which would not be a very successful eflfort to avoid a painful 
topic- Thus it is necessary, if we are not to sin against the above negative 
principle, to construct our logic without mentioning such things as *'all propo- 
sitions" or "all properties," and without even having to say that we are 
excluding such things. The exclusion must result naturally and inevitably from 
our positive doctrines, which must make it plain that " all propositions " and 
"all pjroperties" are meaningless phrases. 

The first difficulty that confronts us is as to the fundamental principles of 
logic known under the quaint name of " laws of thought." "All propositions 
are either true or false," for example, has become meaningless. If it were 
significant, it would be a proposition, and would come under its own scope. 
Nevertheless, some substitute must be found, or all general accounts of deduction 
become impossible. 

Another more special difficulty is illustrated by the particular case of 
mathematical induction. We want to be able to say : " If n is a finite integer, 
n has all properties possessed by and by the successors of all numbers possess- 
ing them." But here "all properties" must be replaced by some other phrase 
not open to the same objections. It might be thought that " all properties pos- 
sessed by and by the successors of all numbers possessing them" might be 
legitimate even if "all properties" were not. But in fact this is not so. We 
shall find that phrases of the form "all properties which cfc." involve all prop, 
erties of which the ^^ etc^ can be significantly either affirmed or denied, and not 
only those which in fact have whatever characteristic is in question ; for, in the 
absence of a catalogue of properties having this characteristic, a statement 
about all those that have the characteristic must be hypothetical, and of the 
form : " It is always true that, if a property has the said characteristic, then 
etc." Thus mathematical induction is prima facie incapable of being significantly 



; 
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enunciated, if ^^ all properties '' is a phrase destitute of meaning. This difficulty, 
as we shall see later, can be avoided ; for the present we must consider the laws 
of logic, since these are far more fundamental. 

11. 
AM and Any. 

Given a statement containing a variable », say " a; = »," we may affirm that 
this holds in all instances, or we may affirm any one of the instances without 
deciding as to which instance we are affirming. The distinction is roughly the 
same as that between the general and particular enunciation in Euclid. The 
general enunciation tells us something about (say) all triangles, while the par- 
ticular enunciation takes one triangle, and asserts the same thing of this one 
triangle. But the triangle taken is any triangle, not some one special triangle ; 
and thus although, throughout the proof, only one triangle is dealt with, yet the 
proof retains its generality. If we say : ^* Let ABC be a triangle, then the sides 
ABj AG are together greater than the side £(7," we are saying something about 
one triangle, not about all triangles ; but the one triangle concerned is absolutely 
ambiguous, and our statement consequently is also absolutely ambiguous. We 
do not affirm any one definite proposition, but an undetermined one of all the 
propositions resulting from supposing ABC to be this or that triangle. This 
notion of ambiguous assertion is very important, and it is vital not to confound 
an ambiguous assertion with the definite assertion that the same thing holds in 
all cases. 

The distinction between (1) asserting any value of a propositional function, 
and (2) asserting that the function is always true, is present throughout mathe- 
matics, as it is in Euclid's distinction of general and particular enunciations. In 
any chain of mathematical reasoning, the objects whose properties are being 
investigated are the arguments to any value of some propositional function. 
Take as an illustration the following definition : 

*^ We call f{x) continuous for x = a if, for every positive number <r, different 
from 0, there exists a positive number f, different from 0, such that, for all 
values of h which are numerically less than e, the difference f(a -|- h) — /(a) is 
numerically less than cr." 

Here the function / is any function for which the above statement has a 
meaning ; the statement is about /, and varies as / varies. But the statement 
is not about (T or f or ^, because all possible values of these are concerned, not 
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one undetermined value. (In regard to Bj the statement '^ there exists a positive 
number € such that etc^ is the denial that the denial of '^ efc." is true of aU 
positive numbers.) For this reason, when any value of a propositional functicm 
is asserted, the argument (e.^., /in the above) is called a reed variable; whereas, 
when a function is said to be ahcays true, or to be not always true, the argument 
is called an apparent variable.'*' Thus in the above definition, / is a real 
variable, and <t, f, J are apparent variables. 

When we assert any value of a propositional function, we shall say simply 
that we assert the propositional function. Thus if we enunciate the law of 
identity in the form "x = x/^ we are asserting the function "x ^ a; ;" i. e., we 
are asserting any value of this function. Similarly we may be said to deny a 
propositional function when we deny any instance of it. We can only truly 
assert a propositional function if, whatever value we choose, that value is true ; 
similarly we can only truly deny it if, whatever value we choose, that value is 
false. Hence in the general case, in which some values are true and some false, 
we can neither assert nor deny a propositional function. f 

If ^x is a propositional function, we will denote by **(a;). ^x'^ the propo- 
sition " q>x is always true.'^ Similarly " (ar, y) . ^ (», y)" will mean " ^ (x, y) is 
always true," and so on. Thep the distinction between the assertion of all 
values and the assertion of any is the distinction between (1) asserting (a;) .^ 
and (2) asserting ^ where x is undetermined. The latter differs from the 
former in that it can not be treated as one determinate proposition. 

The distinction between asserting ^x and asserting (x) • ^x was, I believe, 
first emphasized by Prege-J His reason for introducing the distinction explicitly 
was the same which had caused it to be present in the practice of mathematicians; 
namely, that deduction can only be effected with real variables, not with apparent 
variables. In the case of Euclid's proofs, this is evident : we need (say) some 
one triangle ABC to reason about, though it does not matter what triangle it is. 
The triangle ABC is a real variable ; and although it is any triangle, it remains 
the same triangle throughout the argument. But in the general enunciation, 

^ These two temiB are dne to Peano, who nses them approximately in the aboye sense. Cf.^e.g.^ Fcrm%iilair§ 
MaihinuUique, Vol. lY, p. 5 (Turin, 1908). 

f Mr. MaeColl speaks of ** propositions", as diyided into the three classes of certain, yariable, ana im- 
possible. We maj accept this diyision as applying to propositional functions. A function which can be 
asserted is certain, one which can be denied is impossible, and all others are (in Mr. MacColPs sense) yariable. 

(See his Orvndgetetu dtr Arithmetik, Vol. I (Jena, 1898), |17, p. 81. 



Russell: Mathematical Logic as based on the Theory of Types. 229 

the triangle Ib an apparent variable. If we adhere to the apparent variable, we 
can not perform any deductions, and this is why in all proofs, real variables 
have to be used. Suppose, to take the simplest case, that we know *' ^z is 
always true,'' i. e. **(») . 4>x,'' and we know '^^ always implies n^/x/^ i. e. "(x) . {^ 
implies i/^x}." How shall we infer *^4ac is always true,'' i.e. ** (x) . i^x?" We 
know it is always true that if ^x is true, and if ^x implies ^^c, then t^/x is true. 
But we have no premises to the effect that 4>x is true and ^x implies ^^x ; what 
we have is : f^x is always true, and 4>x always implies 4^. In order to make our 
inference, we must go from "^ is always true" to 4>x, and from *^^x always 
implies i/<c" to ^*^x implies ^^x^'' where the x, while remaining any possible 
argument, is to be the same in both. Then, from *^4)x" and "4>x implies '4<c," 
we infer ^''i^;" thus 't^x is true for any possible argument, and therefore is 
always true. Thus in order to infer *^ (x) . ^^^x from *^ (x) • ^x " and " (x) . \^ 
implies '4^}," we have to pass from the apparent to the real variable, and then 
back again to the apparent variable. This process is required in all mathematical 
reasoning which proceeds from the assertion of all values of one or more prepo- 
sitional functions to the assertion of all values of some other prepositional 
function, as, e. g.^ from ^' all isosceles triangles have equal angles at the base " to 
^' all triangles having equal angles at the base are isosceles." In particular, this 
process is required in proving Barbara and the other moods of the syllogism. 
In a word, all deductum operates with real variables (or with constants). 

It might be supposed that we could dispense with apparent variables 
altogether, contenting ourselves with any as a substitute for all. This, however, 
is not the case. Take, for example, the definition of a continuous function quoted 
above : in this definition (X, f, and h must be apparent variables. Apparent 
variables are constantly required for definitions. Take, e. g., the following : 
^'An integer is called a prime when it has no integral factors except 1 and itself." 
This definition unavoidably involves an apparent variable in the form : *'If w is 
an integer other than 1 or the given integer, n is not a factor of the given integer, 
for all possible values of n " 

The distinction between all and any is, therefore, necessary to deductive 
reasoning, and occurs throughout mathematics; though, so far as I know, its 
importance remained unnoticed until Frege pointed it out. 

For our purposes it has a different utility, which is very great. In the case 
of such variables as propositions or properties, *' any value " is legitimate, though , 
**all values" is not. Thus we may say: *^p is true or false, where p is any 
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proposition/' though we can not say '' all propositions are true or false." The 
reason is that, in the former, we merely aflBrm an undetermined one of the 
propositions of the form '' p is true or false/' whereas in the latter we afiSrm (if 
anything) a new proposition, different from all the propositions of the form 
^^p is true or false/' Thus we may admit '' any value " of a variable in cases 
where ^' all values" would lead to reflexive fallacies ; for the admission of ''any 
value " does not in the same way create new values. Hence the fundamental 
laws of logic can be stated concerning any proposition, though we can not 
significantly say that they hold of all propositions. These laws have, so to 
speak, a particular enunciation but no general enunciation. There is no one 
proposition which is the law of contradiction (say) ; there are only the various 
instances of the law. Of any proposition j9, we can say : ''j9 and not-p can 
not both be true;" but there is no such proposition as: ''Every proposition f 
is such that 'p and not-j? can not both be true." 

A similar explanation applies to properties. We can speak of any property 
of a:, but not of all properties, because new properties would be thereby 
generated. Thus we can say : " If n is a finite integer, and if has the prop- 
erty ^, and m + 1 has the property ^ provided m has it, it follows that n has 
the property 4)." Here we need not specify ^ ; ^ stands for " any property." 
But we can not say : "A finite integer is defined as one which has every property 
^ possessed by and by the successors of possessors." For here it is essential 
to consider every property,* not any property ; and in using such a definition we 
assume that it embodies a property distinctive of finite integers, which is just 
the kind of assumption from which, as we saw, the reflexive contradictions 
spring. 

In the above instance, it is necessary to avoid the suggestions of ordinary 
language, which is not suitable for expressing the distinction required. The 
point may be illustrated further as follows: If induction is to be used for defining 
finite integers, induction must state a definite property of finite integers, not an 
ambiguous property. But if 4^ is a real variable, the statement " n has the 
property ^ provided this property is possessed by and by the successors of 
possessors " assigns to n a property which varies as ^ varies, and such a property 
can not be used to define the class of finite integers. We wish to say : " 'n is a 
finite integer ' means : ' Whatever property ^ may be, n has the property ^ pro- 



* This it indistinfi^Bhabla from «* all properties. 



» 
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vided ^ is possessed by and by the successors of possessors.' '' But here ^ has 
become an airparent variable. To keep it a real variable, we should have to say : 
"Whatever property ^ may be, *n is a finite integer' means: *n has the property 
^ provided ^ is possessed by and by the successors of possessors.' " But here 
the meaning of ^n is a finite integer ' varies as ^ varies, and thus such a definition 
is impossible. This case illustrates an important point, namely the following: 
"The scope* of a real variable can never be less than the whole prepositional 
function in the assertion of which the said variable occurs." That is, if our 
propositional function is (say) ''4>x implies^," the assertion of this function will 
mean " any value of ^ ^x implies p^ is true," not " *any value oi^x is true' im- 
plies^." In the latter, we have really ^^ all values of ^x are true," and the x is 
an apparent variable. 

III. 

The Meaning and Range of Greneralized Propositions. 

In this section we have to consider first the meaning of propositions in 
which the word all occurs, and then the kind of collections which admit of 
propositions about all their members. 

It is convenient to give the name geneialized propositions not only to such as 
contain aZZ, but also to such as contain some (undefined). The proposition " ^a 
is sometimes true" is equivalent to the denial of "not-^^a; is always true;" 
"some J. is jB" is equivalent to the denial of "all A is not jB;" i. c, of "no A 
is jB." Whether it is possible to find interpretations which distinguish "^x is 
sometimes true" from the denial of "not-^^x is always true," it is unneces- 
sary to inquire ; for our purposes we may define "4>x is sometimes true" as the 
denial of "not-4>a; is always true." In any case, the two kinds of propositions 
require the same kind of interpretation, and are subject to the same limitations. 
In each there is an apparent variable ; and it is the presence of an apparent 
variable which constitutes what I mean by a generalized proposition. (Note 
that there can not be a real variable in any proposition; for what contains a real 
variable is a propositional function, not a proposition.) 

The first question we have to ask in this section is : How are we to interpret 
the word aU in such propositions as "all men are mortal?" At first sight, it 
might be thought that there could be nodiflBculty, that " all men " is a perfectly 

• The «;ope of a real Yariable is the whole fnDction of which **aoy yalue*' is io queatioo. Thus in **^ 
implies j9*' the scope of x is not ^z, but ** ^ implies j9.*' 
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clear idea, and that we say of all men that they are mortal. But to this view 
there are many objections. 

(1) If this view were right, it would seem that "all men are mortal" could 
not be true if there were no men. Yet, as Mr. Bradley has urged,* "Trespassers 
will be prosecuted *' may be perfectly true even if no one trespasses ; and hence, 
as he further argues, we are driven to interpret such propositions as hypothetical, 
meaning "if anyone trespasses, he will be prosecuted ; '^ i. e.y "if x trespasses, 
X will be prosecuted,'' where the range of values which x may have, whatever it 
is, is certainly not confined to those who really trespass. Similarly "all men 
are mortal '' will mean "if a? is a man, x is mortal, where x may have any value 
within a certain range." What this range is, remains to be determined ; but in 
any case it is wider than " men," for the above hypothetical is certainly often 
true when x is not a man. 

(2) "All men" is a denoting phrase; and it would appear, for reasons which 
I have set forth elsewhere,f that denoting phrases never have any meaning in 
isolation, but only enter as constituents into the verbal expression of proposi- 
tions which contain no constituent corresponding to the denoting phrases in 
question. That is to say, a denoting phrase is defined by means of the propo- 
sitions in whose verbal expression it occurs. Hence it is impossible that these 
propositions should acquire their meaning through the denoting phrases ; we 
must find an independent interpretation of the propositions containing such 
phrases, and must not use these phrases in explaining what such propositions 
mean. Hence we can not regard "all men are mortal" as a statement about 
"all men." 

(3) Even if there were such an object as "all men," it is plain that it is 
not this object to which we attribute mortality when we say "all men are 
mortal." If we were attributing mortality to this object, we should have to say 
** all men is mortal." Thus the supposition that there is such an object as "all 
men " will not help us to interpret '* all men are mortal." 

(4) It seems obvious that, if we meet something which may be a man or may 
be an angel in disguise, it comes within the scope of " all men are mortal " to 
assert " if this is a man, it is mortal." Thus again, as in the case of the tres- 
passers, it seems plain that we are really saying " if anything is a man, it is 
mortal," and that the question whether this or that is a man does not fall within 
the scope of our assertion, as it would do if the all really referred to " all men." 



• Logie^ Part I, CbApter II. f «< On DenoUng/* Mind, October, 1905. 
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(5) We thus arrive at the view that what is meant by "all men are mortal" 
may be more explicitly stated in some such form as " it is always true that if x 
is a man, x is mortal." Here we have to inquire as to the scope of the word 
always. 

(6) It is obvious that always includes some cases in which x is not a man, 
as we saw in the case of the disguised angel. If x were limited to the case 
when a; is a man, we could infer that a; is a mortal, since if a; is a man, a; is a 
mortal. Hence, with the same meaning of always^ we should find " it is always 
true that x is mortal." But it is plain that, without altering the meaning of 
always^ this new proposition is false, though the other was true. 

(7) One might hope that "always" would mean "for all values of »." 
But "all values of a;," if legitimate, would include as parts "all propositions" 
and "all functions," and such illegitimate totalities. Hence the values of a; 
must be somehow restricted within some legitimate totality. This seems to lead 
us to the traditional doctrine of a " universe of discourse " within which x must 
be supposed to lie. 

(8) Yet it is quite essential that we should have some meaning of always 
which does not have to be expressed in a restrictive hypothesis as to x. For 
suppose " always " means " whenever x belongs to the class i." Then " all men 
are mortal" becomes "whenever x belongs to the class i, if x is a man, x is 
mortal ;" i. e., " it is always true that if x belongs to the class i, then, if x is a 
man, x is mortal." But what is our new always to mean ? There seems no more 
reason for restricting x, in this new proposition, to the class i, than there was 
before for restricting it to the class man. Thus we shall be led on to a new wider 
universe, and so on ad infinitum^ unless we can discover some natural restriction 
upon the possible values of (i. e., some restriction given with) the function "if x 
is a man, x is mortal," and not needing to be imposed from without. 

(9) It seems obvious that, since all men are mortal, there can not be any 
false proposition which is a value of the function " if x is a man, x is mortal." 
For if this is a proposition at all, the hypothesis " x is a man " must be a propo- 
sition, and so must the conclusion "x is mortal." But if the hypothesis is false, 
the hypothetical is true ; and if the hypothesis is true, the hypothetical is true. 
Hence there can be no false propositions of the form "if x is a man, x is 
mortal." 

(10) It follows that, if any values of x are to be excluded, they can only be 
values for which there is no proposition of the form " if x is a man, x is mortal;" 
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i. e.y for which this phrase is meaningless. Since, as we saw in (7), there must be 
excluded values of a, it follows that the function "if a; is a man, x is mortal*' 
must have a certain range of significance/^ which falls short of all imaginable 
values of x, though it exceeds the values which are men. The restriction on x 
is therefore a restriction to the range of significance of the function '^ if x is a 
man, x is mortal.'* 

(11) We thus reach the conclusion that "all men are mortal'* means "if x 
is a man, x is mortal, always," where always means "for all values of the 
function * if a? is a man, x is mortal.*** This is an internal limitation upon a?, 
given by the nature of the function ; and it is a limitation which does not require 
explicit statement, since it is impossible for a function to be true more generally 
than for afl its values. Moreover, if the range of significance of the function 
is t, the function "if x is an i\ then if x is a man, x is mortal** has the same 
range of significance, since it can not be significant unless its constituent " if x 
is a man, x is mortal ** is significant. But here the range of significance is again 
implicit, as it was in ' if x is a man, x is mortal ; * thus we can not make ranges 
of significance explicit, since the attempt to do so only gives rise to a new 
proposition in which the same range of significance is implicit. 

Thus generally : "(x) • ^** is to mean "4>x always.** This may be inter- 
preted, though with less exactitude, as "^ is always true,** or, more explicitly : 
"All propositions of the form <px are true,** or "All values of the function ^ 
are true.**f Thus the fundamental all is "all values of a propositional function,** 
and every other all is derivative from this. And every propositional function 
has a certain range of significance, within which lie the arguments for which the 
function has values. Within this range of arguments, the function is true or 
false ; outside this range, it is nonsense. 

The above argumentation may be summed up as follows : 

The difficulty which besets attempts to restrict the variable is, that 
restrictions naturally express themselves as hypotheses that the variable is of 
such or such a kind, and that, wiien so expressed, the resulting hypothetical is 
free from the intended restriction. For example, let us attempt to restrict the 

*A function is said to be significant for tlie argument x if it has a yalue for this argument. Thus we may 
say shortly ** 02 is significant/' meaning **the function has a yalue for the argument z.*' The range of 
significance of a function consists of all the arguments for which the function is true, together with all the 
arguments for which it is false. 

f A linguistically conyenient expression for this idea is : ** 0z is true for all pouibU yalues of z,*' a possible 
yalue being understood to be one for which ^ is significant. 
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variable to men, and assert that, subject to this restriction, ^^x is mortal.'' is 
always true. Then what is always true is that if x is a man, x is mortal ; and 
this hypothetical is true even when x is not a man. Thus a variable can never 
be restricted within a certain range if the prepositional function in which the 
Variable occurs remains significant when the variable is outside that range. But 
if the function ceases to be significant when the variable goes outside a certain 
range, then the variable is ipso facto confined to that range, without the need of 
any explicit statement to that effect. This principle is to be borne in mind in 
the development of logical types, to which we shall shortly proceed. 

We can now begin to see how it comes that " all so-and-so's " is sometimes 
a legitimate phrase and sometimes not. Suppose we say '^ all terms which have 
the property ^ have the property 4^." That means, according to the above 
interpretation, '* ^x always implies t^/' Provided the range of significance of 
^x is the same as that of t^/Xy this statement is significant ; thus, given any 
definite function ^Xy there are propositions about " all the terms satisfying 4>x." 
But it sometimes happens (as we shall see more fully later on) that what appears 
verbally as one function is really many analogous functions with different ranges 
of significance. This applies, for example, to "^ is true," which, we shall find, 
is not really one function of p, but is different functions according to the kind 
of proposition that p is. In such a case, the phrase expressing the ambiguous 
function may, owing to the ambiguity, be significant throughout a set of values 
of the argument exceeding the range of significance of any one function. In 
such a case, all is not legitimate. Thus if we try to say ^'all true propositions 
have the property 4>," i. e., " ^p is true' always implies ^/' the possible argu- 
ments to *p is true' necessarily exceed the possible arguments to 4>, and there- 
fore the attempted general statement is impossible. For this reason, genuine 
general statements about all true propositions can not be made. It may happen, 
however, that the supposed function ^ is really ambiguous like *p is true;' and 
if it happens to have an ambiguity precisely of the same kind as that of 'p is 
true,' we may be able always to give an interpretation to the proposition " ^p is 
true' implies 4>p." This will occur, e. g., if ^p is *'not-;p is false." Thus we 
get an appearance, in such cases, of a general proposition concerning aU propo- 
sitions ; but this appearance is due to a systematic ambiguity about such words 
as true and false. (This systematic ambiguity results from the hierarchy of 
propositions which will be explained later on). We may, in all such cases, make 
our statement about any proposition, since the meaning of the ambiguous words 
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will adapt itself to any proposition. But if we turn our proposition into an 
apparent variable, and say something about aXl^ we must suppose the ambiguous 
words fixed to this or that possible meaning, though it may be quite irrelevant 
which of their possible meanings they are to have. This is how it happens both 
that all has limitations which exclude ^^ all propositions/' and that there never- 
theless seem to be true statements about '^ all propositions.'^ Both these points 
will become plainer when the theory of types has been explained. 

It has often been suggested'*' that what is required in order that it may be 
legitimate to speak of all of a collection is that the collection should be finite. 
Thus '' all men are mortal '' will be legitimate because men form a finite class. 
But that is not really the reason why we can speak of '' all men.'' What is 
essential, as appears from the above discussion, is not finitude, but what may be 
called logical homogeneity. This property is to belong to any collection whose 
terms are all contained within the range of significance of some one function. 
It would always be obvious at a glance whether a collection possessed this 
property or not, if it were not for the concealed ambiguity in common logical 
terms such as true and false^ which gives an appearance of being a single function 
to what is really a conglomeration of many functions with different ranges of 
significance. 

The conclusions of this section are as follows: Every proposition containing 
all asserts that some propositional function is always true ; and this means that 
all values of the said function are true, not that the function is true for all argu- 
ments, since there are arguments for which any given function is meaningless, 
%. e.y has no value. Hence we can speak of aU of a collection when and only 
when the collection forms part or the whole of the range of significance of 
some propositional function, the range of significance being defined as the 
collection of those arguments for which the function in question is significant, 
{. e., has a value. 

IV. 

The Hierarchy of Types. 

A type is defined as the range of significance of a propositional function, 
i. e., as the collection of arguments for which the said function has values. 
Whenever an apparent variable occurs in a proposition, the range of values of the 
apparent variable is a type, the type being fixed by the function of which ^^ all 

*K g,, by M. Poincard, Bevue de Metaphytiqw et de Morale^ Mai, 1906. 
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values " are concerned. The division of objects into types is necessitated by the 
reflexive fallacies which otherwise arise. These fallacies, as we saw, are to 
be avoided by what may be called the "vicious-circle principle ;'' i.e., "no 
totality can contain members defined in terms of itself.'' This principle, in our 
technical language, becomes : " Whatever contains an apparent variable must 
not be a possible value of that variable." Thus whatever contains an apparent 
variable must be of a different type from the possible values of that variable ; 
we will say that it is of a higher type. Thus the apparent variables contained 
in an expression are what determines its type. This is the guiding principle in 
what follows. 

Propositions which contain apparent variables are generated from such as 
do not contain these apparent variables by processes of which one is always the 
process of generalization, i. c, the substitution of a variable for one of the terms 
of a proposition, and the assertion of the resulting function for all possible 
values of the variable. Hence a proposition is called a generalized proposition 
when it contains an apparent variable. A proposition containing no apparent 
variable we will call an elementary proposition. It is plain that a proposition 
containing an apparent variable presupposes others from which it can be 
obtained by generalization; hence all generalized propositions presuppose 
elementary propositions. In an elementary proposition we can distinguish one 
or more terms from one or more concepts ; the terms are whatever can be regarded 
as the subject of the proposition, while the concepts are the predicates or relations 
asserted of these terms."*" The terms of elementary propositions we will call 
individiuxls ; these form the first or lowest type. 

^ It is unnecessary, in practice, to know what objects belong to the lowest 
type, or even whether the lowest type of variable occurring in a given context 
is that of individuals or some other. For in practice only the relative types of 
variables are relevant ; thus the lowest type occurring in a given context may 
be called that of individuals, so far as that context is concerned. It follows that 
the above account of individuals is not essential to the truth of what follows ; 
all that is essential is the way in which other types are generated from indi- 
viduals, however the type of individuals may be constituted. 

By applying the process of generalization to individuals occurring in 
elementary propositions, we obtain new propositions. The legitimacy of this 



*Sea JPrineipU9 of Mathematiet, {48. 
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process requires only that no individuals should be propositions. That this is 
so, is to be secured by the meaning we give to the word individual. We may 
define an individual as something destitute of complexity ; it is then obviously 
not a proposition, since propositions are essentially complex. Hence in applying 
the process of generalization to individuals we run Ao risk of incurring reflexive 
fallacies. 

Elementary propositions together with such as contain only individuals as 
apparent variables we will call first-order propositions. These form the second 
logical type. 

We have thus a new totality, that of first-order propositions. We can thus 
form new propositions in which first-order propositions occur as apparent 
variables. These we will call second-order propositions; these form the third 
logical type. Thus, e. g., if Epimenides asserts " all first-order propositions 
affirmed by me are false,'' he asserts a second-order proposition ; he may assert 
this truly, without asserting truly any first-order proposition, and thus no con- 
tradiction arises. 

The above process can be continued indefinitely. The n + 1th logical type 
will consist of propositions of order n, which will be such as contain propositions 
of order n — 1, but of no higher order, as apparent variables. The types so 
obtained are mutually exclusive, and thus no reflexive fallacies are possible so 
long as we remember that an apparent variable must always be confined within 
some one type. 

In practice, a hierarchy o{ functions is more convenient than one of propo- 
sitions. Functions of various orders may be obtained from propositions of 
various orders by the method of svhstitrdion. If jp is a proposition, and a a con- 
stituent of ^, let ^^p/a'^x^^ denote the proposition which results from substi- 
tuting X for a wherever a occurs in p. Then p/a, which we will call a matrix, 
may take the place of a function ; its value for the argument x is p/a*x, and its 
value for the argument a iap. Similarly, if **p/(a^ b) '• (a, y)^' denotes the result 
of first substituting x for a and then substituting y for b, we may use the double 
matrix pl{a^b) to represent a double function. In this way we can avoid 
apparent variables other than individuals and propositions of various orders. 
The order of a matrix will be defined as being the order of the proposition in 
which the substitution is effected, which proposition we will call the prototype. 
The order of a matrix does not determine its type : in the first place because it 
does not determine the number of arguments for which others are to be substi- 
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tuted {i. e.y whether the matrix is of the form p/a or pl\CL^h) or pKdybjc) 
etc.) ; in the second place because, if the prototype is of more than the first 
order, the arguments may be either propositions or individuals. But it is plain 
that the type of a matrix is definable always by means of the hierarchy of 
propositions. 

Although it is possible to replace functions by matrices, and although this 
procedure introduces a certain simplicity into the explanation of types, it is 
technically inconvenient. Technically, it is convenient to replace the prototype 
p by 4)a, and to replace p/a'^x by ^x; thus where, if matrices were being em- 
ployed, p and a would appear as apparent variables, we now have ^ as our 
apparent variable. In order that ^ may be legitimate as an apparent variable, 
it is necessary that its values should be confined to propositions of some one type. 
Hence we proceed as follows. 

A function whose argument is an individual and whose value is always a 
first-order proposition will be called a first-order function. A function involving 
a first-order function or proposition as apparent variable will be called a second- 
order function, and so on. A function of one variable which is of the order 
next above that of its argument will be called a predicative function ; the same 
name will be given to a function of several variables if there is one among these 
variables in respect of which the function becomes predicative when values are 
assigned to all the other variables. Then the type of a function is determined 
by the type of its values and the number and type of its arguments. 

The hierarchy of functions may be further explained as follows. A first- 
order function of an individual x will be denoted by 4> ! x (the letters 'J'l Xf ^f 
/, gr, Fy Q will also be used for functions). No first-order function contains a 
function as apparent variable ; hence such functions form a well-defined totality, 
and the ^m^\x can be turned into an apparent variable. Any proposition in 
which ^ appears as apparent variable, and there is no apparent variable of higher 
type than ^, is a second-order proposition. If such a proposition contains an 
individual x, it is not a predicative function of x] but if it contains a first-order 
function 4>, it is a predicative function of ^, and will be written / ! ('4' 1 z). Then 
/ is a second-order predicative function ; the possible values of / again form a 
well-defined totality, and we can turn / into an apparent variable. We can 
thus define third-order predicative functions^ which will be such as have third- 
order propositions for their values and second-order predicative functions for 
their arguments. And in this way we can proceed indefinitely. A precisely 
similar development applies to functions of several variables. 
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We will adopt the following conventions. Variables of the lowest type 
occurring in any context will be denoted by small Latin letters (excluding / 
and gr, which are reserved for functions) ; a predicative function of an argument 
X (where x may be of any type) will be denoted by ^ !a; (where i^, Xf ^t A 9f ^ 
or G may replace ^) ; similarly a predicative function of two arguments x and y 
will be denoted by ^ ! (x, y) ; a general function of x will be denoted by ^ar, and 
a general function of x and y by ^(x, y). In ^x^ ^ can not be made into an 
apparent variable, since its type is indeterminate ; but in ^\x, where ^ is a 
predicative function whose argument is of some given type, ^ can be made into 
an apparent variable. 

It is important to observe that since there are various types of propositions 
and functions, and since generalization can only be applied within some one type, 
all phrases containing the words "all propositions" or "all functions" are 
prima facie meaningless, though in certain cases they are capable of an imob- 
jectionable interpretation. The contradictions arise from the use of such phrases 
in cases where no innocent meaning can be found. 

If we now revert to the contradictions, we see at once that some of them 
are solved by the theory of types. Wherever "all propositions" are mentioned, 
we must substitute " all propositions of order w," where it is indifiFerent what 
value we give to n, but it is essential that n should have some value. Thus when 
a man says "I am lying," we must interpret him as meaning: "There is a 
proposition of order w, which I affirm, and which is false." This is a proposition 
of order n+ 1; hence the man is not affirming any proposition of order n ; 
hence his statement is false, and yet its falsehood does not imply, as that of 
" I am lying" appeared to do, that he is making a true statement. This solves 
the liar. 

Consider next "the least integer not nameable in fewer than nineteen 
syllables." It is to be observed, in the first place, that nameable must mean 
" nameable by means of such-and-such assigned names," and that the number of 
assigned names must be finite. For if it is not finite, there is no reason why 
there should be any integer not nameable in fewer than nineteen syllables, and 
the paradox collapses. We may next suppose that " nameable in terms of names 
of the class iV" means "being the only term satisfying some function composed 
wholly of names of the class iVl" The solution of this paradox lies, I think, in 
the simple observation that " nameable in terms of names of the class iV^" is 
never itself nameable in terms of names of that class. If we enlarge N by 
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adding the name '^nameable in terms of names of the class iV," our fundamental 
apparatus of names is enlarged; calling the new apparatus N^^ ^'nameable in. 
terms of names of the class iV'" remains not nameable in terms of names of the 
class N'. If we try to enlarge N till it embraces all names, ^'nameable" be- 
comes (by what was said above) '^ being the only term satisfying some function 
composed wholly of names." But here there is a function as apparent variable ; 
hence we are confined to predicative functions of sqme one type (for non-predi- 
cative functions can not be apparent variables). Hence we have only to observe 
that nameability in terms of such functions is non-predicative in order to escape 
the paradox. 

The case of " the Jeast indefinable ordinal " is closely analogous to the case 
we have just discussed. Here, as before, ^'definable" must be relative to some 
given apparatus of fundamental ideas; and there is reason to suppose that 
*^ definable in terms of ideas of the class iV" is not definable in terms of ideas 
of the class N. It will be true that there is some definite segment of the series 
of ordinals consisting wholly of definable ordinals, and having the least inde- 
finable ordinal as its limit. This least indefinable ordinal will be definable by a 
slight enlargement of our fundamental apparatus ; but there will then be a new 
ordinal which will be the least that is indefinable with the new apparatus. If 
we enlarge our apparatus so as to include all possible ideas, there is no longer 
any reason to believe that there is any indefinable ordinal. The apparent force 
of the paradox lies largely, I think, in the supposition that if all the ordinals 
of a certain class are definable, the class must be definable, in which case its 
successor is of course also definable ; but there is no reason for accepting this 
supposition. 

The other contradictions, that of Burali-Forti in particular, require soAie 
further developments for their solution. 

V. 

The Axiom of Reducibility. 

A propositional function of x may, as we have seen, be of any order ; hence 
any statement about *'all properties of aj" is meaningless. (A '^property of a;" 
is the same thing as a '* propositional function which holds of a.") But it is 
absolutely necessary, if mathematics is to be possible, that we should have some 
method of making statements which will usually be equivalent to what we have 
in mind when we (inaccurately) speak of *' all properties of a." This necessity 
32 
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appears in many cases^ but especially in connection with mathematical induction. 
We can say, by the use of any instead of aZZ, "Any property possessed by 0, 
and by the successors of all numbers possessing it, is possessed by all finite 
numbers." But we can not go on to : **A finite number is one which possesses 
a?Z properties possessed by and by the successors of all numbers possessing 
them." If we confine this statement to all first-order properties of numbers, we 
can not infer that it holds of second-order properties. For example, we shall 
be unable to prove that if 7n, n are finite numbers, then m + n is a finite number. 
For, with the above definition, " m is a finite number " is a second-order property 
of m ; hence the fact that wi -f is a finite number, and that, if m + n is a 
finite number, so is wi + n -f 1, does not allow us to conclude by induction that 
9n -{- 72 is a finite number. It is obvious that such a state of things renders much 
of elementary mathematics impossible. 

The other definition of finitude, by the non-similarity of whole and part, 
fares no better. For this definition is : "A class is said to be finite when every 
one-one relation whose domain is the class and whose converse domain is 
contained in the class has the whole class for its converse domain." Here a 
variable relation appears, i. e., a variable function of two variables ; we 
have to take all values of this function, which requires that it should be of some 
assigned order ; but any assigned order will not enable us to deduce many of 
the propositions of elementary mathematics. 

Hence we must find, if possible, some method of reducing the order of a 
propositional function without affecting the truth or falsehood of its values. 
This seems to be what common-sense effects by the admission of classes. Given 
any propositional function ^x, of whatever order, this is assumed to be equivalent, 
for all values of a?, to a statement of the form ''x belongs to the class a." Now 
this statement is of the first order, since it makes no allusion to *'all functions 
of such-and-such a type." Indeed its only practical advantage over the original 
statement ^x is that it is of the first order. There is no advantage in assuming 
that there really are such things as classes, and the contradiction about the 
classes which are not members of themselves shows that, if there are classes, 
they must be something radically different from individuals. I believe the chief 
purpose which classes serve, and the chief reason which makes them linguistically 
convenient, is that they provide a method of reducing the order of a propositional 
function. I shall, therefore, not assume anything of what may seem to be 
involved in the common-sense admission of classes, except this: that every 
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propoBitional function is equivalent, for all its values, to some predicative 
function. 

This assumption with regard to functions is to be made whatever may be 
the type of their arguments. Let ^x be a function, of any order, of an argu- 
ment a, which may itself be either an individual or a function of any order. 
If ^ is of the order next above a, we write the function in the form ^ ! a? ; in 
such a case we will call ^ a predicative function. Thus a predicative function of 
an individual is a first-order function; and for higher types of arguments, 
predicative functions take the place that first-order functions take in respect of 
individuals. We assume, then, that every function is equivalent, for all its 
values, to some predicative function of the same argument. This assumption 
seems to be the essence of the usual assumption of classes ; at any rate, it 
retains as much of classes as we have any use for, and little enough to avoid the 
contradictions which a less grudging admission of classes is apt to entail. We 
will call this assumption the axiom of classes, or the axiom of reducibility. 

We shall assume similarly that every function of two variables is equivalent, 
for all its values, to a predicative function of those variables, where a predicative 
function of two variables is one such that there is one of the variables in respect 
of which the function becomes predicative (in our previous sense) when a value 
is assigned to the other variable. This assumption is what seems to be meant 
by saying that any statement about two variables defines a relation between 
them. We will call this assumption the axiom of relations or the axiom of 
reducibility. 

In dealing with relations between more than two terms, similar assumptions 
would be needed for three, four, . . . variables. But these assumptions are not 
indispensable for our purpose, and are therefore not made in this paper. 

By the help of the axiom of reducibility, statements about '^ all first-order 
functions of a?" or "all predicative functions of a" yield most of the results 
which otherwise would require " all functions." The essential point is that such 
results are obtained in all cases where only the truth or falsehood of values of 
the functions concerned are relevant, as is invariably the case in mathematics. 
Thus mathematical induction, for example, need now only be stated for all 
predicative functions of numbers; it then follows from the axiom of classes 
that it holds of any function of whatever order. It might be thought that the 
paradoxes for the sake of which we invented the hierarchy of types would now 
reappear. But this is not the case, because, in such paradoxes, either something 
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beyobd the truth or falsehood of values of functions is relevant, or expressions 
occur which are unmeaning even after the introduction of the axiom of reduci- 
bility. For example, such a statement as ''Epimenides asserts '<^^^ is not 
equivalent to "Epimenides asserts ^la," even though -J^b and ^\x are equiv- 
alent. Thus "I am lying'' remains unmeaning if we attempt to include all 
propositions among those which I may be falsely affirming, and is unaffected by 
the axiom of classes if we confine it to propositions of order n. The hierarchy 
of propositions and functions, therefore, remains relevant in just those cases in 
which there is a paradox to be avoided. 

VI. 
Primitive Ideas and Propositions of Symbolic Logic. 

The primitive ideas required in symbolic logic appear to be the following 
seven : 

(1) Any propositional function of a variable x or of several variables 
X, y, z, . . . This will be denoted by ^z or ^(x, y, 2J, . .) 

(2) The negation of a proposition. If p is the proposition, its negation 
will be denoted by '^p. 

(3) The disjunction or logical sum of two propositions; i. e., *Hhis or that." 
If p^ q are the two propositions, their disjunction will be denoted by p\i9,-^ 

(4) The truth of any value of a propositional function; i. e., of ^x where x 
is not specified. 

(5) The truth of all values of a propositional function. This is denoted by 
(x) • ^x or (x) : 4>x or whatever larger number of dots may be necessary to 
bracket off the proposition.f In (x) . ^x, x is called an apparent variable^ 
whereas when ^x is asserted, where x is not specified, x is called a real variable. 

(6) Any predicative function of an argument of any type ; this will be 
represented by ^ !x or ^!a or ^\ R, according to circumstances. A predica- 
tive function of x is one whose values are propositions of the type next above 
that of X, if X is an individual or a proposition, or that of values of x if x is a 

*In a previous article in this journal, I took implication as indefinable, instead of disjunction. The 
choice between the two is a matter of taste ; I i^ow choose disjunction, because it enables us to diminish the 
number of primitive propositions. 

t The use of dots follows Peano'i usage. It is fully explained by Mr. Whitehead, *<0n Cardinal Num- 
bers," AMBBI01.N J0UBNI.L ov M1.THEM1.TIO8, Vol. XXIV, and <*0n Mathematical Concepts of the Material 
Worid," Phil Trans, A., Vol. GOV, p. 472. 
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function. It may be described as one in which the apparent variables, if any, 
are all of the same type as x or of lower type ; and a variable is of lower type 
than X if it can significantly occur as argument to x, or as argument to an argu- 
ment to x, etc. 

(7) Assertion; i. 6., the assertion that some proposition is true, or that any 
value of some propositional function is true. This is required to distinguish a 
proposition actually asserted from one merely considered, or from one adduced 
as hypothesis to some other. It will be indicated by the sign '* \ '* prefixed to 
what is asserted, with enough dots to bracket off what is asserted."^ 

Before proceeding to the primitive propositions, we need certain definitions. 
In the following definitions, as well as in the primitive propositions, the letters 
P) Qf ^ ^^® u^^^ ^o denote propositions. 

p^q*=^ •'^pyq Df. 

This definition states that ^^p'^q^' (which is read ^^p implies q'^) is to mean 
^'jp is false or q is true." I do not mean to affirm that ''implies" can not have 
any other meaning, but only that this meaning is the one which it is most con- 
venient to give to " implies " in symbolic logic. In a definition, the sign of 
equality and the letters ''Df" are to be regarded as one symbol, meaning jointly 
"is defined to mean." The sign of equality without the letters "Df" has a 
different meaning, to be defined shortly. 

p . q . =: . '^ (^ py ^ q) Df. 

This defines the logical product of two propositions p and q, i. e., "^ and q 
are both true." The above definition states that this is to mean : '' It is false 
that either p is false or q is false." Here again, the definition does not give the 
only meaning which can be given to "jp and q are both true," but gives the 
meaning which is most convenient for our purposes. 

p = q. = .p:}q.q:)p Df. 

That is, "^ = 3^," which is read ^*p is equivalent to g^," means "^ implies q 

and q implies p ; " whence, of course, it follows that p and q are both true or 

both false. 

(STa?) .q>x. = .^\{x).^ q>x\ Df 

* This sign, as well as the introduction of the idea which it expresses, are due to Frege. See his Begrif»- 
ichrijt (HaUe, 1879), p. 1, and Grundgetetze der AHthmetik, Vol. I (Jena, 1898), p. 9. 
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(x, y) . ^(x, y) . : 

(5a, y) . ^(x, y) . z 

^x Ox • ''^^^ • ' 

^{^y y) • X y . ^(», y) : = 



This defines " there is at least one value of x for which ^ is true." We 
define it as meaning ^^ it is false that ^x is always false/' 

X = y . = : (^) : ^ ! X O . ^ ! y Df- 

This is the definition of identity. It states that x and y are to be called 
identical when every predicative function satisfied by x is satisfied by y. It 
follows from the axiom of reducibility that if x satisfies -J^x, where -^ is any 
function, predicative or non-predicative, then y satisfies ^y. 

The following definitions are less important, and are introduced solely for 
the purpose of abbreviation. 

= : H : (y) . ^(a^, y) Df- 

= : {Sx) : {Sy) . ^(x, y) Df. 

= :(x):^x34a; Df. 

= : (x) : ^x . = . -Ax Df. 

: (x, y) : ^(x, y) O . ^{x, y) Df., 

and so on for any number of variables. 

The primitive propositions required are as follows. (In 2, 3, 4, 6, 6, and 10, 
jp, q^ T stand for propositions.) 

(1) A proposition implied by a true premise is true. 

(2) |-:i>vi>0-p. 

(3) ^ig.^.psq- 

(4) I- ••i^vgO.g'vjp- 

(6) |-:i>v(?v^)0.?v(jpv^)- 

(6) l-r.g'^rO'.jPV^O.jpv^. 

(7) |-:(x).^xo.^y; 

i. e., ^^if all values of ^x are true, then ^y is true, where ^y is any value." * 

(8) If ^y is true, where ^y is any value of ^x, then (x) . ^x is true. This 
can not be expressed in our symbols ; for if we write "^y . ) • i^) • ^/' that means 
''^y implies that all values of ^x are true, where y may have any value of the 
appropriate type," which is not in general the case. What we mean to assert is : 
"If, however y is chosen, ^y is true, then (x) . ^x is truej" whereas what is 
expressed by "^y 0« (») -^a;" is: *' However y is chosen, if ^y is true, then 
(x) • ^x is true," which is quite a different statement, and in general a false one. 



* It is convenient to use the notation <px to denote the function ittelf, as opposed to this or that value of 
the function. 
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(9) [■ : (a;) . ^a; O • ^} where a is any definite constant. 

This principle is really as many diflFerent principles as there are possible 
values of a. /. «., it states that, e. gr., whatever holds of all individuals holds 
of Socrates; also that it holds of Plato; and so on. It is the principle that a 
general rule may be applied to particular cases ; but in order to give it scope, it 
is necessary to mention the particular cases, since otherwise we need the principle 
itself to assure us that the general rule that general rules may be applied to 
particular cases may be applied (say) to the particular case of Socrates. It is 
thus that this principle differs from (7); our present principle makes a statement 
about Socrates, or about Plato, or some other definite constant, whereas (7) 
made a statement about a variable. 

The above principle is never used in symbolic logic or in pure mathematics, 
since all our propositions are general, and even when (as in ^' one is a number '') 
we seem to have a strictly particular case, this turns out not to be so when 
closely examined. In fact, the use of the above principle is the distinguishing 
mark of applied mathematics. Thus, strictly speaking, we might have omitted 
it from our list. 

(10) \l .(x).pM^x.^lp.M .{x).^\ 

i. e.y "if ^ p or ^x^ is always true, then either jp is true, or ^x is always true." 

(11) When f{^x) is true whatever argument x may be, and F{py) is true 
whatever possible argument y may be, then \/{^x). F{(px)\ is true whatever 
possible argument x may be. 

This is the axiom of the " identification of variables.'' It is needed when 
two separate propositional functions are each known to be always true, and we 
wish to infer that their logical product is always true. This inference is only 
legitimate if the two functions take arguments of the same type, for otherwise 
their logical product is meaningless. In the above axiom, x and y must be of 
the same type, because both occur as arguments to ^. 

(12) 1( ^ .px'y'4<c is true for any possible x, then '4fX is true for any 
possible X. 

This axiom is required in order to assure us that the range of significance 
of '4^, in the case supposed, is the same as that of ^x • ^x ) '^^x O • '4^^ ] both 
are in fact the same as that of ^x. We know, in the case supposed, that ^4^ is true 
whenever ^x .^x^ '^x and ^ . ^x") ti^x . "y . '4^ are both significant, but we do 
not know, without an axiom, that '4^x is true whenever ^^x is significant. Hence * 
the need of the axiom. 



S48 RcsSKLL: MndkewuiHcal Logic as based on the Theory of Types. 

Axioms (11) and (12) are required, e.g^ in proving 

(x).^:(x).^3+3cO.(x).+3c. 
By (7) and (11), 

|-:.(x).^:(x).^D^O:ty.tyD^ 

whence by (12), 

h:.(x).^:(x).^)4xO:4^, 

whence the result follows by (8) and (10). 

(13) h:.(a/):.(x):^. = ./"!x. 

This is the axiom of reducibility. It states that, given any function ^, 
there is a predicative function fix such that /!x is always equivalent to ^. 
Note that, since a proposition beginning with *' (<3/)'' is, by definition, the nega- 
tion of one beginning with '' (/)/' the above axiom involves the possibility of 
conndering '' all predicative functions of x." If ^ is any function of x, we can 
not make propositions banning with ^U^)" or '^ (^^)/' since we can not con- 
sider '' all functions," but only ^^any function '' or '* all predicative functions." 

(14) h:.(y/):.(x,y):t(x,y). = ./!(x,y). 

This is the axiom of reducibility for double functions. 

In the above propositions, our x and y may be of any type whatever. The 
only way in which the theory of tjrpes is relevant is that (1 1) only allows us to 
identify real variables occurring in different contents when they are shown to be 
of the same type by both occurring as arguments to the same function, and that, 
in (7) and (9), y and a must respectively be of the appropriate type for argu- 
ments to ^ Thus, for example, suppose we have a proposition of the form 
(ip) •/! (^! z, x), which is a second-order function of x. Then by (7), 

MW./f(*!2,x)0./!W!i,x), 

where ^ ! £ is any y!ral-order function. But it will not do to treat (^) •/! (^ ! i^ x) 
as if it were a first-order function of x, and take this function as a possible 
value of 4 • < u^ the above. It is such confusions of types that give rise to the 
paradox of the liar. 

Again, consider the classes which are not members of themselves. It is 
plain that, since we have identified classes with functions,^ no class can be 
significantly said to be or not to be a member of itself; for the members of a 
class are arguments to it, and arguments to a function are always of lower type 



U mbi^ei to a ■odfSfaHoa to b« €zplmiB«d tkortlj. 
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than the function. And if we ask : '' But how about the class of all classes ? 
Is not that a class, and so a member of itself?", the answer is twofold. First, 
if "the class of all classes" means "the class of all classes of whatever type," 
then there is no such notion. Secondly, if "the class of all classes" means 
" the class of all classes of type <," then this is a class of the next type above <, 
and is therefore again not a member of itself. 

Thus although the above primitive propositions apply equally to all types, 
they do not enable us to elicit contradictions. Hence in the course of any 
deduction it is never necessary to consider the absolute type of a variable ; it is 
only necessary to see that the different variables occurring in one proposition are 
of the proper relative types. This excludes such functions as that from which 
our fourth contradiction was obtained, namely : " The relation B holds between 
R and aS'." For a relation between R and S is necessarily of higher type than 
either of them, so that the proposed function is meaningless. 

VII. 

Elementary. Theory of Classes and Relations. 

Propositions in which a function ^ occurs may depend, for their truth-value, 
upon the particular function ^, or they may depend only upon the extension of 
^, i. e.j upon the arguments which satisfy <p. A function of the latter sort we 
will call extensional. Thus, e.g., "I believe that all men are mortal" may not 
be equivalent to " I believe that all featherless bipeds are mortal," even if men 
are coextensive with featherless bipeds ; for I may not know that they are 
coextensive. But "all men are mortal" must be equivalent to "all featherless 
bipeds are mortal" if men are coextensive with featherless bipeds. Thus "all 
men are mortal" is an extensional function of the function "a; is a man," while 
" I believe all men are mortal " is a function which is not extensional ; we will 
call functions intensional when they are not extensional. The functions of 
functions with which mathematics is specially concerned are all extensional. 
The mark of an extensional function / of a function ^\z ia 

From any function / of a function ^ ! a we can derive an associated exten- 
sional function as follows. Put 

f\z{'4^)\. = :{S^):q>lx.=^.'4^x:f\q>lz\ Df. 

33 
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The function f\z{^)\ is in reality a function of '4^, though not the same 
function as /(^), supposing this latter to be significant. But it is convenient to 
treat /')z(4^)} technically as though it had an argument z('4^); which we call 
" the class defined by ^." We have 

h:.4«.=,.^xO:/>2(<^z)}. = ./|2(^)}, 

whence, applying to the fictitious objects z{^) and z{^z) the definition of identity 
given above, we find 

\ l.<px. =, • ^ O • z{(pz) = z(^). 

This, with its converse (which can also be proved), is the distmctive 
property of classes. Hence we are justified in treating z{ipz) as the class defined 
by (p. In the same way we put 

/]iy4<x,y)^ = :(^<?>):^!(x,y).= ,,.iK^,y):/]^!(i,y)} Df. 

A few words are necessary here as to the distinction between ^!(x,^) and 
^ ! (y, x). We will adopt the following convention : When a function (as opposed 
to its values) is represented in a form involving x and y^ or any other two letters 
of the alphabet, the value of this function for the arguments a and 6 is to be 
found by substituting a for x and h for y ; t. e., the argument mentioned first is 
to be substituted for the letter which comes earlier in the alphabet, and the 
argument mentioned second for the later letter. This sufficiently distinguishes 
between ^ ! (i, y) and ^ ! (y, x) ; e. g.: 
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arci^lz. = .^!x Df., 

[:.x€z{'4^). = :{a[^):^\y.=^.'4^y:q>lx. 



Also by the reducibility-axiom we have 

(3^^):*!y.=„.^, 

whence 
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This holds whatever x may be. Suppose now we want to consider 
z(i^s) e^f { z(^ \z)\. We have, by the above, 

whence 

where x is written for any expression of the form ^f\ z(^ la)}. 

We put 

cU = a{ (Z^) .a = z{q>\z)\ Df. 

Here c& has a meaning which depends upon the type of the apparent variable ^. 
Thus, 6. gr., the proposition '^cfeecfo,'' which is a consequence of the above 
definition, requires that "c&'' should have a different meaning in the two places 
where it occurs. The symbol "c&^^ can only be used where it is unnecessary to 
know the type; it has an ambiguity which adjusts itself to circumstances. K 
we introduce as an indefinable the function ^'Indivlx,'' meaning ^^x is an 
individual," we may put 

Kl = a\{a[(p)..a = ^(^ ! 2 .Indiv !«)} Df. 

Then Kl is an unambiguous symbol meaning ^* classes of individuals." 

We will use small Greek letters (other than e, ^, ai/, ;^, Q) to represent 

classes of whatever type; i. e., to stand for symbols of the form z{ip \z) or z{(pz). 
The theory of classes proceeds, from this point on, much as in Feano's 

system ; z{ipz) replaces z9{(pz). Also I put 

aCp .^^ixea.'^.XBp Df. 

5r!a. = . {3[x)'.XBa Df. 

F= x(x = x) Df. 

A = 05]'^ (a; = a;)} Df. 

where A, as with Peano, is the null-class. The symbols ff. A, F, like els and e, 
are ambiguous, and only acquire a definite meaning when the type concerned is 
otherwise indicated. 

We treat relations in exactly the same way, putting 

a[<t»^'{x,y)\h. = .(p\{a,h) Df. 
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(the order being determiQed by the alphabetical order of x and y and the typo- 
graphical order of a and b) ; whence 

whence, by the reducibility-aziom, 

I- : a\xy4^{x, y)\b. = . ^a, b). 

We use Latin capital letters as abbreviations for such sjrmbols as xy^x, y), 
and we find 

Yl.R = S. = : xRy . =,,y . xSy, 
where 

B = S. = :/\R.:)f./lS Df. 
We put 

Eel = B\{3[^) . R = xy<^! (x, y)\ Df., 

and we find that everything proved for classes has its analogue for dual relations. 
Following Peano, we put 

a r\p = x {xea . xefi) Df, 

defining the product, or common part, of two classes ; 

a U ^ = X (xfa . V • xep) Df., 

defining the sum of two classes ; and 

— a = X ] '^ (xea) \ Df., 

defining the negation of a class. Similarly for relations we put 

RrsS^xy {xRy . xSy) Df. 

R O S=xy(xRy.yi . xSy) Df. 

^R = xy{^{xBy)\ Df. 

VIII. 

Descriptive Functions. 

The functions hitherto considered have been prepositional functions, with 
the exception of a few particular functions such R r*\ S. But the ordinary 
functions of mathematics, such as a?, sin x, log x, are not prepositional. 
Functions of this kind always mean ^'the term having such-and-such a relation 
to X.'' For this reason they may be called descripti/oe functions, because they 
describe a certain term by means of its relation to their argument. Thus "sin n/2" 
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describes the number 1 ; yet propositions in which sin 7t/2 occurs are not the same 
as they would be if 1 were substituted. This appears, e, g., from the proposition 
''sin 7t/2 = 1," which conveys valuable information, whereas *'1 = 1" is 
trivial. Descriptive functions have no meaning by themselves, but only as con- 
stituents of propositions ; and this applies generally to phrases of the form '' the 
term having such-and-such a property." Hence in dealing with such phrases, 
we must define any proposition in which they occur, not the phrases themselves.* 
We are thus led to the following definition, in which ''(^cc) {(^x) '' is to be read 
*' the term x which satisfies ^.'' 

^](?x) {^x)\. = :{3[b):^x.=„.x = b:'^b Df. 

This definition states that '' the term which satisfies ^ satisfies 't^ " is to 
mean : " There is a term b such that ^x is true when and only when x is 6, 
and '^b is true/' Thus all propositions about ^Uhe so-and-so" will be false if 
there are no so-and-so's or several so-and-so's. 

The general definition of a descriptive function is 

B*y = (ix) {xRy) Df.; 

that is, ^^ R*y^' is to mean "the term which has the relation B to y." If there 
are several terms or none having the relation B to y, all propositions about B'y 
will be false. We put 

El{ix) {px). = :{3^b):^x.=^.x = b Df. 

Here ''J? ! {ix) {^x) " may be read ''there is such a term as the x which satisfies 
^x," or " the X which satisfies ^x exists." We have 

Yl.ElRy. — : (STJ) : xBy .=^.x = b. 

The inverted comma in B*y may be read of. Thus if B is the relation of father 
to son, "-B'y" is "the father of y." If B is the relation of son to father, all 
propositions about B*y will be false unless y has one son and no more. 

From the above it appears that descriptive functions are obtained from 
relations. The relations now to be defined are chiefly important on account of 
the descriptive functions to which they give rise. 

Cnv= QP\xQy.—^^^.yPx\ Df. 



*See the aboye-mentioned article ««0n Denoting,'* where the reasons for this Tiew are given at length. 
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Here Gnv is short for "converse." It is the relation of a relation to its converse; 
e. g., of greater to less, of parentage to sonship, of preceding to following, etc. 

We have 

[.Cjiy'P={iQ)\xQy.=,^,.yPx\. 

For a shorter notation, often more convenient, we put 

P=CnvP Dt 

We want next a notation for the class of terms which have the relation B U> y. 
For this purpose, we put 

^ = ay ]a = X (xRy) \ Df., 



whence 



Similarly we put 



whence 



[• . My = X {xRy). 



R = $x\^=y{xRy)\ Df., 
|- . R^x = y {xRy). 



We want next the domain of R {i. e.j the class of terms which have the 
relation R to something), the converse domain of R {i. e., the class of terms to 
which something has the relation i2), and the Jield of 22, which is the sum of the 
domain and the converse domain. For this purpose we define the relations of 
the domain, converse domain, and field, to R. The definitions are : 

D = aR \a = x{(3:y) . xRy)} Df. 

a = $R\^ = y{{Sx).xRy)\ Df. 

C = yR \y = x{(a[y):xRy.yi. yRx)\ Df. 

Note that the third of these definitions is only significant when R is what we 
may call a homogeneous relation; t. e., one in which, if xRy holds, x and y are of 
the same type. For otherwise, however we may choose x and y, either xRy or 
yRx will be meaningless. This observation is important in connection with 
Burali-Forti's contradiction. 

We have, in virtue of the above definitions, 

Y.D'R = x\{Sy).xRy\, 
\.a'R=y\{ax).xRy\, 
^.CrR = x\{Sy):xRy.y.yRx\, 
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the last of these being significant only when R is homogeneous. *' D'R " is 
read "the domain of i2;" ^'Q'R^^ is read "the converse domain of i2," and 
" C'R'' is read "the field of i2." The letter C is chosen as the initial of the 
word "campus." 

We want next a notation for the relation, to a class a contained in the 
domain of R, of the class of terms to which some member of a has the relation 
jS, and also for the relation, to a class /? contained in the converse domain of R, 
of the class of terms which have the relation R to some member of ^. For the 
second of these we put 

R, = a$\a = x {{Hy) . ye/3 . xRy)\ Df. 
So that 

[.R:^ = x\ia[y).ye^.xRy\. 

Thus if R is the relation of father to son, and /? is the class of Etonians, jR//? 
will be the class "fathers of Etonians;" if R is the relation "less than," and 
/? is the class of proper fractions of the form 1 — 2""** for integral values of 
n, -B/^ will be the class of fractions less than some fraction of the form 
1 — 2"^; i.e., 22,*j3 will be the class of proper fractions. The other relation 
mentioned above is (jR), . 

We put, as an alternative notation often more convenient, 

RT^ — R:^ Df. 

The relaiive product of two relations i2, S is the relation which holds 
between x and z whenever there is a term y such that xRy and yRz both hold. 
The relative product is denoted hy R\S, Thus 

R\S=xz\(3[y) . xRy . yRz\ Df. 

We put also 

R^ = R\R Df. 



The product and sum of a class of classes are often required. They are 

defined as follows : 

8^x = x \{3[a).aB'K'. x&jl] Df. 

jp*x =a {ot€xOa«a?€a} Df. 

Similarly for relations we put 

s'X=zxp {(SR) • Re?. • xRy\ Df. 
j^';i = scy {ReX • :}s • xRy} Df. 
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We need a notation for the class whose only member is x. Peano uses la;, 
hence we shall use Cx. Peano showed (what Frege also had emphasized) that 
this class can not be identified with x. With the usual view of classes, the need 
for such a distinction remains a mystery ; but with the view set forth above, it 
becomes obvious. 

We put 

whence 



and 



t = dx]a = y(y = ic)[ Df., 
h . t » = y (y = x), 



i. e., if a is a class which has only one member, then Va is that one member.* 
For the class of classes contained in a given class, we put 

Cra = /^(i(?Ca) Df. 

We can now proceed to the consideration of cardinal and ordinal numbers, 
and of how they are affected by the doctrine of types. 

IX. 
Cardinal Numbers. 

The cardinal number of a class a is defined as the class of all classes similar 
to a, two classes being similar when there is a one-one relation between them. 
The class of one-one relations is denoted by | -^ | , and defined as follows : 

1-^1= B \xRy .xfRy .xBy' .'y^^y^ ^^y,. x = xf. y =:y'\ Df. 
Similarity is denoted by Sim ; its definition is 

Sim = d/^ \{SR).Rb1-^1. D'R = a.a'R=fi\ Df. 



Then Sim a is, by definition, the cardinal number of a; this we will denote by 
iVb*a ; hence we put 

iVb = Sim Df., 
whence 

I" . Nca = Sim *a. 



*Thai i*a is what Feano calls icu 
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The class of cardinals we will denote by NG ; thus 

NC=Nc''cl8 Df. 
is defined as the class whose only member is the null-class^ A, so that 

= iX Df. 

The definition of 1 is 

1 z=a KiS^c) :aj£a.=a..a5= c} Df. 

It is easy to prove that and 1 are cardinals according to the definition. 

It is to be observed, however, that and 1 and all the other cardinals, 
according to the above definitions, are ambiguous symbols, like ch^ and have as 
many meanings as there are types. To begin with : the meaning of depends 
upon that of A, and the meaning of A is different according to the type of 
which it is the null-class. Thus there are as many O's as there are types ; and 
the same applies to all the other cardinals. Nevertheless, if two classes a, ^ 
are of different types, we can speak of them as having the same cardinal, or of 
one as having a greater cardinal than the other, because a one-one relation may 
hold between the members of a and the members of ^, even when a and fi are 
of different types. For example, let ^ be t* a; i. e., the class whose members are 
the classes consisting of single members of a. Then t* a is of higher type than a, 
but similar to a, being correlated with a by the one-one relation u 

The hierarchy of types has important results in regard to addition. 
Suppose we have a class of a terms and a class of /? terms, where a and fi are 
cardinals ; it may be quite impossible to add them together to get a class of 
a and ^ terms, since, if the classes are not of the same type, their logical sum 
is meaningless. Where only a finite number of classes are concerned, we can 
obviate the practical consequences of this, owing to the fact that we can always 
apply operations to a class which raise its type to any required extent without 
altering its cardinal number. For example, given any class a, the class t*a has 
the same cardinal number, but is of the ne^t type above a. Hence, given any 
finite number of classes of different types, we can raise all of them to the type 
which is what we may call the lowest common multiple of all the types in 
question ; and it can be shown that this can be done in such a way that the 
resulting classes shall have no common members. We may then form the logical 
sum of all the classes so obtained, and its cardinal number will be the arith- 
metical sum of the cardinal numbers of the original classes. But where we 
34 
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haFe an infinite series of classes of ascending types, this method can not be 
applied. For this reason, we can not now proFC that there most be infinite 
classes. For suppose there were onlj n individuals altogether in the universey 
where n is finite. There would then be 2* classes of individuals, and 2^ classes 
of classes of individuals, and so on. Thus the cardinal number of terms in each 
type would be finite; and though these numbers would grow beyond any assigned 
finite number, there would be no way of adding them so as to get an infinite 
number. Hence we need an axiom, so it would seem, to the effect that no finite 
class of individuals contains all individuals ; but if any one chooses to assume 
that the total number of individuals in the universe is (say) 10,367, there seems 
no ^ priori way of refuting his opinion. 

From the above mode of reasoning, it is plain that the doctrine of types 
avoids all difficulties as to the greatest cardinal. There is a greatest cardinal in 
each type, namely the cardinal number of the whole of the type ; but this is 
always surpassed by the cardinal number of the next type, since, if a is the 
cardinal number of one type, that of the next type is 2*, which, as Cantor has 
shown, is always greater than a. Since there is no way of adding different 
types, we can not speak of '^ the cardinal number of all objects, of whatever 
type,'' and thus there is no absolutely greatest cardinal. 

If it is admitted that no finite class of individuals contains all individuals, 
it follows that there are classes of individuals having any finite number. Hence 
all finite cardinals exist as individual-cardinals; i.e., as the cardinal numbers of 
classes of individuals. It follows that there is a class of Mo cardinals, namely, 
the class of finite cardinals. Hence Mo exists as the cardinal of a class of classes 
of classes of individuals. By forming all classes of finite cardinals, we find 
that 2^ exists as the cardinal of a class of classes of classes of classes of indi- 
dividuals ; and so we can proceed indefinitely. The existence of m,^ for every 
finite value of n can also be proved ; but this requires the consideration of 
ordinals. 

If, in addition to assuming that no finite class contains all individuals, we 
assume the multiplicative axiom (t. 6., the axiom that, given a set of mutually 
exclusive classes, none of which are null, there is at least one class consisting of 
one member from each class in the set), then we can prove that there is a class of 
individuals containing Mo members, so that Mo will exist as an individual-cardinal. 
This somewhat reduces the type to which we have to go in order to prove the 
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existence-theorem for any given cardinal^ but it does not give us any existence- 
theorem which can not be got otherwise sooner or later. 

Many elementary theorems concerning cardinals require the multiplicative 
axiom.* It is to be observed that this axiom is equivalent to Zermelo's,f and 
therefore to the assumption that every class can be well-ordered.J These 
equivalent assumptions are^ apparently, all incapable of proof, though the mul- 
tiplicative axiom, at least, appears highly self-evident. In the absence of proof, 
it seems best not to assume the multiplicative axiom, but to state it as a 
hypothesis on every occasion on which it is used. 

X. 

Ordinal Numbers. 

An ordinal number is a class of ordinally similar well-ordered series, i. e., 
of relations generating such series. Ordinal similarity or likeness is defined as 
follows : 

Smor = pQ\{^S).Sel-^l.a'S=C'Q.P = S\Q\S\ Df., 

where ''Smor" is short for "similar ordinally." 

The class of serial relations, which we will call "Ser," is defined as 
follows : 

Ser = P \xPy Ox,y • -^ (« = y) : ^Py • yPz . X^,, . xPz : 

xeG*P Ox . ^» v^ t*a: sj Px = C'P\ Df. 

That is, reading P as "precedes," a relation is serial if (1) no term pre- 
cedes itself, (2) a predecessor of a predecessor is a predecessor, (3) if x is any 
term in the field of the relation, then the predecessors of x together with x 
together with the successors of x constitute the whole field of the relation. 

*0f. Fart III of a paper by the present author, «0n some DifflcnUieB in the Theory of Transflnite Nnmbera 
and Order Types," Proe. London Math, Soe, Ser. II, Vol. IV, Fart I. 

t Of. loe. eU, for a statement of Zermelo's axiom, and for the proof that this axiom implies the mnltipli- 
catiTe axiom. The converse implication results as follows : Fatting Frod *k for the mnltiplicatiTe class 
of kj consider 

Z*/3 = £\{Jex) . xep.jyB=i'P . ff'2? = £«x} Df., 
and assume 

ye Frod *Z**el *a . B =^| {S) . SSey . ^8z^. 

Then JS ia a Zermelo-correlation. Hence if Prod *Z** cl*a is not null, at least one Zermelo-correlation 
for a exists. 

{See Zermelo, ^'Beweis, dass Jede Menge wohlgeordnet werden kann.'' Math, AnnaUn^ Vol. LIX, 
pp. 514-^16. 
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Well-ordered serial relations, which we will call ft, are defined as follows : 

ft=P]P6Ser:aC0*P.a^!aO..^!(a — ^a)} ^U 

i. e.y P generates a well-ordered series if P is serial, and any class a contained in 
the field of P and not null has a first term. (Note that P^a are the terms 
coming after some term of a). 

If we denote by No *P the ordinal number of a well-ordered relation P, 
and by NO the class of ordinal numbers, we shall have 

No =aP ]Peft.a = Smof'Pf Df. 
NO=No'£i. 

From the definition of No we have 



h : Pf H . D . NoP = Smor *P 
\i^(PbS1).:}.^E\NoP. 

If we now examine our definitions with a view to their connection with the 
theory of types, we see, to begin with, that the definitions of "Ser'' and ft 
involve the fields of serial relations. Now the field is only significant when the 
relation is homogeneous; hence relations which are not homogeneous do not 
generate series. For example, the relation t might be thought to generate series 
of ordinal number o, such as 

C C C ||C 

Si/, V SC, C Cr SC, • • • • Cr SC, • • • • , 

and we might attempt to prove in this way the existence of q and Mq* ^^^ ^ 
and Cx are of different types, and therefore there is no such series according to 
the definition. 

The ordinal number of a series of individuals is, by the above definition of 
No^ a class of relations of individuals. It is therefore of a different type from 
any individual, and can not form part of any series in which individuals occur. 
Again, suppose all the finite ordinals exist as individual-ordinals; t. 6., as the 
ordinals of series of individuals. Then the finite ordinals themselves form a 
series whose ordinal number is o ; thus cj exists as an ordinal-ordinal, t. e., as 
the ordinal of a series of ordinals. But the type of an ordinal-ordinal is that of 
classes of relations of classes of relations of individuals. Thus the existence of 
o has been proved in a higher type than that of the finite ordinals. Again, the 
cardinal number of ordinal numbers of well-ordered series that can be made out 
of finite ordinals is Mi ; bence Mi exists in the type of classes of classes of classes 
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of relations of classes of relations of individuals. Also the ordinal numbers of 
well-ordered series composed of finite ordinals can be arranged in order of 
magnitude, and the result is a well-ordered series whose ordinal number is i^. 
Hence % exists as an ordinal-ordinal-ordinal. This process can be repeated any 
finite number of times, and thus we can establish the existence, in appropriate 
types, of N^ and o^ for any finite value of n. 

But the above process of generation no longer leads to any totality of all 
ordinals, because, if we take all the ordinals of any given type, there are always 
greater ordinals in higher types ; and we can not add together a set of ordinals 
of which the type rises above any finite limit. Thus all the ordinals in any 
type can be arranged by order of magnitude in a well-ordered series, which has 
an ordinal number of higher type than that of the ordinals composing the series. 
In the new type, this new ordinal is not the greatest. In fact, there is no 
greatest ordinal in any type, but in every type all ordinals are less than some 
ordinals of higher type. It is impossible to complete the series of ordipals, 
since it rises to types above every assignable finite limit ; thus although every 
segment of the series of ordinals is well-ordered, we can not say that the whole 
series is well-ordered, because the '^ whole series'' is a fiction. Hence Burali- 
Forti's contradiction disappears. 

From the last two sections it appears that, if it is allowed that the number 
of individuals is not finite, the existence of all Cantor's cardinal and ordinal 
numbers can be proved, short of {<.. ^^d o^. (It is quite possible that the 
existence of these may also be demonstrable.) The existence of all finite car- 
dinals and ordinals can be proved without assuming the existence of anything. 
For if the cardinal number of terms in any type is n, that of terms in the next 
type is 2^ Thus if there are no individuals, there will be one class (namely, 
the null-class), two classes of classes (namely, that containing no class and that 
containing the null-class), four classes of classes of classes, and generally T^^ 
classes of the nth order. But we can not add together terms of different types, 
and thus we can not in this way prove the existence of any infinite class. 

We can now sum up our whole discussion. After stating some of the para- 
doxes of logic, we found that all of them arise from the fact that an expression 
referring to all of some collection may itself appear to denote one of the col- 
lection; as, for example, "all propositions are either true or false" appears to 
be itself a proposition. We decided that, where this appears to occur, we are 
dealing with a false totality, and that in fact nothing whatever can significantly 
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be said about aU of the supposed collection. In order to give effect to this 
decision, we explained a doctrine of types of variables, proceeding upon the 
principle that any expression which refers to all of some type must, if it denotes 
anything, denote something of a higher type than that to all of which it refers. 
Where all of some type is referred to, there is an apparent variable belonging to 
that type. Thus any expression containing an apparent variable is of higher type 
than that variable. This is the fundamental principle of the doctrine of types. 
A change in the manner in which the types are constructed, should it prove 
necessary, would leave the solution of contradictions untouched so long as this 
fundamental principle is observed. The method of constructing types explained 
above was shown to enable us to state all the fundamental definitions of mathe- 
matics, and at the same time to avoid all known contradictions. And it 
appeared that in practice the doctrine of types is never relevant except where 
existence-theorems are concerned, or where applications are to be made to some 
particular case. 

The theory of types raises a number of difiScult philosophical questions con- 
cerning its interpretation. Such questions are, however, essentially separable 
from the mathematical development of the theory, and, like all philosophical 
questions, introduce elements of uncertainty which do not belong to the theory 
itself. It seemed better, therefore, to state the theory without reference to 
philosophical questions, leaving these to be dealt with independently. 



Invariantive Medttction of Qtiadratic Farms 

in the GF12^']* 

By Leonard Eugbne Dickson. 



1. In the American Journal of Mathematics^ Yol. XXI (1899), I gave a 
complete set of non-equivalent canonical forms of m-ary quadratic forms in the 
Galois field of order p\ The cases jp = 2 and p^2 are essentially different. 
In the opening pages of the present paper, I give a simpler treatment of the 
important case jp = 2, a treatment bringing to the front some of the invariants 
of the form. In §§ 4, 5, I show that the rank r of the discriminantal determinant 
gives the minimum number of variables on which the form can be expressed. 
The definition of r in this modular theory differs from that in the algebraic theory 
in the employment of the halves of the minors of odd order. In particular, for 
m odd, the discriminant vanishes identically in the QF[2^'\, while the semi- 
discriminant S^ is an important invariant. 

The larger part of the paper is devoted to the determination and application 
of a complete set of linearly independent invariants of the ternary f quadratic 

form OiXjCBs + + 2 iixf in the G^jF'[2"] for n < 4. All the invariants may 

be expressed in terms of three fundamental independent invariants : 

S, = a,a,as+^aib,, A= H (af-^-l), F=/+ r+f + ^ "+/^\ 

where /is a function increasing rapidly in complexity as n increases. 

2. We consider the general »n-ary quadratic form in the GF [2'*] : 

Qm{x)= 2 Ci^x^xj + Xb^x^^ (*,y=l, 1^)- (1) 



* Presented before tbe American Mathematical Society (Chicago), Dec. 80, 1906. 

fFor the invariants of binary quadratic forms in the OF {p>*]y for both p ^2 and p s 2, see Tramaetiofu 
Am^Hean Math, 8oe,, Vol. VIII (1907), pp. 205-282. 

For the invariants of m-ary quadratic forms in the OF [2], i. e., with si s 1, see Proeeeding$ London MatK 
Boc,, Ser. 2, Vol. V (1907), pp. 801-824. 
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If every c^ = 0, we obtain the canonical form xf , since every mark is a square 
and 2 b^xl = [2 6{ xj^ In the contrary case, we may eett^^O. Then for 

Q^ (a/) reduces^ to 

^iXt + c^i"\l^ij^ x,xj + i,a:f + c^hA + 2 iS«a?, (2) 



where [I2iy] denotes the Pfisiffian c^c^ — <^ii^ + ^^f ^^^ 

^< = CbC,«Cm + 6,4 + 6,(^ + 6,48. (3) 

For fn^=S, the vanishing of ^, is a sufficient condition that (2) shall reduce 
to a binary form. It is also a necessary condition since, as shown below, ^, is 
an invariant of Q^. Similarly, for m = 4, the vanishing of the invariant [1234] 
is the necessary and sufficient condition that (2), and hence Q4, shall be reducible 
to a ternary form. 

Let next m ; 5. If every [12 1/] = 0, (2) is reducible to a ternary form. 
In the contrary case, we may set [1 234] ^ and remove the terms Xg X|, x^ x^ 
(t ^4) by a transformation which adds to x, and x^ suitable linear functions of 

Xgf 1 ^m* Proceeding similarly, we conclude that either Q^ is expressible on 

fewer than m variables or else is reducible to 

x^x^ + XtX^ + + x^.,x«_, + a4 (m odd), (4) 

m 

XjXj + x,X4 + + Xn,_iX^ + 2 i<?^ {m even). (5) 

The simple problem of the ultimate canonical forms of (5) is treated in § 6. 

3. Although we shall derive independently (§ 4) the condition that Q^ shall 
reduce to a form in fewer than m variables, it seems worth while, in view of the 
peculiar character of the condition for m odd, to apply the preceding elementary 
method in the further examples m = 5 and m = 6. 

When m =5, (2) is the sum of a binary form in a:^, x,, and a ternary form 
in Xg, X4, Xi* For the latter the ternary invariant (3) is 4 times 

Cm [1234] [1236] [1246] + /?8 [1246]« + ^, [1235]« + /?5 [1234]«. 

On inserting the values (3) of the ^^ , we find that the coefficients of b^ and b^ 
equal c5g[2346]* and cf8[1345]*, respectively, in view of the algebraic identity 

Co [1245] — c^ [1 235] + c^ [1234] = c^ [2346]. 



*It is simpler to Terify that, under the inTerse transformation, (2) becomes Q(x^). 
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Further, the part independent of the 6*8 is seen to equal (^4^, where 

4^= 2 Ci2 Cjg C24 C85 C45 — 2 C?2 C84 C86 C46 , (6) 

(12) (10) 

where the first sum extends over the 1 2 products in which each subscript occurs 
exactly twice. Dropping the factor cf^, we obtain the invariant 

^ z= 4. + 61 [2346]^ + b^ [1345]^ + ....+ 6^ [1234]^ (7) 

whose vanishing is the condition that Q^ be reducible to a quaternary form. 
For m = 6, the quaternary invariant for the terms x^, , «« of (2) is 

[1234] [1256] — [1235] [1246] + [1236] [1245], 

which is (algebraically) c^ times the Pfaffian [123456]. 

4. The algebraic discriminant of the form (l) is 

2^1 ^12 Cjg .... Ci^ 
C12 262 C23 .... Cg^ 



A = 



^Im ^hm ^W • • • • 26,^ 

In the G^^[2**], this determinant is skew symmetric, and hence vanishes for 
m odd, while for m even it equals the square of the PfafiBan [12. . . .n?]. 

For m odd, we define the semi-discriminant S^^, of the form Q^ in the 
GFlT^ to be the expression derived algebraically by dividing by 2 each of the 
(even) coefficients in the expansion of A. Thus /Sg is /?8 and S^ is ^, given by 
(3) and (7), respectively; indeed, A is congruent modulo 4 to 2^8 &^^ 2^; 
respectively. 

Note that in Q^ any coefficient may be increased by a multiple of 2 ; but 
A is thereby increased by a multiple of 4, so that S^ is unaltered modulo 2. 

All m-ary linear homogeneous transformations with coefficients in any given 
fieldi^can be derived from generators of the two types: 

Xi = x'i + txSi, x^ = xi{i>l)] (8) 

Xj = Xxi , Xi = xi {i > 1). (9) 

Under these transformations Q becomes Q', with the (altered) coefficients : 

b^ = b2+tcjsi + t^bi, c[2 = c^+ 2<Ji, c^ = CjM + <Ci< (i = 3, , m); (8') 

bi = ^^b^, c(< = Xcm (i = 2, , m). (9') 

For (9'), A' = 2? Ay since we may remove the factor X from the first row and 
column. For (8'), A' becomes A if we subtract t times the elements of the first 
row from the second, and then subtract t times the elements of the first column 
35 
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from the second. From thiB formal algebraic result we coDclude, in view of the 
remark in the preceding paragraph, that iS^ ia a relative invariant in the 
GJ^[2"]. Bat 8^=1 for (4), A=l for (5), while 8^ = and A = for forma 
in fewer than m variables. Hence follows the 

Theorem : According as tn is even or odd, the vanishing of the (invariant) 
discriminant or semi^iscriminant is the necessary and sufficient condition that an 
mniry qwndralic form in the GF\V''\ shall he linearly transformable into a form 
of fewer than m variables. 

b. Suppose that, for m odd, 8^ vanishes in the GF\¥^']^ while not all the 
first minors M^ of A vanish. Under a suitable linear transformation , Q^ 
becomes Q'^ , lacking the variable x^ . In the discriminant of Q'^ , the minor 
Mlfu^ alone does not vanish, since the M^ are linear functions of it Hence Q^ 
is expressible on m — 1, but not on fewer, variables (§4). 

Suppose that, for m even, the discriminant A vanishes in the Cr^[2*^]. 
Then all its first minors M^ vanish. Indeed, M^Mjif — M^ M^ is the product 
of A and a minor of degree m — 2. But M^=M^=:0 (mod 2), and M^ = M^. 
Hence the M^ may be assumed^ to have the factor 2 algebraically, so that the 
semi-minors are unambiguously defined in the Cri^[2"]. If the latter do not all 
vanish, Q^ is expressible on m — 1, but not on fewer, variables (§4). 

Combining our results, we obtain the 

Theorem : In order that a quadratic form Q^ in the G^i^[2"] shaU be reducible 
under linear transformation in the field to a quadratic form on r variables, but not 
reducible to one on less than r variables, it is necessary and sufficient that in the die- 

criminantal determinant of Q^ every (i^^\ 1 f^^'"*"^^ «Aa2 vanish, but not every 

fi^''\ where (i^^ ranges over the minors or semi-minors of order s, according as s is 
even or odd. 

6. It remains to complete the reduction of F^, given by (6). We first 
reduce it to the form 

If every ^1 = 0, no reduction is necessary. In the contrary case we may set 
hi ^ 0. Applying to F^ (x"') in succession the three transformations : 

we obtain aJi x^ + ars^* + ^^ + (^1 ^ + ^^4) a|. Hence from F,^ we reach (6'). 

«In caie fi>l, we first eliminate the n^ and higher powers of the root of the irreducible congruence 
(mod 2) defining the OF [2^], 
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Now* OiOi + a^ + ial is reducible in the G^2^[2^] if ;c(5) = 0, but is 
irreducible if x W = ^i where 

X{h) = h + ^ + h' + .... + r-\ (10) 

The 2^"^ forme (5') with ;g(5) = 1 are all equivalent,* but not reducible to one 
of the 2**"^ forms with xij^) = 0. The latter are evidently reducible to 

»1 a^2 + «8 «4 + + »m-l «m- (H) 

The forma (5) constitute two non-equivalent classes characterized by the vanisJi- 
ing on non-vanishing of x (5)> 5 = 3i Sg + +5m-i ^m- 

It may be shown that x (^) ^^ ^^ absolute invariant of the group of all 
linear transformations in the GF[2^'] which preserve the system of forms (6). 

7. We next seek a condition on the coefficients of the quadratic form Q^g^ 
{m even), of non- vanishing discriminant A in the G^jP[2**], which shall charac- 
terize k priori the class (§ 6) to which Q^ belongs. If n = 1, we have A = 1 in 
the field. For any n, we shall assume, for the present, that A = 1 (a slight 
normalization accomplished, for instance, by multiplying one of the variables by 
the mark A~*). In view of §6, we may state our desiderata as follows: We 
seek a function ^ of the coefficients of the form Q^ (m even) of discriminant 
unity, such that ^ becomes x (^) when Q^ specializes to (5), and such that ^ is 
an absolute invariant of Q^^ under the group of all m-ary linear homogeneous 
transformations of determinant unity in the (r^[2**]. 

For m = 2, the problem is solved, since A = 1 implies Cj^ = 1, whence 

ft = «! a^ + ii of + *2 a|, i> = xiPi *«)• 
For m = 4, we apply to (5) the transformation (of determinant unity), 

ai = fl + C«8 ^8 + ^24^4; 2^ = ^8 + 018^8+^4^4, ^^ = f 8, «4 = ^4, 

and obtain a form Qi{^) in which 

Ci2= 1, Cb4= 1 + ^C|4+Ol4^l h = ^lf h=^f 
i8=58+Ci8Cj88+5l^+^^8| *4=*4+ ^4 ^ + ^1 ^ + ^8 ^4- 

Hence by choice of the d's the resulting form may be made identical with any 
form Q^ in which c^^=> 1, [1234] = 1. The last condition is equivalent to our 
assumption A = 1 on Q^. The restriction, c^j = 1| on the generality of Q^ will 
be overcome by symmetry, as demanded by the invariance of ^. Expressing 

*Ambbioak JoniurAL, {. «., p. 224; Linear Oroups, p. 199. 
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hih^ + hzh^ in terms of the c^, J*, and applying c,2 = l, [1234] = 1, we get 
4' + p + p*, where p = ii CjBgCg* + J2C18C14 + Cj^c^, and 

-4/ = 2 61 62(4 + 2 61 C28 C84 C^ f 2 Cis Ci4 Cig C54. (12) 

(i) (4) (8) 

Then xi^i^'^^^^ becomes ;c(4') since ;f(p + p*) = in the field. Now 
^ — Xi*^) has the required properties. It remains only to show that ^ is an 
absolute invariant of Q^ under the group of all quaternary linear transforma- 
tions of determinant unity. In view of the symmetry of (12), we may restrict 
the proof to the generator (8). Here (8') becomes 

62 = ^2 + fcl2 + <* *1| C^ = Cjj8 + few, Ci4 = C84 + fci4. 

Under this transformation, the increment to '^ is 

ibic^ [1234] +<» 614 + fcjgCu [1234] + ^c^cf*, 

and hence is of the form a + <7^, since [1234] = 1. Hence the increment to 
^ = ^^(4^) is xip + <^) = 0, so that ^ is an absolute invariant. 

8. We next consider the determination of functions of the coefficients of Q^ 
which are invariant under every m-ary linear homogeneous transformation in 
the GF[2'% 

As the independent invariants of Q^ we may take*^ 

where x is defined by (10). For n = 1, we take x (^1 ^s ^12)- 

In the remainder of this paper we shall discuss Qg f^^ ^^^ values of n. 

9. Consider the ternary quadratic form in the (?jF'[2*], 

Oia^iBg + ajXiXg + aaaiXj+SJia^. (13) 

We tabulate, for reference, a set of generators of the ternary linear group, 
and give the (altered) coefficients of the transformed quadratic form : 

a:i = xi + tei: o{ = ai + ta^, ii= 62+ <**! + ^5 (14) 

Xi = Xxi: fl4 = Xa2, ai = Xa8, 6i = X*J, ; (16) 

(cc,x^): (a<a^)(6,6^ (16) 

We readily verify * the absolute invariance of 

Azuli {af-^ - 1), /= AH (6f-i — 1) (t = 1, 2, 3). (17) 



• TrantactUmi Amtr. Math. Soe., Vol. VIII (1907), pp. 514-582. 
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10. Let first n = l, so that we consider the invariants of the ternary 
cubic (13) modulo 2. Let ^ be a polynomial in the a's and &'s with exponents 
or 1. We may set 

^ =i> + jai +y&8 + Jcai 62 (Pf ?i J J ^ independent of ai, 62) • 

Now ^ is invariant under (14), with < = 1, if and only if 

The conditions are: 

02^ = 0, {bi + a^)k=0, (hq + {'l>i + (h)j = 0. (18) 

From the first two, 

*=(««+ 1) {?(! +ii + a8) + ^*i«8}, 

where 2 and m are (linear) functions of b^ only. By subtracting from ^ a 
suitable multiple of the invariant /, we may assume that m is independent of ^9. 
Hence no term of ^ has the factor ai&2-^i^8-^- Applying the permutation 
[23], we see that no term of ^ has the factor ai&g^^i^s- Hence I is inde- 
pendent of bs. Applying the permutation [13] we obtain the terms with the 
factor 03 &2 ' 

Hence those multiplying o^ ^2 ^ (^ + 1) ^^^ ^ + ^^- ^^ ^1^^ initial form of ^, 
the corresponding terms were 1+ mbi. Hence m = and 

k = l{a2+l) {I +bi+ ag), 1=0 or 1. 

In view of the terms multiplying Og J21 w® have 

y= ^3(02 + 1) (1 + is) + a + /?a2 + y&i + So, Ji, 

where a, ^, y, 5 are functions of 63 only. By (183), {bi + 03)/ must have the 

factor 02* Hence 

a = y = l{bs+ 1). 

The terms of ^ multiplying 63 ^^^ / + ^i- Hence those multiplying bi b^ 
are y + 5a2 + ^1 («8+ !)• Since these must be symmetrical in a^, 02, we have 
S = l Set i3 = /?i + ^^^2 *8 • Then the terms multiplying 62 ^s «^re : 

203(03+ l) + Z+/32«2+ »i- 

These must be symmetrical in 03, 03. Hence fi^^h ^^^ 

y=Za3(a3+l)(63+l) + ?(ii+l)(i8+l) + i««(ii + 68) + Aa2- 
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The terms j + ka^, which multiply b^, may now be written in the form 
»! *i + »i K + 1 ) (a, + 1 ) + ft^ (a, + 1 ) (a, + 1 ) 

Those multiplying ^ or &| may be obtained by symmetry. Hence 

where 4^ is 2^ function of a|, o^, a, only, while 

K=b,b,b, + Xb,hj{a,+ l){aj+l) + {^,)A (i,y = l, 2,3; t ^i), (1») 
j1 = n (oi + 1) being the invariant (17) for n = 1. We may set 

ii^ = Xaiatat + itXa^a^ + vSof. 
Then the terms multiplying ai, but not &,, are : 

q = l\hih{az + l) + (h + b^) {a^+ 1) {a^+ 1) + b,} 

+ /?i6i + Xa,a, + ^(o, + a») + y. 
Then (18^) gives I + ^i + X + ii=0, ii = v. The invariant ^ thus involves three 
arbitrary parameters /, X, fi. Giving in turn one of these the value 1 and the 
other two the value 0, we obtain the invariants K and 

Si = ai<h<h + ^ibif /« = 2:««6« + 2a^af + 2a<, 
8g occurring in § 4. Now /S^ + ^ + 1 = il, while K+ A equals 

•^=]6i + K+l)(a3+l)f ]6^+(ai+l)(af + l)H68+(ai + l)(at+l)}. (20) 

it the GF\^i] the four linearly independent invariants 0/ the ternary quadratic 
form (13) may be taken to be A, I, Sg, J. 

11. Let next n= 2, so that we consider the invariants of the ternary 
cubic (13) in the GF\yF\. Under transformation (14), let a polynomial ^, with 
exponents < 3, become ^. We employ the abbreviations : 

in which the division of the algebraic derivatives by t ! and/! is to be performed 
algebraically and the quotients alone interpreted in the GF[^^. Then 

T, = a,(l) + a,(2) + ^(2*) + a|&,(l*2) + ai6,(2») + a5a,(l»2) 

+ af ai(l«2«) + (a,6f + a,ai) (12^ +a{6f (1» 2«) + a|a, JJ(1« 2^ 
+ aia|6x(l'2«). 
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2») 



T, = 61 (2) + a| (1«) + a, a, (1 2) + ai (2*) + a, if (1 2«) + a, 6f (2») 

+ a|6,(l'2) + a,ai6i{12») + a|a|(l»2«) + (a|6? + aiai)(l«_ 
+ a»a8 6!(l»2»), 

T, = og 5i (1 2) + a| (1») + ola, (1' 2) + a^ (^ (1 2«) + (oH- 6?) {2») 

+ <46!(1« 2«) +08 03^(1 2») + a|(46i (1«2») + (a|6J + (4a|) (1» 2«). 

We may set 

A = ]S -iu <)(i ^ (Ai independent of aj, i^)* 

When this expression is inserted, Ti, r^^ r^ must vanish '*' identically in a^, &2- 
From the coefficients of 5|af, hlaj, ^sczf, &§, ^^^ii ^s^i in r^, we get: 

Hence must A^ = a7«, ilja = fin, where 

7t=(ai-l)(ai-l)(6f-l), 
while a and fi are functions of b^ only. Hence the factor of of oj &§ in 4» is 

aK-l)(6?-l). 

This must be symmetrical in ij^ and b^. Hence a = (Xo(^ — 1), where ot) is a 
constant mark. Thus ^ has the term 

ot) af a| oi 6f 6| 6|, 

which is unaltered by (16). If ^ is not an absolute invariant, (Zo = 0. If ^ is 
an absolute invariant, we replace ^ by ^ — a^I, where / is the absolute 
invariant (17)„ = 2- I^ either case, it remains to consider an invariant ^ having 
o^ = 0. Since ilss = 0, 4» has no term with the factor of &|. Applying suitable 
permutations of the subscripts, we conclude that 

AfSQ = ills = ; no term of ^ has a factor af JJ ^^ ^i ^5 (* +•/)• (22) 

From the coefficients of &|, af b^, af 5|, a^ ig^ ^ ^1 ^i^ '^s ^^th jl88 = -^is = 0, 
we get : ^ 

-^28«2 = -4a^=-4a&i = 0* ilgi ag = -4|B ag = 0. (23) 

By the first three and (22), 

Ag^ = ; no term of ^ hoe a factor af b] {i d^J). (24) 

* Note that Ti = does not imply r, = as in the algebraic theory. In fact, for 

^ = of oj <^ + Oj &j a} a| + a, 6, aj aj + Oi 5| a} oj, 



rj = 0, bnt r,:(:0. 



272 Dickson : Invariantive Reduction of Quad/ratic Forma in the 6?-F[2**]. 

With the simplifications A^^ = ^^g = -^88 = 0» ilaa Og = -i« a, = 0, we find as 
the conditions for Tj = ; r^ = (identically in ax , h^ : 

■^81 ^8 ^= -^88 ^l> -^12 ^ ^= -^08 ^3j -^11 ^2 ^^ -^ ^1 > (26) 

^80 «2 + ^21 «8 + ^28 6f = 0, ^u Oj = ^12 6f , (26) 

AiQa2 + A^a^ + A^hi+ A^<4hx + AQ^(4bx + A^(4al = 0i (27) 

-^S8 ^ = -^81^11 -^22 08="-^l ^Ij -^08^=-^l^j (28) 

^ of = ^08 *i , ^80 «i + ^12 ^ + ^u 61 = 0, (29) 

jlao ^ + Ab «i + -^12 «2 *i + ^tt &1 + -^u o^ a, + J« ag 61 = 0. (30) 

Finally, Tg becomes 

(^U «2 + ^08 6?) &1 + (^12 «2 + -4o3«8)«8 + (^80^2 + ^<h+AtM)<^f 

and hence is zero by (22) and (26i). We multiply (282) by a| and apply to (27); 
we multiply (262) by Og and apply to (30); there result: 

Axoa2 + AQx(h + Asibi + A^(4bi = 0, A^al+ A^al + Aoibi+Aofi<isll=0. (31) 

A polynomial ^, lacking the highest term of /, vMl he an invariant if and only 
if it be unaltered by the simple transformations (16), (16), and satisfy conditions 
(22), (23,), (235), (24), (26), (26), (28), (29) and (31). 

Denote the general term of ^ by 

a? a? ag» 6f 6^- 6J». (32) 

The conditions that ^ shall be unaltered by the transformations of type (16) are: 

e2 + es+ 2/1 = ^1 + 63+ 2/2 = ^1 + ei + 2/8 = d (mod 3), (33) 

where c2 is a fixed integer such that ^^=.D^^ for a transformation of 
determinant D. We treat in turn the cases c?=0, e?=l, c2=2. 

1 2. Let first ^ be an absolute invariant, so that <2 = 0, and 

/i = e2 + 68, /2 = ei + 6i, /8 = ei + eii (mod 3). (33') 

For the terms -4.82 «i ^L ^1 = 3, /2 = 2, so that ^s = 2. By (235), a^ occurs 
in A^ only in the combination a\ — 1. Hence ^2 = (mod 3), /i = 2, yi = or 3. 
By (22), the factor a\b\ does not occur. Hence 

ilgj = ra| ^ (a| — 1), r = constant. * (34) 

Proceeding similarly with A^i^ and determining the constant by either (26,) 
or (280, we get ^ ^ ^^ ^^ ^^ _ ^^ ^^^^ 

Listing the possible terms (32) of A^^ A^, A^^ in view of (33'), (22), (31) 
and imposing conditions (262), (262), (262), we readily find that: 

J^ = XaJ + f£a2 6i68 + y«l^^i (36) 

j4i2 = ^a|a3 + 1^0361 ftj + vOjOai^^, (37) 

jli, = Xa|if + /^6Jia + va26,6i + Zia(ai— l)(ai-l). (38) 
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Applying conditions (26i), (282), (283), (29), and requiring that the factor 
XA^h\ of af in ^ shall be unaltered by [23], we find that: 

Z = 1^ zz v = r, (39) 

^„ = r(a,6,68 + a|fef^)(ai-l) + *(a|-l)(ai— 1) + Xaiai + X6f. (40) 

4ji = ^«8*i6H-^«2^&i&8 + ^««ai, (41) 

^ffl = /-6i(aS-l)(ai-l)+r6?6i + ra|&f68 + Xa«6i. (42) 

Since the factors 1. A^^ h\ and XA^h\oi ai and a\ must be unaltered by [23] , 
while the factors S^i a{ and ^A^a\ of h^ and ^ must be unaltered by [13]: 

-4io = XaiJfftg + %a^am + qcH^d^bi, (43) 

^2o = ^«86i&8 + ^a|a8 68+JP«2a86f, (44) 

^nZsraafti + ragii^ + rogaaftfift + ralagii + XalagiJ, (46) 

^ = ra|6S + ra|6f6| + ra|a56i2^ + ra|aiJ; + Xa2fl^ft^. (46) 

Conditions (31) require merely that 

q=p = %. (47) 

Since the terms XAf^h\^ independent of ai, must be unaltered by [23] ; and 
the terms l,A^a\^ independent of h^^ must be unaltered by [13]: 

4oo = r(a36i68 + ai6!^)(a|-l) + «(ai-l)(ai-l)+Xai6iJ, (48) 

in which the constant term of ^ has been taken to be a. 

The A^ have been so determined that ^ is unaltered by the generators 
(14)-(16) of the ternary linear group in the QF^\2^. Hence the resulting 
function ^ is an absolute, invariant. Of the parameters occurring in the above 
expressions for the A^^ r, a and X may be given arbitrary values in the field, 
while the remaining parameters are then determined by (39) and (47). 

For « = 1, r = A = 0, ^ is the invariant A in (17) for n = 2. 

For A = 1, r = « = 0, ^ = Sl, where (§ 4) 

3^ = a^a^a^ + alhi + (4h + ^4^3. (49) 

Finally, for r = 1, ^ = X = 0, ^ ib the absolute invariant 

F=z/+/^, /=a^l^ibzb^ + a^blb^bs + a^blb^b2 + a^a^a^MHli 

+ ai a^ 61 62 ^ + ai 62 63 (of — 1 ) (at — 1 ) L /g qx 

+ a,asb,b^hi + a^bMa\-l){ai-l) ^ ^ ^ 

+ ajgOgftg^sM + ^s^i &2(«i — 1) (a* — 1)- 
36 
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The four linearly independent absolute invariants of the ternary quadratic form 
(13) in the 6?-P[2*] way he taken to he A and /, given by (17), SI and F^ given hy 
(49) and (50). 

We note the relation /Si J'= 0. 

13. We next readily prove that the only relative invariants o/(l3) are Sg 
and SI . It suffices to consider the case in which d=2 in (33). For, if d=l 
and <^{ = 2)<^i, then <^' = Z)*^, where ^ = ^f . Since we shall prove that ^ = iS^, 
it follows that q>i = {q>iy = SI. 

Let therefore d=2 (mod 3). Then, by (33), 

f = e^ + e,+ l, f, = e, + es+l, f^ = e, + e^+l. (33^0 

For the terms (32) of A^bl, ej = 0, /, = 3, so that Cs = 2. But by (31), 
the factor albi cannot occur. Hence ^=0. Then by (262), (263), (283), (29^), 

so that, in these ^2 a^ occurs only in the combination of — 1, whence 62=0 
(mod 3). Hence for A12, ^i = 1| .^ = 2, ^ = (mod 3), f = 1, /g = 2. Hence 
A^ has the factor 61 . For -4u , ^ = 2, /, = 2, /j = 0, 3 ; but c^ if is not a factor. 
Hence 61 occurs in no term of -4^. Hence, by (262), A^ = Ai^ = 0. Similarly, 
A^ has the factor if, while bi occurs in no term of ^; whence, by (28||), 

In An af 2^, e^ = 3, /| = 2, so that ^ = 1. But og 14 ^^ ^ot be a factor since 
^,2 = 0. Hence A^ = 0. 

By (2 61), ( 23) and ( 28i), il^i a, = Ji^ a, = jIq &i = 0. Hence A^ has the factor 
71 (§ 11), contrary to (22). Hence Af^ = 0. 

By (26x), A^a^ = 0, so that ^ = (mod 3). Hence /g = 1. But the factor 
af bi can not occur since A^ = 0. Hence A^ = 0. 

For Job, ^ = 1, whereaa Og^ is not a factor. Hence Aq^ = 0. 

Since every A^ ^ A^ = 0, a factor oforV can not occur. Likewise, no 
factor a<6,, a<ij, a^h,, oilj{id\^j) can occur. It thus follows readily from 
(33") that 

A^ = aa^ag, ^ = ^^*li + y«tf ^» = ^hf Joo = e«8^, 

the last following since ^ = 2, so that 61 can not occur. 

From (31), /3 = 0, y = a, A = a. Applying the permutation [23], we get 
6 = a. Hence ^ = i%. 
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14. On comparing the invariants of the ternary quadratic form (13) in the 
OF [2"] for the cases n = 1 and n = 2, we note uniformity in the invariants 
A, I, S^. In fact, these are invariants for any n. Corresponding to F in (50), 
there should he for n = 1 an invariant analogous to/ itself (compare § 6). We 
find that, forn = 1, / + i/ is precisely of the form / with the exponents omitted. 

For n =3 the corresponding invariant must be of the form /+/*+/*• 
It would be natural to conjecture that / would be of the form (60) with ex- 
ponents 3 changed to 7, and each a\ changed to a\ (in view of the weights). 
While the resulting terms do form a part of /, there occur 26 additional terms 
[see (91)]. 

16. We therefore proceed to investigate the invariants of the ternary form 
(13) in the GF[^. Under transformation (14), let ^, with exponents * 7, 
become ^'. Using the same abbreviations as in § 11, we find that in ^' — ^ the 
coefficients of t, <*, <* are, respectively: 

a, (1) + Ob (2) + 6} (2«) + a| ij (1« 28) + <^ if (1* 2«) + (^ a, «^ (1« 2») 
+ aj&f (2«) +aS6,(l«2) + a|a|6,(l* 2») + aiaJ5,(l» 2») + 026,(2^) 
+ a| a, (1' 2) + oS fl^ (1« 2«) + a| oi (1» 28) + a| aS (1* 2*) + a| oi (18 2») 

+ (4aS(l*3*) + (a««J + «.6l)(12^) + «|iJ(l''2«) + c^a,i;(l'2T) |- (51) 
+ ai h\ (1» 2») + a\ (4 if (l8 2') + oj i* (1^ 2*) + (4 a^ b\ (1« 2«) 

+ a|ai5}(l'2«) + a|aiit(l*2^) + a|aji8(l'2') + ajajij(1^2«) 

+ a|ai^(l«2^) + aJaS 6,(1^2'), 



6i(2)+ai(l«)+a,a8(l 2)+ai(2«)+aji}(l 2*)+a,6}(2»)+a|^(l8 28) 
+ a» 6f(l»2«) -h a* a, 6f(l*2») + OsoJ 6f(l 2«) + a| if (2») + a| 6,(1' 2) 
+ a|ai 6, (1»28) + alai h (l» 2») + ata\h^ (1 2') + ajaf (1' 2«) 
+ aSa|(l«28)+o|aS(l»2*)+a|aS(l*2»)+a|aSvl» 2«)+a|(aS+6I) (1« 2') 
+ a«iJ(l*2»)+aia36;(]82')+aS6f(l«2»)+<4ai5f(l«2')-|-aJa36l(l'2») 
+ ala\h\{l'^) + <4a\h\{\^2^ + aSaJ6?(l«2') + a3a|^(l'2^, 

Jf (2«) + <4 5, (1* 2) + ai 6, (28) + a|(l«) + a| a, (18 2) + a| c^ (1« 2») 
+ a^a%{\ 28) + cij(2*) + 0355(1 2») + a|6}(l' 2*) + <4a^h\{l^^') 
+ a, oi 5} (1 2«) + a? JK2') + oi if (1» 2») + a, oj 6f (1 2') + aj if (1' 2«) 
+ a| Os 6f (18 28) + al aj 6f (I8 28) 4- a| a» h\ (1« 2') + aj a* i, (l' 28) 
+ a|aJ5i(l8 2») +a|aS6i(l8 2') +a|a|(l'2*) + aSa|(l« 2») + a|aj|(l' 2*) 
+ a|(«5 + iD (1* 2') + a| 6J (1« 28) + a{ as 6J (18 2^) + oj <4 6f (1« 2») 
+ 0X6} (1^2'). 



(52) 



(63) 
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We may «et 

0,1,. ..7 

^ = 2 A^d{hi {A^ independent of Oj, h^. (64) 

We require that (61) shall vanish identically in Oj, &2 for this value of 4». The 
simplest of the resulting conditions are : 

A^a^z=zA^iH = A^h^ = (i,y=l,7; 3,7; 6,7; 7,7; 6,6; 7,6). (66) 

(The remaining conditions are considered later.) For these six A^j 

A^=a^n, 7t = (aJ-l)(a3-l)(6I-l), 

where o^^ is a function of 6g only. Hence the factor of c^blal in ^ is 

an(aj-l)(6l-l). 
This must be symmetrical in bi and b^. Hence 

o^i = c (6J — 1), c = constant. 

On replacing ^hy p — c/, where / is the absolute invariant given by (17) for 
n = 3, we may set A^ = 0. Hence no term of ^ can have a factor oj &J(» ^i/). 
Thus 

•^17 = -^87 ^^ -^ ^^ -^ ^^ -^66 ^ Afi =^ 0. (66) 

Among the conditiops that (62) shall vanish^ when (56) holds, are (66) for 
*,y=2,3; 2,7; 3,3; 6,3; 6,7; 7,3, and 

Two of the conditions from (61) now reduce to J^e^i = 0, A^a^=^0. Hence 
in A^, there would be the factor (cj — 1) &!> whereas ^175= 0. Hence 

A^ ^ 4b7 ^ -^88 ^ -^68 =^ -^ =^ -^ ^ -^W = -^86 = 0| -^88^ = 0- (67) 

When we apply (56) and (67) in computing (63), the conditions include : 

-^47«S = ^47«f = ^7 bi = 0, iifl6«S = ^^8 = 0, ^«8 = -4« &! = 0, 

Hence 

-^7 ^^ -^ ^^ -^ ^ -^68 ^ -^46 ^^ -^ ^ 0- (68) 

I 

In view of (67) and (68), certain of the conditions from (61) give 

A^ bi = 0, Ai^a^ = A^Qt = Ai^b^=z 0. 
But J^o, = by (67). Hence 

An = 0, A^ = 0. (69) 
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By (67,), (73), (74,), (81,), (82): 

Aji = ral Jf 61 + rog al 6f ij + ra| a| 6f ig + (r + c) a| af 6} ft, + eoj oj ftj , 

j1„ = rag ^ 6* + ««8 «8 *i ^ + »•«! «8 M &I + (»• + e) a| «8 *! ^8 + «4 «8 6} , 
4j4 = roi 6J 5g + ra| aj 6t ^ + «»s <4 *i 6S + (»• + «) a« <4 *i *8 + eoi aj i, , 

Au — r<4b\bl + r<4<4bm+r(4alb\i4 + (r + e)a, al 6J J, + caf a| 6, , 

^, = rog i? 6| + roj oj 6? ig + ra| oj 6, 6§ + (r -f e) of a, 6f 2^ + eoj a, if, 

Aa = r<4blbl + r<4<4bibl+r(4<4b\ba + s<4<4bt, 
Ats^ = raib\bl + r<4<4im + ral<4bil^ + satalbs. 

By (66,), (75,), (83,): 

A[o = eal{blbt + aiblli + <4bl-\-(^ hi), 
An=^eat{b\li + <4btb^ + a*lPi + <4bt), 
Ato = s<hlbm-\-<4bil^s + asb\ + <4ba). 

It remains to determine A,o, Aga, A^, A^, A^, Ag^, A^, which occur only 
in the three long conditions (69), (77) and (85). All the remaining conditions 

7 

are seen to be now satisfied. Since the coefficient Z J.^ bl of ai in d» must be 

unaltered by [23J, we get for i= 1, 2, 4: 

^,0 = fag (6} 61 + a, 61 + a| «^ 6,) + XoS aS 6„ 
J« = eaf (6, 6J + a| 61 + a, 6} 6|) + ^J a| 6f , 
^, = ea| (^ 6S + aj 6i + ai 6, 6J) + vol a| 6}. 

Since the terms ]S^« a, independent of b, are to be unaltered by [1 3], 

^z=(t = v = e, (88) 

while the terms of .ioo which involve Og are: 

ioS + Za| aj + taj 62 + mj (a| 6, 6g + (^ 6f 6| + aS 6} 6J). (89) 

From the final conditions in (68), (77), (85), we now get: 

-4m = (wi 6, + <ra| 6, 62 + rOjB a| 6} 6i + col a| 6J + «4 aj ^ 69 + ToJ a| 6, , 
Je = pag 6J + aal 2^ 6J + ra| a| 6, 6J + «4 a| 6| + ra| ag 6{ ^ + tc4 <4 6f , 
-4m = paj ^ + <'a| &i ^8 + «4 «8 ^ 6§ + CO, ag 61 + n^ a{ 6, 6J + Ta| oj 6}. 

Since the term pag 6, 6^ of jd^, 6, corresponds to «af 6, 6g of .ig, af 6,, p = « := r. 

Similarly, we can determine <T, r and the parameters of A^. We can do this at 

one step by requiring that the terms Af^j bi, independent of a,, shall be unaltered 

by [23]. We find that ^ ^_ ,^^. 

J \- J p=<y = r = r, (90) 

^„ = ml 6J 61 + ro| 6, 6g + raS 6} 6J + &^ + Z + terms (89), 

where we have chosen the constant term of ^ to be /. 



"x 
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In view of (87), (88) and (90), all the parameters occurring in the preceding 
expressions for the A^j are expressed in terms of r, Z, e. That the remaining 
conditions (from the coefficients of aj, al, of, 5^, &|, b^) for the invariance of ^ 
under [13] and [23] are satisfied may be verified directly or from what follows. 
Hence ^ is an absolute invariant with the three arbitrary parameters r, Z, e. 
Now I occurs only in J^ and A^g^ ; thus for Z=l,r = € = 0, ^is the invariant A 
given by (17). For 6= 1, r = Z= 0, ^ is seen to equal SI, S^ given by (49). 
Finally, for r = 1, Z = 8 = 0, ^ becomes 

F=f+/^ + f\ /=2af6,6i(ai-l)(aJ-l) + 2af 616,6, 

8 t 

+ :Balalbib^lli +afa|a|6;6|6i + 2afa|a,6*6|6i 

8 8 



+ 2afa2 6J6,6J +2a}a,a,^«6J«4+ 2a,a|6;6i^ 



8 



+ 2 aj o, o, 6J ?^ 6| + 2a}a2a,6;6,6,+ OiolaS 6} 6, Z^ + Oia|a|6}6i6|. 

8 8 



(91) 



We note the relation SzF=iO. 

17. From the conditions in §15, we readily determine the relative in- 
variants. As in §13, it suffices to treat the case cZ= 2. We first prove that 
A^fi = 0, then that A^ = Ai^ = 0^ etc., proceeding as in § 13. The result found is 
that tlie only relative invarianta are the powers of S^ . 

18. The results for the cases n= 1, 2, 3 differ only in the increasing com- 
plexity of the absolute invariant F. For n = 4, the investigation was limited 
to the determination of this invariant. The parameters X were restricted to the 
values 0, 1, so that X' =>l. Moreover, it was assumed that ^ is identical with ^ 
in the G^^[2^], so that the presence of any term implies the presence of its 
square, with the same coefficient (in view of 2? = X). Thus from A^ we deduce 
A^i^ ^ . The invariant thus determined is 

F=f+r+/*+/\ (92) 

where 

/= 2a?6,ft8(a?-l) (ai*- 1) + af a? a? Jf ?| ^ + 2 a}» 61» 6 A + 2<aJ»6,i,« 
+ 2a}»aJ»a,^^^ +2ai»aBaa6}^6| + Xafa^blhl^ + 2a{«a|6?J,^ 
+ 2a}»a?aS6}^^ + 2afa|a,6i«6§iJ + 2aj«a»aJtt6|6J + 2<a,a8 6{*i^^ 
+ 2a}«a«>a,J?J|6| + 2<h"a*a«&"6*6» + 2aJa,a,J}*6|6« + 2afa?a8 6i6»i5 
+ 2a;a|a,6}6*^ + 2a;asiI6|6? + SafasJJigJJ + 2af afasdl'ftj^ 
+ 2a;a|a8i?6J6J' + 2afa|a8«^^6i + SoPal'agJf iijtj + 2a{«aia, Jf ijij 
+ SalXosif^ftS + 2o}a|oS Jf ^ij + SafaJoSftlOiS^ + 2fl4«a»6f ^^ 
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19. The invariants obtained forn < 4 were expressed in terms of A, I^ S^ 
and F (^denoting /+ cT^ when n = 1). In each case we have noted the relation 
S^F=^Q. Since every term of S^ and -P involves one or more a's, AS^^=AF^^Q. 
By inspection, 

A^ = A, P-I, F^=F, AI=I, ISs = IF = 0, Sf = S^. 

By means of these relations we may express the product of any two invariants 

as a linear function of -4, /, -P, a^s (i = 1, , 2~ — 1). The latter may be taken 

as the units of a linear associative algebra with coordinates in the OF [^2^^. 

20. As a set of independent invariants toe may take 

A, ^, / {J=F+I). 

Indeed, J./= /• Next, to show that, for example, S^ is independent of 
A and J, it sufQces to exhibit two sets of values of the coefficients a^, 5^, for which 
A has the same value, J the same value, but Sj^ different values. Such a proof 
of the independence of A, S^, J follows by inspection from the table below. From 
§§ 2, 6^ we obtain a complete set of canonical forms of ternary quadratic forms 
in the GF[^2^']. In the second form, p is a particular solution of ;g (p) = 1 ; for 
n = 1 or 3, we may take p = 1. We note that F=:x {/)} where 

f= 2 fl^f-* JaftaK— 1) {oi — l) + terms with factor h^ h^ ftg, 
fi denoting 2**— 1. Thus ^=;g(p*) = 1 for the second form, F^Q for the others. 



Canonical form 


^ 


A 


J 


«i »» + «i 


1 








«i«» + P«i+P«i 








1 


XiXt 











A 





1 





Vanishing form 





1 


1 



The five types are characterized by the respective sets of values : 
/% = 1; A=iO,J=l; St=^A = J=Oi ^ = 1, J=0; A = J 

Thh UnTMMiTT ov Chioaso, October, 1006. 
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The Motion of a Particle Attrojcted Towards a Fixed 
Center by a Firrce Varying Inversely as the 

Fifth Power of the Distance. 

Br WiLUAic Duncan MacMollan. 



Introduction. 



In \k\B ^^Traiti des Fondions EBiptiques/' L^endre discussed briefly a 
namber of central forces, one of which was the very general one 

In an article, published in 1863, Stader* considered a number of others in 
rather more detail, among them the force 

which has also been treated more recently by Miss Van Benschoten.f A short 
discussion of this law is given in many of the standard text books on Mechanics 
or Djmamics. The elliptic functions used in these discussions have been those 
of Jacobi and the treatment has been almost exclusively confined to orbits 
having apses. 

In the present paper we shall make no restrictions upon the initial con- 
ditions, except that they shall be real. The difierent types of orbits are exhibited 
as a one-parameter set of curves. It is shown that for every orbit having a real 
apse there exists another orbit such that the radius vector of one is proportional 
to the reciprocal of the other, for all values of the true anomaly, and that on 



• ((De orbltls et motlbns pnnctl enlntdam corporel elrea eentram attractlonnm aliit, quam Newtonia, 
attractionlslegibns soIllclUtI/' Journal f&r Mathenuua, Vol. XLVI, p. 262. 
t JifaBtar*8 Tbetlt lo the Library of the UniTeralty of Chicago. 
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evQry orbit not having a real apse there exists a real point such that if the true 
anomaly be measured from this point the radius vector corresponding to a positive 
value of the anomaly is proportional to the reciprocal of the radius vector for the 
negative value of the same anomaly. There is developed also a relation between 
the times which is analogous to Kepler's Harmonic Law. These relations are 
established in a very direct and elegant manner by the use of the elliptic functions 
of Weierstrass, which we shall, consequently, adopt. 

The paper is divided into two parts : In part I the problem is studied from 
the standpoint of the theory of functions without regard to reality questions ; 
in part II the cases of real orbits are discussed. 

Part I. 
§ 1. Differential Equation of the Orbits. 

For the force, /= -g; ^^^ differential equations in polar coordinates are 

dF-'Kdt) +P = °' (^> 

where A; is a constant depending upon the units chosen and is positive or negative 
according as the force is attractive or repulsive. Equation (2) furnishes at once 
the integral of areas 

^f = ». (3) 

We also find readily the vis viva integral 



/drV 11.1 **. ,,. 



From the relations 



we obtain 



dr ^^ drdd A dr 

di ~ dddi ~? 59 

'dr\^ k 



Q=A-'+^''- w 



», 



I 

I 

I 

•i 
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For arbitrary initial conditions 



d^ 



a = 0, r = ro, -5? = *, (6) 



this equation becomes 



or, putting 



m) ~2F;|~© ■*"r''""*~2F?Jw ' 



* =16, 



2A»7« 



we get the equation 



' + "'-2F^=*^' 



(7) 



(S)=**-©*+*K:i)*=«(f> ^'> 



i If now we make the transformation 

I 



r = 


1 


fo 


d^V 






it 1 


/? 1 


r« 



we find 



Equation (9) differs from equation (8) only in that h and P are interchanged. 

r 
Consequently any solution for — is also a solution for its reciprocal when h 

and ^ are interchanged. 

§ 2. Ghneral Solution of Differential Equation. 
Since only even powers of — occur in equation (8), let us put 





From this substitution there results 



(D'= '■ (i«) 



(w)'=H'-T-T^^=^]['-h7'^'^^' '"' 



1 . 
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and this equation is reduced to the normal form of Weierstrass by putting 

whence ^ 

(*-y=4[»+i] [^-i-JVlTTftj^] [s-i + iVT^-5^=Bis). (12) 

The roots of the equation £(«) = are 

e^ = -», (13) 

e, = i—i-s/ 1 — 6/8; 
and 

ex + e* + «» = 0. 

The solution of equation (12) is 

« = f» (0 + c"). 
Consequ^itly 

'='(i)'= P(e+%-e^ • (^*) 

The reciprocal relation gives U8 also the solution 

(^ ) = p(e + &)-e^ • ("^ 

In comparing these two solutions it is to be observed that e^,, e^ and e, are 
unaltered by the interchange of b and fi, so that the p functions in the two 
cases have the same periods, these periods being fimctions of ej^, e^ and e,. It is 
more convenient to take the reciprocals of (14) and (16), which are 

Taking the product of these two expressions we find 

i6/3=[p(d + «")-€,] [F(« + C)-eJ, 

and since .this is true for all values of 6 it defines the relation between cf and cf'. 
If we take 9 = — cf' the first factor of the right member becomes infinite. 
Therefore the second factor must be zero, and consequently 

where o)^ is one of the half periods and p (caj = e^. 
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If now we take 

cf^=ic — Jg)^, 
our Bolution becomeB 

and by virtue of the formula 



(17) 



we have finally 






r 



(18) 



§3. Apses, Zero-Points and Infinity Points. 

Let us put 

Oi, = — c — iu^ + dx, 

«^ = -c-ia>^ + o>^, (19) 

$, = —C—^Ci^ + 6)^, 

and denote the corresponding functional values by E^, B,,, B,. We find then 




^=0 =0, (20) 






The derivative ^ vanishes at the points 9 = 9^ and 9 = 9,. These points 

are apses, while the point 6=^9^^ is a zero-point of the function. We may show 
this as follows : Put 
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Then (17) becomes . .a « 

O = ^ &» (-^ + "*) - «m]. (21) 

and by means of the addition formula '*' 

and the fonnula 

it is readily reduced to 

The (T quotient — ^ (r) is an even function of T; and therefore r(T) = r ( — r), 

and the point 6j^ is an apse. In a manner entirely similar it is shown that 6^ is 
also an apse. For the point 0^, however, we find, by putting = 0^ + r, 

(0'=^[F('r + o.)-«.]; (23) 

and by the same formulsB as above this reduces to 

which is an odd function of r, vanishing for t = 0. 
We have thus 

L(e, + T)= f (e.-T), 

Tq \ rQ 

L^e, + T) = -r.(e^-r), (25) 

f(e,+T)= f(e,-T). 

While the equations (17) have the periods 2oxy 26)^, 2g)^, equations (18) 
have the periods 4g);^, 4g)^ and Ao^^.f 
From the formula 

^{e ± 2c.) = -^(6), ^{e ± 2oj =^(6), 



*8ee Sohwarz, ^^FortMln und Lehrtatu mm Gf^ravcAtf der elliptUehen .FVmmKoumi," { 19, (5) ; also { 18, (9). 
tSchwars, S 23, (8). 
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it is readily verified that the points 

e,+ 2o,, e.+ 26>, 

are all apses, while the points 

^M + 2cjx, 

0^ + 26)^, 

0^ + 2g)^ 

are all zero-points. In the complete period, therefore, there are 8 apses and 
4 zero-points. The points for which 6 equals 

— c — itt^, 

— c — io^+ 2C0;,, 

— c — ia)^+ 2o^, 

— c — io^ + 20, 
are four infinity points. 

§4. Middle Points. 

Returning to equations (18) let us take 9 = — c and denote this value by '^^q 
and the corresponding value of r by R. If with these values we divide the first 
equation by the second, we find 

(f )' = >ii- («) 

If we put 9 = '4^0 + '^ s^d consider negative values of r in the second equation, 
they become 

Dividing the first of these equations by the second, we get 

i or, rimply, 

I r(4o + 'r).»'(4i) — *) = ■»' . (28) 

I The point '4'o ^^ ha,\e termed a middle point, and B is the middle distance. 



( ■.' 

I t 

•f 
I 

; I 

■ • 

' i 

■ 1 
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Let us put 

i|^^ = — C + O)^, 

^r = — C+O)^. 

These points are also middle points. To show this let us put in (18) d = 4'a+'*'' 
We get 

■^(4'. + 'r)= ylj^( o. + io.+ T), 



= + -J-?- ^ (— ax — io^ - t), 



(29) 



Dividing, we find 



and similarly 



r r JS? 

^(^x+t).-(4'.-t) = -^, 

^(4. + <r).^(>^,-T) = +^, (30) 



r r JS? 

7r(4, + *).-(^,-*) = --^. 

The addition of 2oj^, 20^ or 2^, to any of these points brings us to another 
middle point. In the complete parallelogram of periods there are thus 16 middle 
points. 

Putting T= ia)A — ittr ii^ (28), we get 

R,R, = S?, (81) 

which may be seen directly from equations (20). We find also, by putting 

38 
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§ 5. Reciprocal Orbits. 

If the initial conditions (equation (6)) be changed, that is, we consider 
another orbit which has the initial conditions 



r, 



fl_rt -_- b (33) 

the constant of areas, h, being the same as before, and we determine f^ so that 
»^o = \g-»'o, then 

*=-, = i^, i + a«_ * -iJ (34) 



2h'rl "^' ' 2h'fl 



{b and 'fi having the same quantitative values as before), and the differential 
I equation of the orbit becomes 

This equation is the same as (8)^ except that b and ^ are interchanged. 

r u 

It is indeed the same as equation (9). The solutions for -=- and its reciprocal — 

are obtained at once from (18) by interchanging b and ^ {e^,, e^ and e, re- 
maining unchanged) and changing the signs of the solutions on account of the 
change in sign of the derivative. We have then 



r 



*^» ^ * ^ (36) 



|-= + ^^^(a + 5_i..). 



From the second of (36) and the first of (18) we have, by virtue of the initial 
conditions, 



Therefore 



C = C + Ci)^ . 



hy a Farce Varying Inversely as the Fifth Power of the Distance. 291 
Substituting this value in the first equation of (36) it becomes 






2 <y. ,7! 



(e + c + }oJ, (37) 

i=->lf^('+''-*"')- w 

Comparing this with the second equation of (18), we have, when 9 = 6, 



and consequently, 


r f = ro fo = -B*, 


or, 






r r ^ 

ro ro 



We will call this solution the reciprocal solution. 

If in equation (37) we replace fo by ro, using the formula 



IT 

•^0 = \ -g- ^Oi 



it becomes 



^ = -^1-^(5 + + *..), 



(39) 



= + -J I ^ (e + c + f 6), + 2.),), (40) 

~ "•■ A I" ^ ^^ "I" '^ "I" *"" "•■ *"'^* 
Comparing this with the first equation of (18), we find 

■r (0 + o^ + 2oJ = r (e + o^ + 2o,) = f (0). (41) 

The reciprocal solution is thus included as a branch of the original solution. 

§6. VelocUy in Orbit. 

The expression for the velocity in orbit is given by 

k 
»^ = i a + Ci » 

which is the same as equation (4). The value of Ci, as there determined by the 
initial conditions, is 

— i ^ i— ^ 
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Sabstitnting thia valne of Ci, we have 

At the middle point ^«, 

«^ - *- 

§7. Tbfigents and Asymptotes. 

Denoting by ^ the angle between the radius vector and the tangent to the 
curre, we have from the calculus 

de 

Hence 

tan' t = -^ y^, (43) 

which reduces without difficulty to 

khfif»[^+^]Bin'<^=zl, (44) 

or, as may also be written, 

r* f^ sin* ^ = A*, 



(i 






/I 

;i 

! 

•I 



»: or 

■ 
I 



ff 

I 



, I 



*^^K + f]'^'*='- 



Since r sin ^ := ji is the perpendicular from the origin to the tangent, we have 



_ A 

t; = — 

P 



The derivative of tan ^ with respect to r vanishes for (— } = ^; that is, 

at the middle points. 

The expression for the polar subtangent, 



Ai*»-a)'+*^(0' 



1 ; 
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has, as — = 00 , the finite limiting value . " , or, which is the same thing, 

— ^ — . This limiting value of the polar subtangent is the perpendicular 

distance from the origin to the asymptote. Consequently every infinite branch 
has an asymptote. 

§ 8. Determination of the Time. 

From the integral of areas, 

dt 






we have, by substituting the value of r* from (17), 

J [p(0 + c + io,)-eJcW= A.d<, (46) 

which can be integrated directly, since the p function is the negative derivative 
of the ^ function. 

Integrating and determining the constant so that 9 vanishes with <, we get 

i:(c + io,)-a« + c + i",)-e,e = ^<. (46) 

Consider now another orbit (the symbols for which we will denote by the 
subscripts 1) such that 



Then we will have also 



A -A. (^^) 



6 = 6i. 



= Ci. 



Under these conditions the orbits will be similar, but will differ in size. The 
expression for the time will be given by 

a<h + *«J - f («i + c. + *o.) -«.e, = |^<,. (48) 
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Slim if we take $ = $i uA compare (46) and (4S), we find 

— /— *!#. 

wfaieb bj rirtoe of (47) becomea 

< _ ^ _ iZ* 

We bare tbaa tbe fbllowini; aoalogoe of Kepler's Harmonic Law : 

THEOaxM : Corretpf/nding arc$ of HmUar crbUt are deterSbed m ri m gg tcAiic& 
ore pwpartional to the eubt$ of the middle distanees. ^ 

Kepler's Law does not depend upon tbe eooentricitj or sbape of tbe orlnt, 
wbile tbe present law is restricted to similar orbits. 

Part U. 
§ 9. Olaenfioaiian of Bedl OrUts. 

It bas already been observed tbat e^, e. and e, are unaltered wben h and ^ 
are varied in sucb a manner as to keep tbeir product hp constant. If we put 
h^ = Yt tben for fixed values of y different values of h correspond to different 
starting points on tbe orbit. Aside from questions of scale and orientation, tbere- 
fore, we find all tbe essentially distinct orbits as a one-parameter {y) set of curves. 
Be$lricting ourselves hereafter to real valuta of the variables, tbese orbits fall naturally 
into two classes : First, orbits baving apses ; second, orbits not baving apses. 

Tbe condition for an apse is 

and from (8) we see that tbis condition is attained wben — passes througb a root of 

If, bowever, tbese roots are all complex, tbe condition for an apse can not be 
satisfied for any real value of — • Considered as a quadratic in f —j , JS C—j 

will have complex roots if its discriminant is negative ; that is, if 

1 — 6iff<0. 

*SUder flTet tbU r«Biilt for eirevUr orbit • *boQt the origin m center. 






i^i 
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■ 

From this condition we see that if bfi =:y is less than 1, the orbit will have an 
apse, and for values of y greater than 1 there will be no apse. Expressed in 
terms of y, 

e,= -i, . (49) 

6, =i-J\/l-y. 

For values of y<il these expressions are all real. For values of y^l e^ 
and e^ are conjugate imaginaries. 

When e„, e^ and e, are all real, it is customary to assign the subscripts in 
such a manner that 

For all values of y between — ao and we see from (49) that 

and consequently in this range of y 

X = 1, (1 = 2, v = S. 
When y lies between and + 1, 

and in this, case 

X=l, v=2, fi = 3. 

When y is greater than + 1, Cj^ and e; are complex, and we follow Weierstrass 

in taking 

X=l, /£ = 2, v = 3 (discriminant negative). 

We have therefore three distinct cases depending upon the value of y. 
There are also two limiting cases, y = and y = 1, the solution for which can 
be expressed by means of trigonometric and logarithmic functions. 

§ 10. Case I. — 00 < y < 0. 

We have already mentioned that in this case ej,, e^ and e^ are real and that 
the subscripts have the order 

;i = 1, /£ = 2, 1/ = 3. 

With these values equations (17) become 

(yJ* = y[«'(» + <' + J%)-<J, 
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This last eqaation ia what we have called the redproeal aolotion (see equations 
(33) el teq.) 

Snee y^bfi is negative, dther 3 is positive and b n^ative or the reverse. 
If ^ is positive and e = Ui — io^, then at 9 = the paitide is at an apse. This 
value of e, sobstitnted in (50), determines the corresponding values of b and fi 

With theie Tallies equations (60) become 

i /fN« 1 (") 

i (4) =-^— [f(« + «,)-*j. 



and consequently 



Since ft => jr-^ and is n^ative and h? and 7{ are certainly positiTe, k must be 
j negative* That is, the particle is moving under a repulsive force in the first 



particle 



i 

•; IS moving under an attractive force in the second equation. If the signs of b 

and fi are interchanged, the value of c at an apse is c = cj| + fo^, and the 
solutions (52) are merely interchanged. 

The real half period Oj and the purely imaginary half period o^ are given 
. S by the formulsB^ 

^= / f ^= -jrz 9 

Ve^ — eg vei — ^ 

where , ^ 

•/o VI— *»sin»t' ""•'o Vl— i^sin^^' 

and .^ €^ — ^ V 1 — y — 1 

^i — €^ 2 vl — y 



1. «i — «» 2Vl — y 

Q : 

\ •Sehwsn, f 97, OK 



hy a Farce Varying Inversely as the Mfth Power of the Diatanoe. 297 

As 6 increases from to (jj, p{d) decreases from +<x> to e^. Consequently 
— increases from 1 to + oo and — decreases from 1 to 0. For the computation 
of intermediate values the 3 functions of Jacobi are convenient, and we find'*' 

where v = -^ — and «r = ^. 

r 

The expression for the time (46) for — , as measured from the apse, becomes 



n 



'0 

By differentiating logarithmically the formula f 

where »?, = ^ (o,), we obtain 

^ (6) = - n, + ^ (e + o,) = f (0 + o.)-a<».)- (64) 

Putting r = 1 in this expression, the above expression for the time may be 
written 

i(i + VT^) * <= ie- ^ (0). (56) 

This expression for t vanishes for 9 = and becomes infinite for 9 = {d^ • 

The formula for the time for — is obtained in the same manner as the above. 

differing only by the interchange of the subscripts 1 and 3. Making these 
changes, we get 

i(s/-T^I7_l)* =^(e)_t0. (56) 

As increases from to o^, t increases from to . , ;^? ^^^' ^ f^, at which 

A(v 1 — y — 1) 

time the particle arrives at the origin. 



•Sehwarz, S^, (11), (18). tSchwtn, {18, (1). 
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§11. Case 11. 0<y<l. 

In this case e^ !> ^r > ^n > ^^^ therefore 

X = 1, i; = 2, f£ = 3. 

The derivation of the formulsB is the same as in the former case, the only difference 
throughout the work being the interchange of the subscripts 2 and 3. We find then 



To lv{e)-e,] <t/*'^, 

r_ [ fjO)— Ci l* _ ffi^ /m 



(67) 



where 




and 



«, — <% 1 + V 1— y* 1 + Vl — y* 



In terms of the ^ functions these solutions are 



^=^(e) = ./T|(.K). (68) 

The expressions for the time are 

§12. Case III. l<y< + oo. 
For this range of values of y we will use the notation 

^1 = T + ii^y — 1, 
^ = — i, 

^ = T — i » V y— 1 ; 
so that X = l| /£ = 2, i; = 3 (discriminant negative). With this ordering of the 
subscripts the half periods ui and o^ are conjugate imaginaries, while %=Ci>i+Q8 
is real. For real values of the argument the p function varies from + oo to ^ 
as the argument varies from to %• 
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The solution (17) then is 

" , ^ (60) 

The apses in this case are all imaginary, but the middle point 4^0 ^^^ the 
zero-point d^ are real. If 9 = at the middle point, then c = 0; and since 
p(}ci2) = p( — }%), we see by comparing the two equations (60) that 
6 = jff = \^, and therefore 



(0= 






(61) 



therefore 



f = >lAT-(*'^ + «)' 



(62) 



and comparing these two equations it is evident that 

or 

r(e).r(-«) = rS. 

The formula (43) for the angle between the radius vector and the tangent to the 
curve becomes in this case 

*»^* ♦ = TZ^i—^ T:r^ • (64) 

Since (—) And its reciprocal enter this expression symmetrically, ^ has the 

same value for + d as for — d. It is also readily verified that ^ is a maximum 
ford = 0. 
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s) Limiim$ Cmm y — 9. 
^liui^s^ ysz^hS^^^f mA/tf h<0i ^ \b aero; and 



tiie w j Mtj^i p fiir citiKr 



if tW fiKiiproieaftZ <^tlii^ MiatMi ISor the other, h is 

W^^ win take 5? = i$f mA tbem it Mkmt tnm their definitkai (7) Aai 

TW diflSmntial aqoatioii (9) heeomtM 
Tb« M^otMB of tbis eqoMticn m 



= -\»*-(D' 



(«7) 



^ = VllJ eo« (a + c). 



(M) 



If 0^0 ftt Ml «p«e, we find e = and oonaeqoeiitlj |ft = l, and the aolutioa 
beeomM 



^ = coe*, 



(69) 



^iM il^H'l ^ U^t»mr^ ^ Thi¥rU 4fU F^mtiimu EOtfUqme^*^ f 138. 
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which is a circle passing through the initial point and the origin and having this 
line as a diameter. 

The reciprocal solution is 

4- = sec e, (70) 

which is a straight line and implies that the force acting is zero. 



b) Limiting Case y = 1- 
Since 6^=1, & = -^ and the di£ferential equation (8) becomes 

^ = ±^^\(V\'-{\ (71) 

dS" V26LW J 

The solution of this equation is 

?i=^i±^^2:^, (72) 

« 

where, to satisfy the initial conditions, we must take 

This solution^ together with its reciprocal, represents two spirals asymptotic 

to the circle t^^Tq sfb, one lying within the circle, the other without the circle. 

For the special values b:= fi=:l this solution degenerates into the asymptotic 

circle itself; that is, 

r = Tq. 



8 



— ) "jt = -z» *^^ equation (20) we derive the following 
expression for the time in terms of Q : 

J7i('-A.) = e+V2f±-1,^. (73) 
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§ 14. Reaumi. 
Tablb of Oasbs. 
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r = o 
o<r<i 



i+ J Vi-r 



i+iVl-r 
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i- 
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«., = 



<tf. ^ 
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+ 00 
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a Vi-r 





1- Vi-r 
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1+VT 
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Tablx of Buults. 
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COS tf 

sec e 



0<r<l 



r = l 
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^[*tf + jBm2tf] 



^tsntf 
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*v 
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j^=^ [i (» - C (J ». + tf) + C ( J ».)] 



f»(0)=+oo, F(o.,) = «,, F(«»J = «., P(o.,) = «,. 
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The expressions in this table assume the initial position at an apse or at a 
middle point. 

§16. Orbit Oonsidered as Function of Parameter y. 

It is interesting to trace the changes in the form of the orbit as the 
parameter y runs through its range of values from — oo to + «> • For 
}/ = — 00 , (jj = and the orbit is a straight line through the initial point 
and the origin. 

For finite negative values of y there are two orbits^ one lying wholly within 

the circle^ — = 1, the other lying wholly without the same circle (Fig. 1), and 

^0 




Fig. 1. 






so related that the out^r orbit is the transform of the inner by reciprocal radii. 
The inner orbit consists of a series of loops passing through the origin and 
tangent to the circle^ repeating themselves at intervals of 2 fi>i . The curve is 
closed only when (di is commensurable with n. 

As y increases towards 0^ Oi approaches } n. The loops of the inner orbit 
broaden out and approach the circle having the initial point and the origin as a 
diameter. The outer orbit expands very rapidly and approaches the straight 
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line Uagmt to the circle At the initial point. These limits are attained for 
y^O (Kg. 2). These oater orbits are denoted bj (a) in the table. It vill be 





observed that the corresponding ralue of }& is ^ — <^, which is negative. But 
bj definition \h ^ avt ~if '^^^'^ ^°^ i^^' orbits can be negative only if jfe is 

negative. This means that the outer orbits are described under a repulsive force 
instead of an attractive force. 

As y passes through the value of b for the outer orbits also passes 
through and becomes positive; the force is therefore changed to attraction. 
It will be observed that for these orbits the ezpreeBion for the radius of curvature 
also changes sign. The orbits therefore curve in the opposite direction. As y 
increases from to 1, the curvature increases, u, increases towards ^- « , and as 
y ==1 the orbit approaches the hyperbolic spiral (equation (72)) asymptotic to the 
circle. The loops of the inner orbit continue to widen out (Fig. 3), and as / = 1 
the inner orbit also approaches the hyperbolic spiral asymptotic to the circle on 
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the inside. These limiting spirals are actually attained for the value y = 1 if 
the initial position is not taken at an apse. Otherwise the limiting orbit is the 




Kiu. 4. 
> = 1. 



asymptotic circle itself (Fig. 4). In order to avoid confusion in the figure only 
that branch of the outer curve has been drawn corresponding to positive values 




__ 201 
> = 200 • 



Fio. 5. 




k-s/ 



V) 



-: (i"2 + «)- 



of Oy and of the inner orbit the branch corresponding to negative values. As y 
passes through the value 1 these branches which are asymptotic to the circle 
40 
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unite, and for values of y ]> 1 the orbit crosses the circle and the apse ceases to 
exist. The point of crossing be<'ome8 a middle point, and the reciprocal relation 
between the inner portion and the outer with respect to this point continues as 




- -.-^- 



Fir.. 6. 



■* , . 



r I m' /t. 
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In • 
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I 1 

«' I 

r 



before. For values of y but little greater than 1, the period coj, is very great, 
but decreases as y increases. The curve which now passes through the origin 
and infinity straightens out as y increases (Fig. 6). As y = + ao , Ug decreases 
and approaches the value 0, and the orbit again approaches the straight line. 
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On a Group of Transformations which Occurs in the 

Problem of Several Bodies. 

By Edgar Odell Lovett. 



Given a system of n + 1 bodies consisting of a fixed body (0, 0, 0; ^jl) and n 
others (x,-, y^, z<; rnj, mutually attracting one another by central forces varying 
directly as the masses and as any arbitrary function of the distance; to determine 
the motion of the n bodies about the fixed center we arrive at a system of 6 n 
differential equations of the first order in the canonical form: 



dxi_ 

dt ~~ 


dF 


dt 


dF 

dm' 


dzi dF 

dt^ :3^/ 


dt 


dF 

dxt' 


dm — 

di 


dF 


<«:*_ dF 
dt dzi ' 



(1 = 1, 2,...., w), (1) 



where ^t, >?<, ^^ are proportional to the projections of the velocities of the bodies 
on the axes of coordinates, and the function F is of the form 






i=i 



(2) 



the force-function being designated by U. 
Let new variables 



'^ii — ''''iji 



^ {hJ = 1; 2, 3, ...., w), 



(3) 



be introduced. These variables are of the same form as those employed by 
Bertrand* in the problem of three bodies. They are n(2n + 1) in number 
and are not all distinct. In fact we readily see from their form that the 
symmetrical determinant 



A = 



Qkf ^ij 



8 



U 



« 



{hJ= li 2, ....,n), 



(4) 



* Bertrand, M^moire sur Piiit^gratioii des Equations diffcrentiolles de la mdcaDique, Journal de Liouvilky 
Ser. I, Vol. XVII (1852), pp. 898-436. 
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where g^ represents the square array of n' elements obtained by giving to i,j 
the values 1, 2, ...., n, and all its minors down to and including all the 
i(V){C") + l( which are determinants of the fourth order vanish, and that 
no one of the i (V) } (V) + • I which are of the third order vanishes. These 
i (V) ] (V) + 1 i conditions among n(2n + 1) quantities are far too numerous; 
they can be reduced to proper bounds by means of a theorem of Kronecker.* 
We find in fact that the vanishing of all the J (^j") J (V) + 1 } fourth order sub- 
determinants of the above symmetrical determinant is a consequence of the 
vanishing of (n— l)(2n — 3) properly chosen independent fourth order sub- 
determinants, and this choice can be made in i (Y) \ (V) ■+- 1 1 ways. Then by 
the aid of these indepeDdent relations (n — l)(2n — 3) of the variables (3) can 
be eliminated if they be employed in problem (l); there would remain fin — 3 
independent variables, which would be suflBcient since a loss of three from the 
original 6n independent variables can be accounted for by a change in orientation. 
On making n^2 in A we have Bour's determinant't* the vanishing of which 
expresses the single relation among Bertrand's ten variables (3) in the problem 
of three bodies. 

In the variables (3) the force-function U becomes 



accordingly the partial derivatives of F are of the form 



where the quantities 



dF 



= ^,xi+ XiiijXj 



9fi m,' 



V «« J-i 



(6) 



(6) 



{') 



are coe£Bcients depending on the forces and expressed in terms of the q*B alone. 
Then in virtue of (1) the variables (3) satisfy the following system of ordinary 
diflferential equations : 



dt 






*- = ^ fftf + ^ ?*i + ^ + 2 /*,* Sit ; 



■(t,y=l,2,....,n), (8) 



■ Kronscker, Bemerknng«n znr DetermlDkoteo-Tbeorie, Cntlt'i Jovmal, Vol. LXZII <18T0), pp. inS-lTS. 
t Bonr, Mlmoin lur le problime de» trols corpt, JounuU <le I'icoh AJpftcAnlfM, Vol. XXI (18S0), pp. 35-a8. 
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these equations are the generalizations of Bour's equations in the problem of 
three bodies. 

If now, in this problem of the motion of n bodies about a fixed center under 
forces varj^ing as an arbitrary function of the distance as formulated above, we 
eeek those integrals which do not involve the law of force, we have to find those 
functions ^ of all the g's, r's and fi's not containing the /e^'s, whose total derivative 
with regard to the time 

2 i(|^^ + |^t;^+|^^<'l (9) 

i=ii=i K^qij at Cr^ at os^ at J ^ ' 

vanishes independently of the fi's when the total derivatives are replaced by 
their values (8). 

From the absolute term of the equation thus formed we have the equation 

2 ^ \(fil + ^JL\^ +^^*« 1=0: (10) 

from the coeflScients of the fi^ the following n equations : 

b^=2^o,^^^+u,^^^ + 2 (^^4)^^. + g^^4>«^) = 0, (t=l,2, ....,n); (11) 

and finally from the terms in which the m^ appear the following i n{n — 1) 
equations : 

n - 

+ ^^{^ik1>rj^+S^k^r^,^+qjk^s^+qki1>s^) = 0, (i,y=l,2, ,7l), 

where for brevity we have put 

Combining these in(n+ 1) + 1 equations (10), (11), (12) in all possible 
pairs, by Poisson's operation, we obtain the following complete system of 
w(2n-f 1) linear partial dififerential equations of the first order: 



(12) 



n 



Oi = 2«><^„^ + t;,^„^ + 2 (% ^,^ + r<,4>g^) = ; 6, = ; 






n 



n 

<^>i = <^«, «/i + e<;, /fi =/ii, (t, y = 1, 2, ,n). 



(14) 
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Theae equations are the generalizations of those given bj Grav6 * for the 
case n = 2. 

The preceding temarks are taken from a previous paper, 'f in which was 
noted incidentallj the fact that the n (2n + 1) operators 

«i, 'i, C|, it, ««. /« ('5) 

constitute a continuous group of transformations in Lie's sense. That these 
infiniteeiroal transformations generate a group was pointed out in an unpublished 
paper read by the writer before the American Mathematical Society, December 
29, 1902. 

It is the object of the present note to construct the invariants of this group 
by the methods of Sopbos Lie; the variables will be regarded as independent, 
but for convenience the notation will not be changed. 

The group property of the family (15) is exhibited by the following table 
of values of the symbol of Poisson : 

(a,,c,)=2ai; (a,,d„) = — e„; (a,, «,i)=/o-, 
(*(.«(() = — <'li; (*i>/o)=««; 

(«ii "u) = — (<j, ««) = — '«; ("i, ««) =— (ti, ««)=')(; 



(a„ i,) = — c,j 
(6„ c,) = — 26,-, 
(»„ <?„)=d„; 

(o„ A) = - /■„; 

(do.'o) =-2S,i 

(*o , *j*) ^ — **l t 
(«o. Z^) = — 20,; 



(I'll. «») = — ''«; 
{«B.A) = — /ui 






(16) 



from which have been omitted both those which are identically zero and those 
which are the simple iDverses of those given. 

To find the invariants of the group we have only to integrate the complete 
system 

o, = 6, = c. = dy=:e«=/y = 0, {i,j= 1,2, ....,n), (17) 

of linear partial differential equations of the first order. 

This system (17) coDBists of n(2n4'l)3<lufttioD8 in as many variables ; hence 
that a solution exist it is necessary that the determinant of the coefiBcients of the 
partial derivatives should vanish. This determinant of the n(2n+ l)th order 



•Orvii, Bar B« probUme dea trolt corp*. NnmetUt Annalei de MoMmatiqutt, Set. Ill, Vol. XV (ISM), 
pp. B8T-M7. 

t Lovett, On > problam inclndlni; ib&t o( feT«r>l bodies and admitting of id »dd1tloDml Integral, Trant- 
aeHont of tlie Amtrlcan Mathematical Bociity, Vol. VI 11905), pp. 401-496. 
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refuses to yield to the ordinary methods of evaluation. The question of the 
vanishing of the determinant, however, takes care of itself, for after a few reduc- 
tions of the order of the system we shall find the condition of integrability satis- 
fied. Moreover we may convince ourselves of the integrability of the system 
by remarking that the determinant A is a solution of the system (17), as may be 
verified immediately by the aid of the fundamental theorems in the expansion 
of determinants. Furthermore it is easy to convince one's self that there are 
not more than n solutions. In fact, writing down the determinant of the coeffi- 
cients of the partial derivatives of the system (17), it appears that there is a 
determinant of order 2 n^ in it whose principal diagonal is 

w\wl.... tol n (u?f — w^y (18) 

u 

and unique. The existence of this unique term can not be used to prove the 

non-vanishing of a subdeterminant of a higher order, since its coefficient in the 

original determinant is a determinant all of whose elements are zero. We infer 

then that the system of the n(2n + l)th order has at most n solutions. 

Let us now apply the method of Boole and Korkine to the reduction of the 
order of the system in hand. 

The equation 

n 

(h = ^w,^u^ + vi^^^ + ^{^ji^Q^j + r^^s,^) = 0, (y 4^ 1), (19) 

1 

is equivalent to the simultaneous system of total differential equations 

2 M?i Vi «21 % «nl ^2 ^8 ^n ' 

of which we have the following 2w — 1 independent integrals: 

?/iVi — 11^ = ^1, w?irn — Vi5H = ^it, Si^Sii—qur^^ = y!u, 1 r^^. 
^li + ^ii, >7i< = >7ii, (*=2, 3, ...., n). J 

Introducing the quantities (21) as new variables into the remaining equations 
of the system (17) with a view to eliminating the 2n old variables 

^l> ^If 9l2l 9l8» ••••> ?170 *12> ^18> ••••> ^liif (22) 

there results a system of (n -f l)(2n — 1) equations in which the variables (22) 
do not appear explicitly. Indicating by an upper index unity the result of the 
substitution (21) the first member of the last-mentioned system is the equation 

aj = 0, (23) 



-. (24) 
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which is equivalent to the following simultaneous system : 

dUj _ dw^ _ dg^ _ dg^ _ _ dqtn _ d^ _. ^ _ dfu _ -_^^ 

of which we have the 2 (n — 1) independent algebraic integrals 

5o ^ ^« J *?J! = 

If the latter be employed as new variables to eliminate the 2n — 1 old ones, 

««, Wb. q», «Bi, «M. (*=3, 4, ,n), (26) 

there results a system of 2n' + n — 2 equations whose inital member is 

af = 0. (27) 

Repeating this process n — 1 times we arrive at the system whose first 
member is 



= ^v, (»=1,3,4, ....,n;>=3,4, ....,n). J ^ ^ 



the corresponding total differential system possessing tlie following n independent 
algebraic integrals : 

««»« — «^ = fn, «'n»'nl — ^n»nl = fn(, (*=1)2, ,« — !). (29) 

Up to this point all of the variables 

«i, Wi, qa, "li, sji, (», y = 1, 2, , n), (30) 

have been eliminated except 

»n, »«, ffnl, ffnS, ,«»n-l' (31) 

On introducing the variables (29) to eliminate the variables (31) the original 
system (17) is reduced after this the nth substitution to the following system of 
2n* equations: 

c?-"=2t;,*„^+l^(r„*,y+fy4.(^+e«^(^) = 0, (i= 1, 2,. . . .,n;; + t); (32) 
/«■■■'* = - Hv 1>t, - 2fe, ^cj + irti—vt vj) {^c^ + ^t_J — (^y + e^) ^,^^ 

+ ^('-,.£«-'-«U(»,j,-»j}=o, 

(t,y= 1, 2,....,n; i^l, i^:;); (33) 

+ ^(''.f,1« — £«&.)*«»}=». ('=1,2 ,n)i (34) 
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n 



1 

2 

+ 2r„ ^j ^i^+ — (wj r^ )7,^ — ^«j ^j,) ^^^ + r„ ^„ (^^^^ + <^f^^) 



n 



+ 2 ^ ** ^'y *^<w + (*"■'* ^^ ~ "•' ^**) **>* ■*■ ( ^'*« ^** "~ *"« ^") ^«« ^ 



ilk kki\ / . 






"»>* ^''ifct 



*O = 0^ (sy=l,2,....,n; Aj^it, Aj^iy); (36) 



n 

= 2», ^^i 4'«< + 2v, ^«^ 4>„^ + 2 (** ^J* *'« + ^J ^«* '^r;*) + ^^* ^>* *fi + ^^> ^y *^f/ 

1 

+ ^ («i fi >7« - fy I,,)] ^f,* + [2^,* ^« + ^ (t;, t;,- >?« - ^i, ^j,) *f^, I 

+ (^1 ^)i + ^i ^ii) ^Mi+%\ „%- K Vi »7iM— f« ^«) — =%- (tV «* >7it 

equations whose construction has been facilitated by relations such as the 
following : 

^i ^3i — 9ij ^i — z 1 

Mi 

r ft —T ft — !>Ai*LZl2!«i^ 

^<A:*iy ^;Vfe *W — „ i 

^ij ^ki — qki rij= --'- (v* )?« + 8i^ ^^) — , 

Hij^ki — qki^ji—^^^ rw^ *-^*** — ^«?uiT^ ^.. — ^. > 



(36) 



M 



ii 



{i,j,k=l, 2, 3,....,»), 



(37) 



where 



^i = Wi«^i — «^, ^ij = ^i ^ij — v^Sij 4: ^^<, >7<^ = 8^j8ji — qij r^j = rjjt, 

(i,y=l, 2,....,n). (38) 
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The equations (32) themselves constitute a complete system of n equatioDS 
in in(3n — 1) partial derivatives; the system then posBesses |n(n — 1) iode- 
peadent solutions and these are readily found to be 









= ^ 



iSj.4:^,„ (i,y=l, 2,. ...,«). 



(39) 



Introducing these variablee into the remaining equations (33), (34), (35), 
(36), eliminating the in(3n — 1) old variables 

"1, «!,•■■■, "n, 'u, Jl), £ji, («,J= I, 2, •■■,«), (40) 

we obtain the following system : 

(34)' =2)1 ^, h *^j + (Ei + ^)) f^j + '■<i lu *,j,l= 0, 

(i=l,2. »)i (■") 

(33)"=-2Aj»j,-2/3j,*„-(/3„ + ft.)*„^+2^(/3«-;8w)(*„-*,J 

+ (1-^.) (*.„ + *.,.) +S{('-^0*''. + 0-^^)**[ = ''' 

(i,y, *= 1, 2,....,ni k:^i,k:^j); (42) 

(36)* = 2f, ^„ + 2(;i,j >,o - ftj ft,) *,, + (f, + \j „,j - ftj ft,) *,„ 
+2{^, (^" ''« -'■»"»- (J" W (*w - *,„) } + ia<J (1 - K) *^j 

+ 2{f^[(/3«-W*.„-/3„*J + (2/J,.-ftJ*^. 
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(36)^ = 2^, ^j, ^,, + 2^j /?,, ^,. + (^, ^j, + ^j ^,j) ^ 



"ij 



n 



+ 2 o ^j" (^« ">» - ^'^ ^«*) - i^** (^."^ *'^* - ^•'* i^-^)] (K, - *,>*) 



p«* 



+ 



n r~ 



+ 



Pii* 



/?«/» 



2 { (2ft^ ft* - ^^* /?« ft* + ^ii nu - ft> ft i) ^<^,u 

+ ^ (ft* ^;y - V >7^* - ^*i ^>,) <t>,,, + (2ft c ft* - 

+ ^U >7i — /?«> i3,,) <?),^ + ^ (/?^ /3« - X« >7;W - /?,. ^^^^ 

(i,y, *;= 1, 2, , n; A;^:!, A;^:/); (44) 

where the upper index ^ indicates the result of replacing (40) by (39), and where 
we have put 



~ r r r "^ P^J Pj* P** P** P^ Pj* ~ "^^^^ '^>* '^^^ 

' ij 'jk ' Art 



Pii* — R;Ai — P*U — 



(i,y, k — \, 2,....,n). (45) 

The complete system (41), (42), (43), (44) consists of n(2n — 1) equations 
in n(2n — 1) variables 



(46) 



Sli S2i • • • • ; S* } *7l2i • • • • I >7jApi ' • • • I >7n— 1 ni 

Al2> • • • • > '^n-lni Pl2> * * • * > Pn-lnJ P21* • • * • ; Pn— In > 

in order that the system have a solution it is necessary and sufficient that the 
determinant of the coefficients of the partial derivatives should vanish. 

Let the equations be so written that the partial derivatives follow the order 
(46), and let the coefficients be 

Y(i) Y(i) YW. Hl*> H<*>, • 

Ai2| • • • • > Ay^lu; l>12l • • • • > "n-ln5 1^21i • " * * j "n»i— li 

[i=l, 2, , n(2n— 1)]. 



(47) 



Then it appears at once from the equations that 



n 



n 



2XJ'>- 222 Hi* = 0, [i= 1, 2,. . . .,n(2n 
1 1 

for all values of t; hence the determinant vanishes. 
42 



-1)], 



(48) 
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The form of the equationa (41) suggests the possibility of solutions in which 
the variables 

^, Pis, ^a, {i,J=l,2,....,n), (49) 

do not occur. To this end it is necessary and sufficient that all determinants of 
order in{n+ 1) in the matrix 

||X/«,X,'«,....,X^«,HU>,....,H;i',....,Hi«.„||, [.• = l,2,....,n(2n-l)], (50) 

should vanish ; but all these determinants do vanish in consequence of (48). 
If the system corresponding to any of these determinants be taken, the solutioD 
is immediately found in the form 



2)^,— sjjS^'tiJ 



(61) 



this integral involves all of the original variables 

Wi, Oo wj, q^f, r,,, Sy, «^, (»,>=!, 2, , n); (62) 

and hence we have an additional reason for the vanishing of the determinant of 
the complete system (17). 

The further reduction of the complete system of equations which we have 
been studying is attended by serious complications. It is possible however to 
examine the most symmetrical case, namely that for which n is equal to three, 
more closely with comparative ease, and to show by a method which extends 
itself to the case of n arbitrary, that no other solutions exist than those already 
found. 

When n equals three the reduced system of the n(2n — l)th order consists 
of fifteen equations which can be arranged in five sets of three equations each, 
the indices being permuted cyclically in each set; the equations for this case 
are as follows: 



(«'i/iJ-Bi4r=C?i»=0, («js/„"-«,^)«=affl=0, («^J^-v,^f~C^==0; 
{^iM~Vt4i'r=D,„=0, {«^^-v,^r=D^=^0, it^J^-v,^y=D^=0 

l«'.(«'i/ii-«i'i)'-''«(fi(^ + «'i^)n"=^ia = 0, 
i«^(«'i/^-f,4i)'"-ri.(t'icJ + «'i4in* = -E'8i»= 0; 



(53) 
(64) 
(66) 

;(56) 

(67) 
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where 

J-y/fc = 2 ^^ ;iy ^^^ + 2 ^« x« f^^ + ;i„ >7w ^p^ + {^t + /3? ) <^p^ + ;i<, >7y ^^^ 

Cy* = 2 (;i„ fif, — Pti ^jt) ^t^ + 2 ^i ^t^ + {^ + ^ii Vv - ^ii &ii) ^n^i 

+ 2X,* (l- i-)^;^^ + (|3^ -X« /3«)^,^ + i3^ (1 -Ay)^,^ 

^«* = 2 /3^ ^^ ^f, + 2 /?« ^, 4»f, + {Pa ^i + Pa Q i>v^ 

+ ^* ] /?« (^* ni* - |3j* /»«) - A* (3^« n« - i3„ /3«) } (4>,^^ - 4>,^) 

+ 2ay(/3»+/3„)4'*^,+ 2;i,*(/3<,-^^«)^,^^-2a«(/3^-^P-|3«)4>x„ 
+ #- (/?« |3^* — V >7i* - /5^* ^iw) 4>^« + (^ »7« -PiiPa + ^Pa Pa 



— ^ ^« ^^*) ^P<;t + ^ iPkl Pik — ^kiriH — Pik Pn) 4'Ojy 

where 



(58) 



p = "^ ^ij^jk^ki- (59) 

That the above fifteen equations in fifteen variables possess at least one 
solution appears from the fact that we have 

Piik + Piki + Pki^ = 0, (60) 

where 

Pijk = A^k + ^ {{^ii ^H-^ij^ij) JBifk + ^ijG^, -h 0jiD^,- E^,\ . (61) 

That they form a complete system is verified by reference to the table below, 
from which have been omitted all vanishing commutators and all cyclical changes 
of those given : 
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(4„», i„.) = f , e„, + ft i'u. - 4 ft il» i (4„, B«) = {, 2)« + ft e^ 

-4ft A.; 



(1 + ;i„) B„=(S„., i>„,) 1 (B„, c„) = £« + i- (ft. - B^) ; 



(ft», C„) 



/ ft ft. - <i. + t Z)„ ; (ft„, «„) = i ft ft. + Cj„ 

^« ^« /^J* 

-f ft„i 

(0„, Cl„)=ftft. + i(ft^-Q„): {e„., ft.) = (ft-ft)ft. 

(<V, i)j„) = ft ft„ - ft ft. + (i - 2) ((7„. - D„) ; 

(«■„., ft.) = ).„ {A„ + 3 ^„) + (ft - ft) C„. + (1 - X,) ft, 1 

{c„, ft„) = (Xj.,j.- ft ft) ft, + (£^ft - 2ft) e,.- ft ft, 

(C„.,«„) = J-ftft. + ftC«,-f ft„; 
(ft.,A«) = -ft-B«-i(C«-ft.); 



= ftft. + f (C,„-fl«); 



(ft„i>«)= 

(B„, ft,.) =X„ (34j. + 4„) + (ft-ft)i>,^ + (I -^„)ft.; 
(ft., ft„) = ft (i, + f ft B» - f «« ; 

(ft., «.„) = (;i„ ,„ - ft ft) ft. + (i- ft - 2 ft) ft, - ft B„ 
(ft,, ft«) = (;i„ ,„ - ft ft) Q„ - (>,. „f, - ft ft) ft, 

+ (S- ft-2ft)ft. + (2ft-iA,)ft«; 
(ft,., fto) = (ft ft - ^« >I«) ft, + (^ >!o - ft ft) iJw 

+ (J^h- 2^«)-B«. + (2ft-iA.)««,. 



.(62) 
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The system is known to possess two solutions, namely (4) and (51) from the 
preceding discussion. The latter of these is 

^i + ^j + ^k- ^{yiij + vjk + Vki) ; (63) 

the former may be written 



Ui 



Wi 



9i^ 



8 



if 



que 



W4 



Vi 



8i 



'0< 



^kt 



qji 



8i 



8 



'Ji 



Ui 



W, 



qjk 



v 



Wi 



V, 



qn 

qkj 



8 



8 



A:/ 



8 



8 



*Jk 



kf 



^H) 






ik 



ik 



^jk 



Vk 



(64) 



Designate by 123456 the columns of the matrix formed by the first 
two rows of this determinant (64) ; those of the matrix formed by the third and 
fourth rows by 1'2'3'4'5'6'; and finally the columns of the matrix formed by 
the last two rows by Ii2i3i4i5i6i; call these matrices A, B, C respectively. 

The expressions of the minors of any one of them, say A, in the new 
variables, can be determined by means of the relations (37) and (38); the 
expressions of the remaining ones may then be written down by cyclical permu- 
tation guided by the following substitution scheme : 

J. (123456) J5 (3'4'5'6'1'2') C7(5,6ili2i3,4i); (66) 

and the expansion of the determinant by the method of Laplace be obtained by 
substitution in the symbolical scheme below : 



12 
+ 23 
+ 34 
+ 46 
+ 56 

— 13 

— 24 

— 36 

— 46 
+ 14 
+ 26 
+ 36 

— 15 

— 26 
+ 16 



3466 + 4636 + 6634 — 3546 — 4636 -|- 3646 
1456 + 4516 + 5614 — 1546 — 4615 + 1645 
1266 4- 2516 + 5612 — 1526 — 2615 + 1626 
J236 + 2316 + 3612 — 1326 — 2613 + 1623 

1234 + 2314 + 3412 — 1324 — 2413 + 1423 
2456 + 4526 + 6624 — 2646 — 4626 + 2646 
1366 + 3516 + 6613 — 1636 — 3615 + 1636 
1246 + 2416 + 4612 — 1426 — 2614 + 1624 

1235 + 2315 + 3612— 1325— 2613 + 1623 
2356 + 3526 + 5623 — 2536 — 3625 + 2635 
1346 + 3416 + 4613 — 1436 — 3614 + 1634 
1245 + 2415 + 4512— 1425 — 2614 + 1624 
2346 + 3426 + 4623 — 2436 — 3624 + 2634 
1345 + 3415 + 4613 — 1436 — 3514 + 1534 
2346 + 3426 + 4623 — 2435 — 3624 + 2534 



(66) 
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in which the numbers without the parentheses belong to A, and of those within 
the parentheBea the first pair of each set belongs to B and the second pair to C; 
the resulting form is long and complicated, the elegance of the form (64) disap- 
pearing in the transformation, and as it is unnecessary to our purposes it need 
not be reproduced here. 

It is now proposed to show by the aid of the determinant of the partial 
derivatives of the system (58) that the system composed of (63), (fi4), (55), 
(56), (57) does not poBsess more than two solutious. 

Call the determinant D and write it down so that its fifteen columns pro- 
ceed in the order of the partial derivatives with regard to 

fi, fe, ^t, »?«, Vik, »J«, ;l«, ^*, >.**, ^v, ft*, /?«, /?x, /?„, /3«, (67) 

respectively, and the rows in the order of the respective equations 

■4«*. ■4*«. -^W) -^(rti -^J") -^Wi ^iil" ^f^> ^i=Vt ^Vkt AjWj ^hxit ^ifk, ^j«, ^kv- (68) 

Consider now the subdeterminant of the thirteenth order of D formed by 
cutting out the fifth and sixth columns and dropping the fourteenth and fifteenth 
rows ; designate this subdeterminant by £1, and its columns by Ct and rows by 
Rj, and by Efj the element common to (7f and Bj. 

It is not difficult to isolate a unique non- vanishing term in £ and thus prove 
that E itself does not vanish. 

To this end transform the determinant E by the following operations: 1) 
Replace f J by zero ; 2) replace all the /3's by zeros except ^j,; 3) from C7„ subtract 

Qs; 4) from R^ subtract R^; 5) from C^ subtract ^^d; 6) from (7, take^ Cj; 
7) from £]g take -^ Bi. In the resulting determinant ^^ occurs only at E, g and 
-£'11, si accordingly we have the coefficient of ^l by suppressing R^, R^, C^ and 
Ci,. In the thus depleted i^i of ^ the term X*,*?** occurs only at ^10.1; ^ *^® 
depleted (7j, /Ih»7« occurs only at -^i.bJ in the depleted R^ the term X^j^^^ occurs 
only at E^^t) ^'Ud in the depleted C^the term ^y»;^ appears only at ^,10; accord- 
ingly, by suppressing further from E, Ri, R^, R^^, R^, Ci, Ci, Cg, Cig, we have 
the coefficient of (J* IIm'Iw'W *?«)'» '° *'^'^ last-named coefficient there occurs a 
unique element, fin^i, at .^i.ig of the original determinant E. By these succes- 
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eive stepB the coe£Bcient of |3„ ^i (|* X« »?« Xy >?(;)* is made to appear in the follow- 
ing form : 

P _ 















a 



18 







1— ;i„ 1 
p 



1 — 









_-p- 









1— a 



Jtj*— 1 





_1 _p_ 



1 x„ - 1 ^^ — 1 



■H 



M 



1— ;i 



'J* 











— 1 










^H—l 



fiji 











R, 



(69) 



R 



9 



JS 



11 



Hence we see that the term 



Pji ^i ^ hk \i Vki ^ij Vij (1 — ^ki) 



Xy— 1 



^^--1 

^M 



i^«~^ ^^*~^ 



(70) 



occurs but once in the determinant D. 

We may conclude then that the system of equations possesses no more than 
two independent solutions. 

It is not difficult to write out the extension of the argument of the last 
paragraph to the case of n arbitrary. To this end consider the determinant of 
the twenty-eighth order arising in the group associated with the problem of five 
bodies, and write its columns in the order of the partial derivatives with regard 
to the variables 



(71) 



til ^jf ^kf Kli Viif9 Vjkf Vki) Vjlf Vlif yikl} ^Uf ^jk} ^kif ^jl* '^W^ ^«* 
P<;i Pjk9 Pki} Pjh yiif Pkl9 Pjif Phjn Pik} Pyi PUi Pi*; 

respectively, and its rows in the order of the equations (41), (42), (43), (44), 
namely 

34i, 34y, 34A, 34?, 33i;, 33yA:, 33fcf, 33yZ, 83?i, 33*?, 35ij\ Sbjk, 35W, 
35yZ, 35?t, 35kl, 35ji, Ukj\ 35iA;, 36lj\ 35i?, 35ZA;, 36i;', 36jk, 36ki, 
36yZ, 36Z», 36kl, 

respectively. 



(72) 
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Consider now the mmor of thia determinaQt formed by cutttDg out Gvijt, 
C^tii R^^JK Rseki. Retaining the designations of the rows and columns as in 
the original determinant let us transform this minor bj the following steps : 
1) From C/3w and C^„ take C/?^; 2) from RZBkl take (3aRS6kl; 3) from 
EZ5ki subtract RU^f; 4) from RSbkl subtract E35Jg'; 5) from RZbkl take 
536^'. In the first four columns of the depleted determinant I* occurs only at 
(£35^', C^t) ; in the first column p,n occurs only at B35ld ; in thesecond column 
ptj occurs only at RSbiJ ; in the fourth column p^ occurs only at RS6il. From 
0^1 take Criu ; from C^j take Crji). We have the coefficient of f* p^ p« pa by 
cutting out the first four columns and the rows RZbhj, hi, ij, il. In the first 
row ^w occurs only at C^ti\ in the second row y^, occurs only at C}3^j; in the 
fourth row pa occurs only at C^a'j ^^ ^^^ ^"^^^ ''our rows S;^ occurs only at (RZ^k, 
C^^). We have the coefficient of || p% p%i p% by cutting off further the first 
four rows, and the columns C^kj, ki, ij, it In the last-named coefficient ^^ 
occurs only at {RMkl, G^^) with multiplier X«,, and at {RS5kl, On^,) ; at {RS6H, 

C^ji) we have the term^y multiplied by ( — ^J, and Pf^ occurs at no other 

point in that row or column ; at {RZbjl, Crju) we have the term ^y multiplied 

by f S-\ ^ and p^ occurs at no other point in that row or column j cut out 

then additionally RU&l, R35Jel, R36H, R35jl, C{3^i, Cmi, C^j,, C^u, and we 
have the coefficient of X^i ^ti'^^^i'tt; in this coefficient f ^ ^_« is a unique term 
at (^36ty, (7>7(,), and |j/?„ is a unique term and at {RS&j'l, Cjjj,); accordingly, 
we have a unique term /l« j3^ ^y ^, ^j ^i p^ plf p^ whose coefficient is the 
determinant formed of the elements common to 

RS5jk, U, ji, tie, IJ, Ik, Z3ij, Jk, ki, jl, H, kl, 
C^jk, It, ji, ik, Ij, Jk, "Kij, jk, ki, jl, li, kl. 

Examining this twelfth order determinant we remark : 1) 
the minor 



p~ \ij,jk, kijjl, li, kl 



(73) 
The elements of 
(74) 



are all zero ; 2) aa regards the elements of the minor 



J236 
(7/3 



\jk, li, ji, ik, Ij, Ik, 



(76) 
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each involves the jS's and X's only ; 3) the minors 



and 



JS33 ij, jkj kig jlj 7i, hi ; 
CP jk^ li, j\ ikf Ij, Ik 

i235 jkj U, jiy ik^ Ij^ Ik ; 
Gk ij\ jky ki, Jly K, kl 



(76) 



(77) 



involve the X's only, and are equal, the rows of one being the columns of the 
other, and reciprocally. * 

Accordingly we seek to determine whether the determinant 



1 p«* 




• 


1-^ 


l_p«* 










1-v 





l_p«* 






















l-^« 










1 p^ 


l_pfl* 


l_pj« 





1 


— Ajj 


1 PiW 





1-A,„ 





1 p»« 


1- 


Pl« 


1 Pw* 





l_p«* 








1- 


9ilA 


* 



vanishes or not. 

This last determinant may be written as follows : 



(1 - ^ki) 



1-^ 


1 Jt« 




1 - 


PjM 


1 J^. i-J^ 


'^ki 


* '"V 


• 


1- 


~~* Ana 


1 Py/ 1 _ P«* 

* o 


1— V 


i_Pv» 






•• 


A^ Ajei 






1- 


_P«' 





(78) 



(79) 



in which form its non-vanishing is obvious. 

For the general case it is in similar manner made to appear that there is a 
43 



324 



Lovbtt: On a Chroup of Tranaformatioiis which, Etc. 



non-vanishing minor of order 2n* — n — 2 containing the unique term made up 
of the product of the following terms : 



(1 - \J • 



1 P»I«J«« 


J P^9tH 






i=n 

11 

{=4 







1— a 



M< 



_e 



1— 






'8l««-l M 



where p^^ is written short for ^^ >7<j 

Houston, Texas. 



1— 

- 13« |3^. 



J Pmiw 



'Ml 



1 — a 



'«!« 



_P 



'Ms 



• • • • X 



• • • • A "^"^ 



• • • • X 



£w-ijiw 
Pi<-1M< 

P#<-1M< 



1 P*a8i-iw I Q 

* n . . . • X ^$i-iti 



(81) 



Normal Curves of Gemis 6^ and their Chroups of 

Birational Transformations. 

By Vibgil Sntdeb. 



1. The canonical form to which an algebraic curve of given genus can be 
reduced is one of the fundamental problems in the theory of birational trans- 
formations. The simplest forms of curves of genus 3 and their corresponding 
groups have been found by Wiman,* who also made a study of space curves of 
genus 4, and an outline of that of curves of genus 6. The forms and properties 
of plane curves of genus 4 have been determined by Miss Van Benschoten ; f 
the classification of those of genus 5 is well under way. The present paper has 
for its purpose the determination of the groups of birational transformations 
which leave curves of genus 6 invariant and to discuss various properties of such 
curves. This configuration is interesting from the fact that it is the lowest genus 
which can not be defined by the complete intersection of quadric spreads in 
hyperspace, and that only one of the defining spreads can be assumed at will. 

The general curve of genus 6 can be reduced to a seztic c^ with four double 
points. The only exceptions are the hyperelliptic curve and the non-singular 
quintic. When the curve is reduced to another of the same order by a non-linear 
transformation it must contain a linear gl, of which the points of each group are 
not coUinear. Since this is a special series, it can be determined by adjoint cubic 
curves^. But the co^^ having the four double points and any other three 
points of C( for basis points define not a gl^ but g^; hence: all transfarmationa 
which transform a non-hypereUiptic curve of genua 6 and order 6 into itself or any 
other curve of the same order hiraiumaUy can he expressed by ooUinecUions and quadric 
inversions. Moreover, every transformation generated by these must, in this 
case, be either linear or quadratic. 

*Bihang till Spemka Vet. Akad. Handlingar, Band XXI (1895). 

t A. L. Van Benichoten, On the Trantfarmatiaiu Which Leave the Algebraic Curvet of Oenut 4 Invariant^ 
CorneU disMrtation, 1908. 
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The following cases are to be considered : 

(a) The normal curve is a Cg with four double points (4 P^ at the vertices 

of a quadrangle. 

(b) The C| has three collinear double points^ and one other one. 

(c) The C0 has a triple point P^ and a double point. 

(d) The curve has a g\ . 

(e) The curve is hyperelliptic. 

§ 1 (a). Cg with Four Double Points, General Case. 

2. This curve has bg\^ formed by the pencils of straight lines through each 
of the nodes, and the pencil of conies through all of them. When more than 
five g\ exist, the curve has an infinite number of such series and can not be 
reduced to a sextic. These series must permute among themselves; hence, 
cuj-ves of form (a) can have no group of order larger than 120. Let the four 
double points be (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1). The oo^^ through these 
points will be of the form 

a{a?y — xyz) + b{xy^ — xyz) + c{a?z — xyz) + d(i^z — xyz) 

+ e {x7? — xyz) + /{y^ — xyz) = 0. 
If we now put 

P»i = ^y i^—z), p^ = ay {y—^)f p^ = ^z{^—y\ 

pa?4 = yz{y — a), pa?6 = xz{z— y\ pare = yz (« — »), 
then between the x^ exist the five following identities : 

x,x,-x,x,-x,x, = (i, x^x. + x,x,-x,x. = 0, 

aria;4 + a%a58— ir8aj4 = 0, x^x^ — x^x^ + x^x^^O, ► (1) 

a?4«^6 + ^3;e — x^x^:=iO. 

The equation of any Cg having the above points for double points can be expressed 
as a quadratic relation among the x^. It contains 21 terms, or 20 constants, but 
five of these can be expressed in terms of the others by means of (l). Thus all 
the 15 = 3/> — 3 constants appear in the one equation 

2 a<;fc a:, Xjk = 0. (2) 

Now consider x^ as homogeneous point coordinates in linear space of five dimen- 
sions R^. The systems (l) and (2) define six quadric spreads which have a curve 
in common. Any ^g ^^^^ ^t *^^ 10 points, hence an R^ defined hy %h^Xi=^0 
will cut the normal curve in 10 points. If the ci§ be projected from any point 
upon it and the projecting cone cut by an i24, the resulting ejf^ can not have a 
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double point. In other words, c^^ can have no trisecants. By further projections 
this curve becomes cf^ and cf^ respectively. A C7 with 9 double points can not be 
reduced to a Cg by means of ^4 passing through an arbitrary set of basis points, 
but if one simple basis point be assumed, three others can be found in five different 
ways, such that qo ^ ^4 can be passed through them and the nine double points.* 
If these curves be used for the transforming system, the trausformed curve 
will be a c^ with four double points. Since cj^^ can be projected from certain 
points upon it into c^^, it is possible to find tetrads of points upon it such that 
through them can be passed 00 ^ JS4. It is necessary and sufiScient that the four 
basis points lie in R^ . If c^^ be projected from one of them into c^^\ the other 
three will go into points lying on a straight line; hence c^^^ has at least five 
trisecants. If cj*^ be projected into ^3 from one of the points of intersection with 
a trisecant, cf^ will have a double point. Finally, cf is projected from the 
double point into our plane c^ . 

3. Let the systems (1) and (2) which define cf^ be denoted by ^1, , F^. 

Among the spreads of the linear system S ^i ^i = are qo ^ which can be 
expressed in terms of five variables. These particular spreads are the four- 
dimensional quadric cones, having a point for vertex. The associated values 

of Xi are found by equating the discriminant of the system A(Xi, , Xs) = A(%) 

to zero. If ^t ^6 regarded as point coordinates in R^, A (X) = is a four-dimen- 
sional spread of order 6. The corresponding locus of the vertex of the cones 

is obtained by equating the determinant of Fuc = ^--^ of order 6 to zero. It is 

also of order 6. Between this spread M and A exists a one-to-one point corre- 
spondence. If from a point of Jf the curve cJJ^ be projected into JB4, c^J^ will lie 
on an F^. But there are values of X for which F can be expressed in terms of 
four variables. These spreads are four-dimensional quadric cones having a line 
for vertex. The values of % are obtained by equating all the first minors of A 
to zero. The corresponding configuration on if is a ruled hypersurface S. If 
cf^ be projected into R^ from a line of S which is a bisecant of the curve, the cf^ 
is of type (4, 4) on a quadric surface, and has three actual double points.f 

In no case can c^^^ have an actual double point, as it would give rise to c^^^\ 
but this curve has a g\^ hence belongs to those of type (c). Through every point 

♦ Clebsch, OeometrU, Vol. I, p. 695. 

tSee Riemann, in Orelle, Vol. LIV, §18; ClebBCh, Oe<mutrie, Vol. I, p. 698, foot-Dote; Brill, Math. Ann., 
Vol. I, p. 401, and Vol. II, p. 471. 
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of c$ can be passed five Bf, each of which cute the curve in three remaining 
points. If c2^ be projected from such an B^ into B2, the result is eP with four 
double points. Thus the gl in the cf^, and some fixed point on the curve, can 
never be a partial series g^ contained in gi, but two such points can be found so 
that the resulting gl is a partial series contained in the g^.^ 

4. The four basis points project on c^ into the four points in which any 
conic through the double points cuts the curve. One of them is arbitrary and 
the others are then fixed. Similarly, the two fixed points which are the images 
of the double point of c'/' are the residual points in which the line joining two 
nodes cuts the curve again. The adjoint ^ are made up of the straight line 
joining the other two nodes, and the oo' conies through the first two; ss sub- 
group we have the degraded conies formed by the line joining the second pair 
of nodes and an arbitrary line of the plane. 

6. The curve c^ is a double curve on M, the Jacobian of the system of 
quadrics. Among the lines S, some are bisecants, some simple secants, but in 
general they do not intersect c^S- If ^^ curve be projected from a general line 
of S, its image in £3 is a c^ of type (5, 5) on a quadric. It has 10 actual double 
points. On the other hand, if c^^ be projected into R^ from any bisecant, the 
resulting cf^ will have no double points. It is the partial intersection of a cubic 
and a quartic surface, the residual being a rational ef^. 

Given any point P on e^^. Associated with it are five sets of three points 
each, Pf, P^f Pi (A: = 1, . . • • , 5), such that each set and the point P lie in a plane. 
If these points be called a particular group, we may say: The cf^ ohtained hy 
projecting c^^ into R^ from a line joining any two points of a particular group wiU 
altoays have ai least one double point. 

If P\ = PJ, then through the line PP\ can be passed two -Rj, each cutting 
c^^ in two other points. The e^ obtained by projecting from such a line must 
have at least two double points; but since a g\ on c^§ is excluded, if cf^ has two 
*'^ double points, it has three. Since the points associated with P\ must be P, and 

\, the two remaining associates of P, we now have the following theorem : 

;* The necessary and sufficient condition that a line joining tuo corresponding 

ilj points of the same particular group on c^ be the vertex of a quadric cone on which cJJ 

^S lies is that one point oncf^ is common to two particular groups belonging to the other. 



*TblB is a direct application of Noether'8 theorem of redaction. See Segre, ««Introdazione alia Geometria 
•opra nn Ente Aigebrico Sempiicemeste Infinito," Ann, di Mat, (2), Vol. XXII (1804). 
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Thus, there can never be a simple coincidence of associated points on c^^. 
In each case the coincidences appear in sets of three. 

6. Every non-hyperelliptic curve of genus jp greater than 3 has one or more 
linear g\_i . By the Biemann-Roch theorem the residual series is also a g\_i . 
In the canonical curve in Rp_i these series must be cut by i2p.2 , arranged in 
reciprocal sets. A series of jBp_8 can be found having p — 1 points on c^^~^^. 
Any jBp_a through these points will cut the curve in jp — 1 further points, which 
also lie on a iZp.s* The curve lies on a quadric spread in Rp_i which can there- 
fore be projectively generated by the Bp_2 of each series. This is possible only 
when the equation of one quadric on which c^^ri^ lies can be reduced to contain 
but four variables. If this hypercone be projected from its double Ep_^ into F^, 
<^^ip'-2 will project into cj^^.g lying on a quadric surface. 

The curve is of type {p — I, p — 1) and has {p — 1) {p — 4) double points. 
A qxAodratic identity between four adjoint curves can he found {by means of the 
equation of the curve itself) for every non-hyperelliptic curve of genus p > 3.* 

7. The linear transformations which leave cf^ invariant must also permute 
the double points among themselves. If 

A = (1,0,0), ^S (0,1,0), ii8 = (0,0,1), A = (1,1,1), 

all the possible linear transformations are contained in the g^ formed by the 
4 1 permutations of these points. As generating operations we may take the 
three harmonic homologies 

(Jj 4j) (A^) {A^) = {x^ scg) (xb x^) (ajg ^e), 

(^1 As) {A^) {A^) = («! ««) («8 X4) (»8 »6), 

{A,A,){A,){As) = {x,Xs)[^^_^^^ _a,^ + a^_a:, -x, + x^+x, x,-Z-x)' 

Since the quadratic identities (1) which are independent of the c^ simply 
permute among themselves, in order to obtain the most general c^ of p=: 6 
which is invariant under any group contained in the above octahedron group, 
simply write a general quadratic relation among the Xi and impose such conditions 
as will leave its form unaltered when operated upon by the generators of the 
group. 

The only other operation which can leave the curve invariant is the quadratic 

*This theorem does not oontrftdiot that stated by Noether, Math. Ann,^ Vol. XVII, p. 441. There the 
baais points aj , a, , .... are chosen arbitrarily. 
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ioTerrioD, bAving any three of the doable poiote for basis points. That deter- 
mined by Ax A^ At and leaving the point A^ fixed can be expressed in the form 

(i,z,)(a:ix,)(a5,x«>. 

The pencil of conies passing throngh all foar doable points defines a fifth linear 
series g\, aod may be denoted by A^. The operation of inversion as to ^, ^ ^ 
dianges the pencil of straight lines throngh A^ into A^, and conversely. Hence 

These fonr generators will define the symmetric group of order 120, and proper 
combinations of them will define any group contained within it. 

The largest period of any hirtUional tTans/orwation tchieh leaves a c, of type (a) 
imxiriant is nz. These operations and the corresponding equations can now be 
immediately written down. In particular, if the carve belongs to the group 
generated by (^, Jj), (J, J,), (^4^), its equation is of the form 
« 

when proper use is made of equations (1). If it be invariant under {AyA^ also, 
A^ — 2, J3 = 2, C^ — 1. Expressed in terms of x, y, z this equation defines 
the c^ having the maximum group of order 120. Its form is 

S2iB*yz+22a^y*— 22a:*j/*+Sa?ff»a-6x»y*«' = 0. 

§ 2 (b). Three Double Points CoUinear. 
8. If this form be inverted as to a triangle of nodes, the third node on one 
of the sides of the triangle becomes a tacnode, hence the latter configuration is 
as general as the former. Let the tacnode be at (0, 0, 1), a; + ay ^ the 
equation of the tacnodal tangent. From the system of adjoint cubics we 
may write 

px, = a?y, fXg = x^, pi,= x*z, px4 = a;z*+oyz*, fXt = ^z, fXt=zyz, 

from which the quadratic relatione 

x,x, — XtXi=^0, XiX, — x^Xt^O, XgXs — xJ^O, 
XtXi — Xt(xa + axf) = 0, a:,*, — aaj + z,x, = 

at once follow. Any curve c^ having this configuration of nodes is completely 
defined by SouXtX^ = 0. 



Groups of Birationdl Transformations. 331 

The only linear transformations that will leave this configuration invariant 
are of the form 

pxl = xi, pxl = X2, fxl = kQC^, px\ = k^x^^ pxl = kx^f fxl = kx^, 

or of the form 

pxl = x^, pxj = a:i, pa8 = a;5, px\=x^, pa6 = a^8i pxl = x^. 

In the first case A:?= 1 or A;* = 1, but the latter is possible only for 3C4 = jri«2i 
which is hyperelliptic, jp = 2. For any odd value of A;, c^ is composite. By 
letting a = 1, which is no restriction, the curve having the non-cyclic G^ becomes 

a,a?i/'+a^7?f{u?+^)+as:^{x + yy+a,a?f^+a,{a^2? + y':^^^ 

It was shown that no inversion can leave either type invariant, hence: The 
most general hiraiional group which leaves a c^ of type (b) invariant is the non-cyclic 
linear G^. 

If a = 0, the form may be written 2 a< a? := 0. 

The case of two tacnodes, and in particular, of one tacnodal tacnode passing 
through the other tacnode, can all have the non-cyclic G^ . The case of three 
consecutive collinear nodes and that of the oscnode are equivalent. The former 
is invariant under a harmonic homology, the latter under an inversion with coin- 
cident fundamental points. Moreover, both forms are invariant under one other 
harmonic homology, commutative with the first operation ; hence these have also 
the same g^. 

Finally, if all four double points are consecutive, they must lie on a conic. 
If (0, 0, 1) be the point, ^ = the tangent and zy = Qi? the conic on which the 
nodes lie, the system of adjoint ^ may be written in the form 

pxi = yif + a?z, px2 = xyz + u?, px^ — r^z^ p»4 = »*y, fx^ — xf^ pxg = y», 
and the quadratic relations become 

a^XjZsargic^ + arS, x^x^^x^x^ + x^x^^ x^x^—x\^ 
Xia:5 = ar2a?8, x^x^^^xl + x^x^^ 2aa.a;«X;b = 0. 

The only operation which will leave these forms invariant is changing the signs 
of a^ and Xf, . It is a harmonic homology with center on the tangent and axis 
through the node. 

9. It will be noticed that in all forms under (b) at least one of the quadratic 
identities involved but three of the variables. In each case l>aijtX^xjc'=^0 may 
be particularized to include many more such forms, even when the form of the 
nodes is prescribed. 
44 
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Any quadratic reUtioD iDvolviDg bat three adjoint ^ maj be written in the 

whicb, with the other quadratic relatioos, defines e, without extraneoos facton; 
at erery variable point in which ^, fif intersect, the fonner touches e,. Similarty 
for ^', ^. If the curve af + h^ + c^'=0 cuts c« in the two sets (^, ^«^')i 
(^) ^, 9t)t ^'^^^ '^ ^^7 ^^ ^ written in the form 

hence if there be two contact curves, there will be an infinite number. These 
systems are the images of the tangent £, to the cone 2f f^' — ^''= having an 
Bt for vertex. Since through a set of j> — 1=5 points of contact both f and ^ 
pass, they are the basis points of a pencil. Jo general, if 7 be any line and ^,_, 
be a curve of order n — 2 passing through the nodes, a special group of j> — 1 
points and n — 1 of the intersections of e,, I, then the net 

o/# + 67^ + ci=:0 
will have p — 1 + n — 3 fixed basis points in addition to the nodes; this leaves 
p + 2 variable intersections. This net can now be used to transform c. birationally 
into another of order p + 2. The point (0, 0, 1) is a triple point P^ on c^s, since 
the pencil of straight lines through it corresponds to a^ + b^' ^0. A contact 
curve must go into a contact curve; hence some line of the pencil ax, + 6 2^ ^0, 
counted twice, is image of the contact curve. It is a factor of an adjoint curve ; 
the remaining nodes He on a curve of order p — 3. Now let Op., be a curve 
passing through the triple point and all the double points but one, Ap., a curve 
passing through all the double points, it = Xj + ix^ ^ be a line passing through 
the triple point and the node not lyini; on ap_i . The net formed by x^b, x^b, a 
can now be used to transform (^9. The transformed curve will he of order jp+1, 
and the pencil through (0, 0, 1 ) remains invariant ; as before, one of its lines must 
coimt double. The remaining double points lie on a curve of order p — 4, but 
this is impossible unless the special line contains a second double point, hence 
(0, 0, 1) is a tacnode. For p:=4 and p^b the curve can not be reduced to a 
simpler form, but for p'^5, it is always possible to further reduce the order 
of the curve. 

10. These steps can be easily interpreted geometrically. The f represents 
an £4, tangent to the quadric cone of B^, having an Rj for vertex. Each tangent 
£4 touches c^ in five points, the points of contact lying in an Bf. Let A, B, C, 
O, E he the points of contact Project c^ from A into an Bt not passing 
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through A. The cj*^ contains the images -4', 5', C", 2>', JE'; it will he touched 
hy an iZg in 5', (7', 2>', JE' which also passes simply through A^. The four points 
of contact lie in an iig • ^ow project cj*^ from B' into R^ not passing through J5'. 
An iZg touches c?> in C^', 2>", ^" and passes through ^", 5^'. The points of 
contact are coUinear. Project cf^ from (7" into B2 not passing through (7". The 
cf^ will have a tacnode, and the images of the other points from which the 
successive curves were projected are the residual intersections of the tacnodal 
tangent and the curve. The g^ formed by the lines of the plane of C7 is such that 
if ji" be adjoined to each group, the series gl is incomplete, being contained in 
a gr|, similarly for grj, g^^. If we construct a system of 00 '^ ^4 such that when 
two further basis points (£''', E^'^) are given, a gl will be defined, and further 
such that the gl obtained by fixing one more basis point will have as partial series 
the straight lines of the plane, it is only possible when the seven remaining 
double points lie on a conic* 

11. If cJJ be projected into iZg from the vertex JBs of the quadric cone, 
the result is a conic, counted five times. If c^p}l be projected from an Rp_^ 
vertex of a quadric cone on which the curve lies into R^, the resulting conical 
curve will cut each generator in p — 1 points and have {p — 1) {p — 4) actual 
double points. If cfl^^ be projected into R2 from one of these double points, 
the cj^_4 will have p — 3 branches touching each other at a common point, and 
{p — l){p — 4) — 1 other double points lying on 4>p_8- Both this form and the 
preceding one can be obtained without the use of special groups. 

12. Now suppose there are two quadratic relations which involve but three 
variables. Through every point of c}J now pass two tangent R^ , each of which 
touches c^ in four other points. In the two correspondences formed by the 
tangent R^^ it will happen for a finite number of points that the two R^ will also 
have another point of c^^ in common. Now proceed as before, first projecting 
from one of these points, then from the other. The c^ has an actual double 
point, through which pass two planes, each of which touches cf^ in three other 
points, the points of contact being coUinear. 

§3 (c). Ce Tuis a gl. 

13. When a curve of genus 6 and having a gl is reduced to Cq, the curve 
must have a triple point.f 

*Thi8 same result waa obtained by Kraus, Math, Ann., Vol. XVI, by a partly different method, 
f Amodeo, <«GnrYe ib-gonali/* Ann, di Mat. (3), Vol. XXI (]893)» p. 221. 



334 Sntdbr: Normal Gurvee of Genus 6, and their 

If the triple pomt be chosen at (0, 0, 1) and the double point at (0, 1, 0), 
the system of adjoint ^ may be written 

pxi = a?z, fXt~xyz, ^x^—i^z, pK4 = a^, ^x^ — a^y, px,= xj^, 

from which ?i — ^ = 5i = ?» 

arg Kg ^ ^' 
defining aix linearly independent quadratic relations. This system defines a 
rational ruled surface of order 4, common to all the six quadrics, which are 
therefore not sufficient to define the curve.* 

On the other hand, it is not difficult to discuss these curves directly from 
their equations in the plane. The general form is 

/s {x, yy +/( {x, y) 2? + ^, (x, y)xz + ^(x, y)a^y = 0. 
If "^ (*» y) = /a (y, ^) ai<l 'J'l («. tf) = fi (y, «), c, is invariant under ps^ =:yz, 
py* = zx, p2'= xy. If in addition /< = 0, Cg has the cyclic perspectivity 

as^ = x, oy'=y, asf=:az, u'=l. 
The latter can exist alone if /« = 0, 4'i = 0. 
In particular, the curve 

si?y (aa? + by*) + z* (6a:» + 03/") = 
has the quadratic inversion and 

p3^ = e*x, py^^y, fif = z, e'=i, 

defining the dihedral Gib - The forms having a Gt generated by a harmonic 
homology about x or y and the inversion can be immediately written down. 
The curve 

x»ij'+{ax* + 6y*)z'+ (ex* + dy^)xz + ka?y* :=:0 

has the cyclic ff, defined by r ^ J. In particular, if c = 6, d = a, jfc = 1, 

it also admits the quadric inversion, thus defining a dihedral Gg. The point 
(0, 0, 1) has x= for triple tangent; at the double point (0, 1, 0) each tangent 
has five-point contact. The line y = meets c, in three other points, at each of 
which the tangent has four-point contact and passes through the double point. 
The curve has 32 other points of inflexion, arranged on eight lines passing 
through the double point. 

Of the two forms having four coincident double points, that with a simple 
branch passing through a tacnode may have at most a single harmonic homology, 

^ axi/'^-\-by'^ + 7^>p^((^,y')-^xy'z{ca?+di^) + C3*z+/a?f^ = 0. 

*EnDB, E. e. ; Bnjder, "On BlnUonal Traniformatlont of Cumi of High Qannf," JonRnu., Vol. XXX 
1008], p. 10. 
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That with a simple branch passing through a cusp of the second kind, 

zy{x — aff + 6a? y* 2* + ^y^AiPf v) + ca^y 2? + daV + ^^i{x, y) = 0, 
has no invariant transformations. 

§ 4 (d). The Non-singular QvinHc. 

14. It has been shown "^ that if a curve of genus 6 has a ^| it could not be 
reduced to a sextic. The non-singular curves have at most only linear trans- 
formations into themselves. The forms of the possible linear groups to which c^ 
can belong have already been determined, f 

The adjoint curves are made up of all the conies of the plane. If we write 

fx^=i^, fX2=xy, pac8=2^, pXi = xz, pxs = yz, pa?« = 2*, 

then Xi x^ x^ Xi x^ ^ ^ — ^ ^5 

x^ arg ~ 356 ' aJi ~ Ob "" aJ6 ' »4 ~ «6 »6 ' 
or 

XiX9 = xlf XiX^ = X2Xi, X2X^=XfiXi, XiX^ = xl, ^4 CCg = Xg 35, , X^X^^xl. 

Hence, here too, the six quadratic relations are independent of thequintic curve. 
This is the only case thus far discovered of a curve not having a gl which is not 
defined by the quadratic relations among the adjoint curves. The six quadrics 
have a surface in common, but not a ruled surface. It is the Veronese surface 
of order 4. It can be projected from (0, 0, 0, 0, 0, l) into x^ = as the rational 
ruled surface of order 3, 

Xi ___ X2 ^ x^ 
3?8 a^B "^S 

and therefore, from the preceding section, it also follows that if the normal ewrve 
he projected from a bisecant, it projects into a conic, counted four times. We have 
three interesting projections into B^. If the surface be projected from any 
bisecant, the result is a quadric surface. If the line have but one point in 
common with the surface in R^, the result is a ruled cubic of the first kind, as 

Xf^X^ ^ Xi X5 . 

Finally, by projecting from a line not having any point on the surface, we obtain, 
for example, 

V Xi + x^ + x^ +^{x2 + Xi + x^) = \/ a?! + V a-8 + V^, 
a Steiner surface.^; 



♦ Snyder, I, c. 

f Snyder, *< Plane Qnintic CorTCB Which Postess a Group of Linear Transformations/* Joubnal, Vol. XXX 
(1908), p. 1. The most interesting type is z> + ^ + 2^ = 0, which Is invariant under a group of order 150. 

X An excellent discussion of the Veronese surface Is gWen by Bertinl, Introduxione alia Oeametria ProUttiva 
degli Ipertpazit Pisa, 1907. See Chapter XV. 
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§ 6 (e). HypereUipHc Gurvea. 
16. The canonical form of a hyperelliptic curve of genus 6 la 

The characteristic O^ is the homology 

("^ y ''^ = H. 

\x —y zj 
If /i4 (x, z) = ^ (x*, i?), we have the non-cyclic ff^ . If /„ (x, z) = f^ {z, x), 
another Qi, defined by H and 

The dihedral (Jg arises when ^ (»*, i?) = ^ (s^, a:*). 

By inversion, the equation of the curve may be written 

y'e'* =/«(«, z). 
If /j8 (x, z) = x $B (a^, s^), we have the cyclic 

* \—x %y zJ 
If ^g (a:', z*) = ^B (ss*, a^), the curve also admits k, making a dihedral G^. 

.V=z"=x/i(x»,i^)ha8 (^f^ /y ^), e« = l; if /, {a;«. ^) = /, {2?, =^), the 

dihedral <?» ; y* «"= x/a (x*, z*), the cyclic Gg=f. ,-. J ; and if /s is sym- 
metric, the dihedral Gj, . In particular, jf* z" = x (x* + e*) (a^ — 14 x* s* + z*) 
has a O^, formed by H and the octahedron group, 
y* z" = X (x" + z^ has the dihedral ff^, . 

y* z"= x/2 (x*, ^) has the cyclic (?ig = ( „ ,^ ) and, if /j is symmetric, 

the dihedral G^i; ^z" = x" + z", the cyclic Ggg. This is the only operation of 
period as high as 26 that any curve of genus 6 can have. 

y'z'* = x" + z" has the dihedral Gg^, and H, making a group of order 66.* 

"A. Wlmma, 'iDeber dl* h;perelllpttKhcn CnrrBD ddJ dleJeDlgsn Tom Oeicbleeht p^S, welcbe elDdeatiga 
Tnnfformktlonen Id dch eqIuigd," 3Uiai%g t. k. SetntJca Vtfn*ktai Akad. Han^lngar, Bud ZXI (IBOS). 
COKiiBi.1. DniTBHsirr, January, 1908. 



On the Range of Birational Transformation of Curves 
of Genus Greater than the Canonical Form. 

By Virgil Snyder. 



In a former paper* I have shown that no curve of order n can be birationally 
transformed into itself or other curve of order n, if it have fewer than 

] — 2 double points, E {k) being the largest integer less than k. 

In the present paper I show what is the minimum order of the transformed 
curve, determine the nature of the transformation itself, and show how certain 
curves of this type can be generated. 

1. If a non-singular curve c^ of order n be transformed birationally into Cy 
by means of adjoint f)^, the minimum value of y is obtained when all the basis 
points of a net (oo ^)^g. are taken upon c^. This number is x* — x + 1 ;f hence 

y = nx — a? + X — 1. 

Since we exclude collineations, and are concerned with special series gl only, 

1< a < n — 3. 

Under these conditions y reaches its minimum value 2n — 3 when a; = 2. This 
requires that the net of transforming curves be a system of oo ^ conies circum- 
scribing a triangle whose vertices lie on c„; thus the transformation is a quadratic 
inversion. Hence : 

The curve of hvoest order into whioh a non-eingular curve of order n can be 
transformed by biraiianal tranafcrmalion other than coUineation is of order 2n — 3, 
and the transformaiiaii is birational for the entire plane. 

♦ JoUBNAL, Vol. XXX (1908), pp. 10-18. 

to. Kiipper: **Ueber das Vorkommen yon linearan Schaaren. . . ./* SiUungtberichU der Bohmi^ehm idu»U» 
aehaft , Prag, 1892, pp. 264-272. 
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But by inversion, the n — 2 points on each side of the triaDgle will go into 
the opposite vertices; hence: 

The necessary and sufficient condition that a curve of order 2n — 3 and genus 
l(n — l){n — 2) be hiratumaUy IranaformahU into a curve of order n is that it have 
three multiple points of order n — 2. 

Incidentally, no curve of this nature can also have a linear aeries gX, 
k being any integer between n and 2n — 3. 

2. This result points out a curious exception to the canonical form of 
curves of genus p* when /) = 6. The general theorem is that any curve of 
genua 6 can be reduced to a sextic with four double points, but this is not true 
of a non-singular quintic, as the simplest curve to which it can be transformed 
is a curve of order 7, having three triple points. This is the only exception to 
the general theorem for any genus. No curve of genus 6 can have a linear g% and 
a linear g\, but every such curve has one or the other series. A c, with three triple 
points is not birationally equivalent to a c, of genus 6 with any other configuration 
of multiple points. Every curve of genus 6 can be transformed to a c, without 
the use of special groups (Clebsch-Lindemann, I. c, p. 689). 

3. The same value of y that was determined for x = 2 is also obtained for 
x^=n — 1, but, this case does not need to be considered, since the special groups 
can always be defined by simpler curves. However, as an illustration of a net 
of curves having the maximum number of basis points on a given one, the 
following curve will be of interest. Consider the curve 

xy" + yz" + 23!" =0 
and the linear transformations 

S\ y'=6y , «»'-"+» = l, T 
2f = e^z 



X =y 



The curve is invariant under the group generated by S and T. Since S"~^ T= TS, 
the group is of order 3(n*— n+ 1), its operators being of the form S'', S'T, S^T*. 
(S* is of ordern' — n+1, the others being of order 3. 

The curve is non-singular, p = 4 n (n — l), and the order of S is 2j> + 1. 
The coordinate triangle is invariant under the group. Its sides have n-point 
contact with the curve at one vertex and a simple intersection at the other. 



* Clebtch-LiDdemuin : Vortuiingm iber Oeaaulrlt, YoU I, p. 709. HyperaUlpUc cnrrei are axeladed. 
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This accounts for 3(n — 2) points of inflexion and \{n — 2)(n — 3) double tangents. 
The remaining 3 (n^ — w + 1) points of inflexion are arranged in three sets of 
T? — n + 1 each, invariant under S^ and also in r? — n + 1 triads invariant 
under T^ one of which is real. From this configuration it follows that if n > 3, 
the given curve can not have a larger group than that generated by S and T. 
If n = 3 all the inflexions are ordinary; the c^ is now invariant under the 
simple group of order 168. 

The invariant points of T are (1, 1, 1), (l,o, tt^), (!,(«)*,(«)), w^ = 1. The 
line joining the imaginary points^ x + ^ + ^ = Oy is a bitangent when n is a 
multiple of 3, the points of contact being the invariant points. The number of 
bitangents apart from the invariant triangle is \{t? — n+l)(w* + 3n — 10). 
When n is a multiple of 3, this number is not a multiple of 3, but congruent 1, 
the invariant bitangent under 71 The inflexions and bitangents can be curiously 
arranged on conies of the form 

(a; + 0) y + (i)^ z) (x + 0)^ y + 0) z) — A; (a; + y + z)* = 0, 

and n^ — n other systems into which this is transformed by 8. But the most 
important configuration for our purpose is that formed by any point P, and its 
images under S. We shall first prove the following theorem : 

Through the tj? — n + 1 points of any cycle of S can he passed <x> ^ curves 
of order n. 

Consider the general equation of a c^ written down with unknown coefiS- 

cients. It defines oo^ curves. After passing through n* — n+1 points, we 
still require two arbitrary constants, which necessitates that all the determinants 

of order -- (n + 3) — 1 in the matrix formed by n* — n + 1 rows and jz{n + Z) + l 

columns should vanish. This is also a suflScient condition. The successive 

images of (a, 6, c) are (a, 6d, cd"*), , (a, 6d^"^, cd"^). When the coordinates 

of these points are substituted in the equation of c^ it will be seen that the 
following pairs of coefiScients only differ by a constant : 

ajH-igj^ yn. ^.n^ yz~-^; ajy'*"^ z^\ 

hence not only all the determinants of the matrix vanish, but also all the first 
and second minors, for at least two columns of each second minor will always 
be equal. This proves the proposition. Moreover it also follows that not every 
minor of the third order vanishes. 
45 
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If this net of c„ be used as transforming curves, the original c„^i is trans- 
formed into a curve of order 2n — 1. According to our theorem, the new curve 
must have three points of multiplicity n — 1; hence the transforming curves must 
define three linear series g\, which requires that all the basis points of three 
pencils must lie on c„^,. These pencils are determined bj the n' — n-f-l images 
of (a, h, c) on c^+i and any vertex of the invariant triangle. For example, the 
pencil belonging to (1, 0, 0) is 

a6""*z" — c"a:y""^ + A(o"~^ey" — 6" ax""') =0. 
The curves of any pencil in the net must have the remaining basis points on 
a straight line. When the point fixing the pencil is an invariant point, the 
curves have (n — l)-point contact with a side of the triangle. The equations of the 
transformation may then be written 

pa:' = a&""*z" — c"a:y""', py' = 6c"""'x" — a"yz"~', ()2' = a""'cy" — 6" ax""', 
from which 

as'y + y'z + a'x = 0. 
From these equations, the equation of c„+, and the condition that (a, h, c) is a 
point upon it, we obtain 

<Ta:' = acxz, ay" =-abxy, o^ = bcyz. 
The original c„4i can be generated by the pencil 

a 6**"* a" — c" xy"'^ + A(ic''-'a'* — o'yz""') =0 
and the projective pencil cz + Xby = ; hence the groups of 3}, lie on straight 
lines passing through the invatiant point opposite to the (n — l)-point tangent, 
independently of the point (a, h, c). This completes the reduction of the trans- 
formation to the Cremona type. 

4. Now suppose c„ has 8 distinct double points. In this case 
y = nx — x' + x— 1— «, «<^ (J^)'' 
since otherwise y would certainly not be greater than n ; this case was considered 
in my former paper. 

If j ^ 1, 2, 3, the preceding argument will apply directly; the new curve 
is of order 2n — 4, 2n — 6, 2n — 6, respectively, and can be obtained by inversion. 
Since the J pointa are assumed to be distinct, the lowest value of y that can be 
obtained by inversion is 2n — 6. Further, if 5<2(n— 4), by no other trans- 
formation can c„ be reduced to a curve of order as low as 2n — 6, when n > 8. 
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6. For lower values of n^ the various cases can be disposed of separately. 
If j> = 5 and c^ has gl, it must also have a gl by the Riemann-Roch theorem; 
hence the standard form of Ce is one with a triple point. Since 2> = 2 • 6 — fi, 
the lines joining the triads of gl must all pass through a common point. 
A sextic curve with a triple point and two double points can not he birationaUy 
transformed into a sextic with any other configuration of multiple points. 

If p=z 7, we can at once say : Any curve of genus 7 can be reduced to Oj 
with 8 double points. If these be distinct it can not be further reduced. If c^ 
has 2^8+2^8; it also has gl and can be reduced to a c^ with 3 double points 
at the vertices of a triangle. If the 2 Pg ^^ replaced by a tacnode, c« has three 
coUinear double points. If Cj has P4 + 2 Pg , c^ has Pg . These three forms are 
birationaUy distinct. 

For j> = 8, the canonical series is gl. If gl exists, ^f must also, but not 
conversely. If the 13 double points of Cg are distinct, the Cg can not have either. 
Let C4, C4 be two quartics intersecting in three points on a given straight line c^. 
Through the 13 residual points of intersection, and any four points on c^ pass a 
pencil of quintics Cg + Xcg. Make the two pencils projective in such a way that 
corresponding curves will intersect on c^. The locus of all the intersections 
will be a Cg, having c^ as factor. The resulting Cg will have at least 13 double 
points, through which pass a net of quartics, cutting a gl on Cg, but they can not 
be used to transform the curve.* 

Conversely, a Cg with two double points can not be birationaUy transformed 
into a curve of order 8 with 13 distinct double points. When a binodal 0^ is 
transformed into Cj, the latter has two triple points. 

For j!) = 9, ^1 and g^ are mutually exclusive. A cf^ having gl must have 
P4+2P8, but a Cj with 6 double points can be transformed into Cg with 12 double 
points by adjoint cubics. The Cg has the property that a net of adjoint quintics 
can be passed through the 12 nodes and 9 simple points on the curve. Such a 
curve can be easily constructed by the above method. When a Cg of genus 9 is 
the projection of a space curve of order 9, it can be reduced to a C7 , since when 
j9=9, ^f and gl are reciprocal series by the Riemann-Roch theorem. Conversely, 
from every Cj with 6 distinct double points we can define a ^9 by means of ad- 
joint ^; hence when a cubic and a quartic surface intersect in a space cubic curve, 
the residual intersection is a space curve of order 9, having 19 apparent double 

*See Snjder: ••On a Special Net of Algebraic Gunres/* Bull. Anur. Math. Society^ Vol. XIV (1907), p. 70. 
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points. Through the 1 9 bisecantfi from an arbitrary point can be passed a net 
of quintic cones. 

The larger values ofp offer do exception to the general case. 

6. If the S distinct double points be replaced by «i-fold points such that 
42«((*i— 1) < 2(n — 4), the orders of the transformed curves will be lower 
than 2n — 0, but, as before, the curve of lowest order can be obtained by in- 
version, the three multiple points of highest order which are not coUinear being 
the basis points. If 4S«i{ei— l)= 2(n — 4), and 4)^ has an («, — l)-fold point 
at each «('fold point of c„, then ^S8,(«{ — 1) conditions are imposed upon ^^ 
and S«i(8i — 1) intersections with c„ are provided for. If now we assume the 
extreme case of a^ — 1 basis points, then 

y = na: — 2«i («,— !) — ■jx" — 1—2 g'K— 1)1 =«a: — 2{n — 4) — a^ + 1. 

When a; = n — 3, y^n, but this is only possible when the sum of the three 
highest «| is greater than n — 3, in which case the number of double points 
would be greater than 2(n — 4). In every case y is greater than 2n — Sj — Bg — Sg; 
hence : 

The curve of lowest order into which a curve of order m >■ 8 and genus 
^ ^ J (ffl — 1) (tn — 2) — 2 (m — 4) can he birationaUy tranefornted can he obtain^ 
hy quadratic inversion. 

7. It is shown in the theory of space curves that every algebraic space 

curve can be represented by a cone k^ of the same order as the curve, and the 

h 
monoid w^ ""^' ^ wherein k^iaa, cone containing all the double edges of ^, 

and k^^i passes through all the intersections of &„, k^. When the curve is 
given as the complete or partial intersection of two surfaces, the equation of k^ 
is obtained by eliminating one of the variables (unless the given curve is a conical 
curve) and the monoid appears incidentally in the process of elimination.* 

8. Consider the twisted curve 

^n+l -(- dj «) » -|. 0^ uj"-! + .... = 0, «J* + 6i «J + 62 = 0, 

wherein Oj, 6, are ternary forms of order ». When the intersection is complete, 
it will be of symbol (n + 1, n + 1), or say (n, n). If partial, of symbol (n, n + 1). 

•SeeCkjlej: "Oa Halphen'i Char>eteHtUc n ," CrtlU, Vol. CXI (1893), pp. 347-SG2. 
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In the latter case the curve is of order 2/1+1, and has n' apparent double points. 
The n^ bisecants from any point in space are the basis-edges of a pencil of cones 
of ordern. If the plane projection be Cg^+i, and ^„, ^^ be two adjoint curves 
of order w, then 

will define oo ^ ^^^j and in general 

will define (r* + 3r — l)-fold ^n^r^ wherein 

1 ^r'^n — 2. 
Hence : 

If a curve of order n + r can be passed through ri? — J(n — r — 2)(n — r — 1) 
of the V? douhle points of the projection of a space curve of order 2 n + 1 and genus 
n* — n, tJien it will pass through all r? double points.* 

This curve can evidently be birationally transformed into a curve of order 2n, 
since the space curve can be projected into such a curve from a point upon it. 
The question now arises, what is the lowest order to which such a plane curve 
can be birationally reduced? 

The adjoint 4>^+^ has still r* + 3r + 1 constants, and the number of variable 
intersections is (2n + 1) (n +r) — 2n^ If the order of the transformed curve is y, 
then all but y of these variable intersections must be fixed basis points, and the 
system of adjoint ^^^^^ passing through them still have two arbitrary constants. 

9. The question may now be stated thus: Given 00*^+'''+^ adjoint curves 
of order w + r, it is required to find (2n + l)(n + r) — 2n* — y fixed basis points 
upon c^n+i, such that through them will pass oo^ curves of the system. This 
problem is formulated and solved in the Brill-Noether paper in Vol. VII of the 
Math. Annalen (§ 9, p. 290) for the case of a curve of general moduli. Thus, 
if we put 

< = r2+ 3r+l, i? = (2n + l)(n + r)— 2n«— y, j = 2, 

then (D) (p. 291 of the B.-N. paper), 

becomes 

2y>4nr+ 2n— 7r — 3r» + 3. 

* R. Storm : **Oii Some New Theorems on Cnrrea of Doable Coryatare," BritUh Attoeiation Beport (1881), 
p. 146. Starm*8 theorem is more general than that here derived, bat obtained in a different way. A different 
proof is giyen by Noether : ** Zar Grandlegnng der Theorie der algebraischen Ranmcnryen/' Berliner Abhand- 
lungen, 1883. 
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Since we need only consider values of r within the interval 1 < r < n — 2, the 
minimum value of ^ is 3 n — 2. Hence the method of counting the conditions 
will be of no service, as it presupposes that c^n+n p=n' — n, is a general curve 
of its class, while our curve is a highly particularized one. For n = 1 or n ^ 2, 
the basis points may be arbitrary to reduce C2n+i to c^n* For n = 3, we have c, 
with 9 double points. It is therefore possible to pass a net of ^4 through these 
9 double points (which lie on a pencil of cubics) and 4 other points on C7, thus 
defining a gl . The transformed c^ must have a triple point and one double point 
in order to have a ^f . 

10. Now let P= (0, 0, 0, 1) be any point not on the space curve -Bsn+i. 
Call the cone from this point A^sn+i (^1 Vf ^) = 0. The simplest monoid will be 

fn passes through the n' bisecants from P, and has n other lines in common with 
^n+i • /n+1 p&sses through both the n^ bisecants and the n simple lines common 
to the other two cones. Let Q be any residual point of intersection of /^+i , 
^n+i- The 00' planes through Q will cut -fi^n+i i^ * linear gr|^. Project each 
of the sections of these planes and the monoid from P, and cut the cones with 
the plane k? = 0. These plane curves will pass through the n^ double points of 
Cjn+i , through the n simple points and the projection of the point Q. They are 
therefore adjoint ^^-^i , have two degrees of freedom, and have the maximum 
number of basis points 

n» + n + 1 = (n + If— (n + 1) + 1 

on Cfin+i* When this net is used to transform the curve into Cjj^, the trans- 
forming curves go into the 00 ^ straight lines of the plane, i. 6., the space curve 
is projected from the point Q; hence c^^ has one n-fold point, and one (n — 1)- 
fold point. Since by partial elimination of w between the equation of the 
quadric and any F^^i {x, y^ z, w) containing ^^^.i we can obtain a series of 
monoids of order n-^-r and a series of corresponding adjoint curves, ^n^n 
we say: 

The plane projection of the space curve of symbol (n, n + 1) on the quadric 
surface can he hirationally transformed into a curve of order 2n hy means of adjoint 
curves of order n'\' r^ l^^^n — 2, having (n + r) (2 w + 1) — 2n? — 2 n simple 
fixed basis points on the given curve. The transformed curve will have one n "fold 
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point and one (n — 1) -fold pointy and can not be birationaUy transformed into any 
simpler curve. 

11. If the curve be the complete intersection of a quadric and a surface of 
order n, A = n* — n. A cone of order n— 1 can be passed through the bisecants, 
and therefore oo' cones of order n. If /n_ii A be the lower and upper cones of 
the simplest monoid passing through the curve, this system of cones may be 

A^ = being any plane through the common vertex. This is the maximum 
number of basis points a triply in6nite system of curves can have."^ 

The kn_i passing through the w* — n bisecants from P can have no further 
intersection with A^^. The upper cone/^ will pass through the bisecants, and 
2n simple edges of the lower cone. The oo^ planes through Q will cut the 
monoid in curves of order n which are projected into adjoint ^n ^^ tr = 0. They 
all pass through the image of the point Q; hence, as before, a net of ^^ have 
n* — n + 1 basis points on Cg^. The transformed curve is of order 2n — 1 and is 
obtained by projecting the twisted curve from Q. Any one of the oo' projecting 
cones can be taken as superior cone of the minimum monoid. 

12. The procedure is now easily generalized. Given any space curve 
22^ = defined by the cone A;^ = and the monoid 

w =^. 

fn 

Since /^ passes through all the bisecants of R^ from P and f^^i through the 
complete intersection A;^, /^, and since through this intersection oo^ cones of 
order n + 1 pass, hence a net of adjoint curves of order n + 1 always exists 
which will transform the curve into another, of order m — 1. For no other curve 
than those of symbols (n, n), (n, n + 1) on the hyperboloid is the maximum 
number of basis points employed. Let (a, b), a<b be the symbol of a general 
^a+b ^^ ^ hyperboloid. The inferior cone of the monoid is/j^.i, and the number 
of basis points for oo ^fj, is 

When a = 6 or a = 6 — 1, this number is V — 6+1. For other values of a 
it is smaller. 

*C. Kupper: «< Bestimmang der Minimalbasis ," M<maUh^fU der MatK und PhyM^ VoL VI (18V5), 

pp. 5-11. 
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13. The same reasoning will apply directly to space curves which are the 
complete intersections of two surfaces, F^, , -F^, . Here 

The lower cone is fixed, and the upper one is fixed by the two conditions of 
passing through the bisecants, and residual intersection of A;^^,, &„; hence we 
have but three degrees of freedom, just sufficient to reduce the plane curve to 
order (I fi' — 1. The transforming curves are of order n + 1. The plane curves 
which are the projections of complete intersections of two surfaces of order fiy (i' can 
not be hirationally reduced to order less than (i(i' — 1. 

As an interesting illustration, consider the two space curves of order 9, the 
complete intersection of two cubic surfaces, and the quadric curve of type (3, 6). 
In both cases A = 18. In the first, n = 4; in the second, n = 5. When projected 
from a point upon it, the first becomes a Cg with 11 distinct double points; the 
latter a Cg with a ^4 + ^8* ^^ch can be transformed into another Cg in an infinite 
number of ways, but neither can be transformed into any other type, or to a 
curve of lower order. The first transformation is made by means of 4^5, the 
second by quadratic inversion. The complete intersection of F^, F^, is projected 

from a point upon it into c^^f_i, having — - +2 — m double points. Through 

them can always be passed ^^, but not always a net. Thus if ii'=ii\ the 
minimum curves of transformation are 4>n+i> ^^^ ^^^ f£'==2 they are conies, since 
the inferior cone of the monoid of a quadric curve, vertex on the curve, is the 
plane of the two generators through the vertex. 

14. In general, the 00^ transformations of the projection of any R^ into 
c^_i may be efiected as follows : Let Q, S be any two points on the curve. By 
means of the sections of the monoid from any point P by the 00 ^ planes through 
Q we have already one such transformation. Similarly for the sections of the 
same monoid by the net of planes through S\ hence these sections will define 
9m-\ ^^ t^^ ^m-i from P; but this can be more simply done by the sections of 
the monoid from P. The planes through SP will define a pencil of lines 
through the image of S. The others will project into ^x-^n ^x being the 
minimum cone through the trisecants passing through P. 

COBNSLL Umiybbbitt, July^ 1907. 
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Introduction. 

This paper contains a completely independent f set of assumptions for pro- 
jective geometry stated in terms of undefined elements called points and unde- 
fined classes of points called lines. The assumptions are so arranged that a 
certain group of eight characterize what may be called general projective spaces^ 
i. e.y spaces in which the points can be represented by homogeneous coordinates 
which are elements of a finite or infinite number-system, in which the operation 
of multiplication may or may not be commutative. On adding to this group an 
assumption (like our Assumption p, p. 352) from which can be proved the 
fundamental theorem of projectivity (in the form given, for example, on p. 362), 
we obtain a set of assumptions which characterize the most general projective 

* Presented to the American Mathematical Society, Dec. 27, 1907. 

t Ordinally independent sets haTe been given before, but so far as the anthon are aware this is the first 
completely independent set. 
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spaoes properly so-called, i. e., spaces in which the points may be represented 
by homogcDeouB coordinateB which are elements of a commutative number- 
syetem, i. e., of a finite or infinite field. 

Modular and non-modular spaces, t. e., spaces in which the coordinated are 
elements of modular or non-modular fields, are distinguished by means of 
Assuraptioa h (§ 4). Finally it ia shown how by replacing Assumption P by 
asaumptions of continuity and closure we may arrive at categorical and com- 
pletely independent sets of assumptions on the one hand for tbe projective space 
in which the coordinates are ordinary real, and on tbe other hand for that in 
which the coordinates are ordinary complex numbers. 

A complete list of the assumptions for the ordinary real and complex pro- 
jective spaces of three dimensions will be found at tbe beginning of §9. 

The obligations of the authors to previous work will be evident to any 
one who is familiar with the literature of tbe subject. For this reason we 
have omitted detailed references to previous work and content ourselves with 
the reference to the article of Enbiqoes, Prinzipien der Gkometrie, in the 
EncyMopaedie der Mathematiechen Wiaeenaehaften, Band III, Part [, pp. 1-129, 
for s bibliography. For a similar reason we have omitted all proofs of the early 
theorems, believing that their derivation from the assumptions in question is 
sufficiently familiar. The definitions of many well-established terms have like- 
wise been omitted in the interest of brevity. 

§ 1. The Aaaumpiimu for Qeneral PmgecUve Oeometry, 
In the following assumptions for projective geometry we have chosen the 
poirtt and the line as undefined elements, the line being regarded as an undefined 
clas8 of points. The only undefined relation used is that of belonging to a claae. 
This relation will be variously expressed by such phrases as : a point is on a 
line; a line joins two points ; three points are coUinear; etc. In this section 
we give a set of assumptions that define what may be called general projective 
tpaoee, in which the points may be represented by homogeneous coordinates 
which are elements of a finite or infinite number-system, in which multiplication 
may or may not be commutative. 

The Assdhptions of Auonhbnt, a : 

Al. If A and B are distinct poirUa there is at least one line containing 
both A and B. 
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A 2. If A and B are distinct points there is not more than one line con- 
taining both A and B. 

A3. // ul, -B, G are points not belonging to the same line, and if a line I 
contahis a point D of a line joining B and G and a point E^ distinct 
from />, of a line joining G and A^ then the line I contains a point F 
of a line joining A and B. (Fig. 1.) 




FlQ. 1. 



An Assumption op Extension, e: 

eO. There are at least three points on every line.* 
From Al and a2 follows readily : 

Theorem 1 . Two distinct points determine one and only one line. If G and D 
are distinct points of the line AB^'\ then A and B are points of the line GD. Two 
distinct lines can not have more than one point in common. 

Definition. If P, Q^ R are three points not on the same line, and Z is a 
line joining Q and jR, the class S^ of all points such that every point of 8^ is 
collinear with P and some point of I is called the plane determined by P and I. 
If P, Q, jR, Tare four points not in the same line or plane, and if a is a plane 
containing Q, R and 7^, the class Sz of all points such that every point of 8^ is 
collinear with P and some point of a is called the three-space determined by P 
and a. 

It is now possible to derive readily from the set of assumptions given above 
the results contained in the following theorems : 

Theorem 2. If A and B are points of a plane^ every point of the line AB is 
a point of the plane. Any two lines lying in the same plane have a point in common. 

* ThlB ezelndeB merely the case of a space in which every line conaists of only two points, 
t The symbol AB implies A^B and denotes the line determined by A and B. 
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The plane a determined by a point P and a line I ia identical with the plane deter- 
mined by a point Q and a line m, if Q and m are on a. There is one and only one 
plane containing three given non-coUinear points. 

Theorem 3. f/ A and B are distinct points of a three-space, every point of the 
line AB is a point of the three-space. If a plane a and a line I not on a lie irholly 
in the same three-space, then a and I have one and only one point in common. Any 
tim distinct planes of a three-space have one and only one line in common. 

These three theorems are meaninglees unleee there exists at least one Hue 
(Theorem 1), or one plane (Theorem 2), or one three-space (Theorem 3). We 
could proceed to define a four-space, five-space,...., n-space in a manner 
analogous to the definitions of a two-space (plane) and three-space already given. 
The fundamental properties of alignment of such spaces can be derived without 
difficulty from the assumptions stated. A set of assumptions, however, from 
which the properties of a space of given dimensionality are to be derived, 
should contain in addition to those already stated such assumptions of estensiou 
and closure as will insure the existence of the space in question and exclude 
spaces of higher dimensionality. In this paper we confine ourselves to three 
dimensions. There follow accordingly for this case the nccessnry 

Assumptions of Extension and Closdbe,* e : 
Bl. There exists at least one line. 
b2. It is not true that every point lies on every line. 
e3. It is not true that every point lies on every plane. 
b3'. If S is a three-space, every point lies in S. 
It is now a simple matter to derive the principle of duality in a three-space 
and in a plane, in view of the fact that the duals of the assumptions can be 
proved without difficulty. These two principles are stated in the following two 
theorems : 

Theorbm 4 : The Principle of Duality for a Three-space. Any proposition 
deducible from asaump^xrtK a and E is valid if the words "point" and "plane" 
are interchanged. 

Theorem 5 : The Pbinciple of Duality in a Plane. Any proposition con- 
cerning points and lines of the same plane derived from assumptions A and B, is 
valid if the words point and line are interchanged. 

*Tlk* word! ■••ztenilon" and "cloanr*" in thli eotineetloit were tnggsated bj N. J. Limna. 
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This brief statement of the principle of duality makes necessary the use of 
such expressions as '' a line lying on a point/' '' a plane lying on a point or a 
line/' '' a point containing a plane " etc., in a sense that need not be further 
explained here. 

It is now possible to enumerate the fundamental geometric forms, and to 
define perspectivity and projectivity* in the usual manner. In what follows we 
omit most definitions of well-established terms. Such terms as are defined, 
moreover, and the theorems that are proved will be confined in general to one 
form ; the dual definitions and theorems are everywhere implied without being 
explicitly stated. 

Of the theorems derivable from those thus far noted we mention, first : 

Theorem 6 : The Theorem op Des argues. The intersections of the pairs of 
homologous sides of two perspective triangles are collinear. 

Definition. The set of points in which the sides of a complete quadrangle 
meet a line is called a quadrangular set; it is denoted by the symbol Q{A^ B, C; 
2), Ey F)y which implies that -4, D ; -B, E ; G^ F are the intersections of pairs 
of opposite sides of the quadrangle with AB and that J., B^ C are the intersections 
with AB of three concurrent sides of the quadrangle. In case B = E and (7= F^ 
A and D are harmonic conjugates with respect to B and G. 

From Theorem 6 then follows : 

Theorem 7. If all but one of the points of a quadrangular set Q{A, -B, G; 
2?, j&, Fy ) are given^ the remaining one is uniquely determined. In particular^ the 
harmonic conjugate of a point with respect to tux) others is uniquely determined. 

The following propositions concerning the project ivi ties of one-dimensional 
forms are also readily derivable from the assumptions and theorems thus far 
noted : 

Theorem 8. If A, B^ Cj D are paints of a line^ and A!j B^ G' are points 
of another or the same line, we always have {A, -B, C') A {A!, B', C7')f and 
(-4, B, C7, D) A (5, Ay Dy G). A set of coUinear points which is projective with a 
quadrangular set is a quadrangular set. In particular, if one of two projective sets 

*We use Pokgslst'b definition of projeetiyity, which defines it at the resaltant of a sequence of 
pertpectiTitieft. 

t The notation U, J;. . . .) A U'> B^t ) denotes a projectiTity in which J, A'; B, B\ are homol- 

P 

ogOQS pairs. Similarly (il, J?,....) . M', ^,....) denotes a perspectiTity with center P in which A^ A'\ 

A 

B^ ^; . . . . are homologous pairs. 
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of four coUinear points is harmonic, so also is the other, ^the ranges on two pairs 
of a set of three concurrent lines are perspective, so also are the ranges on &e third 
pair. 

It IB not posBible, however, to deduce from the aBsumptions A and E the 
60-called fundamental theorem of projectivity, which we state in the following 
form : 

The Fundamental Theorem op Pbojectivity. If A, B, C, D are distinct 
points of a line, and A, B', C any three distinct points of another or the same line, 
that for any prujectivities giving {A, B, C, D) A {A', B', C, Lf) and {A, B, C, D) 
A {A!, ff, C, D[) we have U ■= D[. 

To derive the fVindamental theorem another assumption is necesBary, which 
may take any one of several formB. One form is the following : 

{ An Assumption of Projectivitt, p: 

p. Two projective ranges of points on tico different lines which have a self- 
corresponding point are perspective. 
Very little use of this assumption is made in the subsequent parts of this 
paper ; indeed the principal part of the paper is entirely independent of it, so that 
all numbered theorems are derivable wit/iout its use. We have given it here merely 
in order that we might characterize by a set of simple assumptioDS what may be 
called the most general properly projective spaces; i. e., those in wbich the funda- 
mental theorem of projectivity is valid. Such a space is characterized by 
assumptions A, e and p. A space satisfying assumptions A and e, and not f, 
may then be called an improperly projective space. Cf., in this connection, 
Theorem 14 below, wbich shows that assumption p is equivalent to the com- 
mutative law of multiplication in the algebra there developed. 

§ 2. Algebra of Points and the Introduction of Analytic Methods, 

At this point it seems desirable to introduce analytic methods. The intro- 
duction of a point algebra, which is possible without the use of any further 
assumptions, will throw more light on the preceding results and will greatly 
facilitate much of the subsequent work. 

Qiven a line I and on I three distinct (arbitrary) Gzed points which for 
convenience and suggestiveness we denote by P^, P,, P_, we define two one- 
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valued operations * on pairs of points of I with reference to the fundamental points 
Pfl, Pi, P^. The fundamental points are said to determine the «cafe {P^, Pi, P^) 
on l. 

Definition. The point /*,+„ determined by the relation Q(P^, P^, P^; 
P^, Pg, P^+g) is called the sum of the two points P, and P^ (in symbols P, + P^ 
= P^+J in the scale (Po, Pj, PJ on /. {Cf. Fig. 2.) The point P^ determined 
by the relation Q{Po, Pi, P^; P., P„, P„) is called the product of P„ by P^ (in 
symbols P^.P,=z P^) in the scale (Po, Pj, P,) on Z. (Cf. Fig. 3.) 




From Theorem 7 follows : 

Thkoeeh 9. The operatione of addition and multiplication are one-valued, 
except for Pq . P^ and P^ . P^. 

From Theorem 7 likewise follows: 

Theobeu 10. 77ie operation of addition is commutative. 
There is no diflBculty, moreover, in proving 

Theobek 11. The operations of addition and mttltiplicaiion are assoaattve. 

For, the constructions for {P^ + P^) + P. and P, + (P, + P,) can easily 
be so made that they are both defined by the intersection of the same line with I. 
Similarly for P^ . (P„ . P.) and (P^ . P,) . P,. (Cf. Figs. 2, 3.) 

* B; ft one-vttMd operation o on a pair of potnti A, B ii meant en; procei e whereb; with erer? peir A, B 
Ib sieoeleted a point C, whlcb le unique provided the order of A, B le glren; In ejmbole, AoB = C. Here 
"order" bee no geometricel il^lflcencB, bnt Implies morel; tbe formal difference of AoB and BoA. II 
AeB s BoA tbe operation le eommtOaiiM ; If {AoBioC =i Ao{BoO), auoetaUft. 
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By means of aBramptioDB a and b alone we may also derive the following 
important theorem : 

Tbeobbm 12. Between the pointe P^, P^, P^, toe cUwaya have the prejectivUiea 

(P.. P>, p., P.)A{P., P„ p., P„) 
and 

(-p., Pt, Pl, p.) A (P., P„ P., P„). 




have 



Proof Let the quadrangle ^SXF define the point P^. (Fig. 8.) We then 
(P„ P„ Pu P.) i (P., G, B, X) I{P^, P„ P„ P^); 



(P„, Pa, Pi, Py) ~ (C, P^, A, Y) ■£ (P., Po, P,, P_). 
A A 

From this theorem we can readily derive 

Theoeem 13: The Distribotivb Law. For any three pointe P^, P^, P,mlwe 
have P,.{Py-V P.) =P,.P, + P,.P, and (P, + P,) . P,= P, . P,+ P.. P,. 

Proof. By Theorem 12 we have 

{P., -P., P„ P„ p., P,+.) A (P., P., P., P„, P,., P,,.„,); 
alao QiP„ P,, Pa: P., P„ P,+,); whence we have C(P., P^, P.; 
P., Pm, P.(i.+.)) (Theorem 8), which gives P., + P„ = P„,+„. This is the 
first relation of the theorem. The second is obtained similarly. 
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The commutative law of multiplication can not be derived from asaumptions 
A and E alone. The intimate connection between the commutative law of multi- 
plication and the fundamental theorem of projective geometry is expressed in 
the following : 

Thbobem 14. Multiplication is commiUaiive, if and only if the fundamental 
theorem of projective geometry is valid. 
Proof From Theorem 12 we have 

(•Pcoi -^Oj -Pi I -Pa) A {P^f -Poi -Py* -Pay) 

and 

(P., Po, Pu p.) A (P«, Po, Py, PyJ, 

whence clearly P^ = P^^, if and only if the fundamental theorem holds. 
(Cf. p. 362.) 

The inverse operations, subtraction and division, may now be defined in the 
usual manner. It is then readily seen that the points of a line on which a scale has 
been established form a number-system* if the point P^ be excluded, in which the 
points Pq and Pj play the role of zero and unity respectively. For the definitions 
of addition and multiplication give at once 

-Pq "T Pjb = PjB -T P^'^^ P{gf Po • Pm ^^ P» • Po ^^ -Po> 

and 

P,.P,z:zP,.P, = P,^ if P. + P«. 

This number-system is commutative^ if and only if the space considered is properly 
projective. For convenience we shall denote the points of a line by the small 
letters of the alphabet, whenever we think of them as numbers of a number- 
system. 

We may now treat analytically the projectivities on a line for the case in 
which the number-system is commutative^ i. e.^ for a properly projective space. It 
is readily seen from the definitions that each of the transformations 

a5' = a; + a, a/ = ax, a/^=l/x (1) 

defines a projectivity ; and it is readily shown that every transformation of the 

form ofT 4- % 

*'=^ (od-ic+O) (2) 

can be resolved into the product of transformations of types (1), so that every 

* For the general definition of a nnmber-eyetem see Digkbon, Definition of Linear AtfoeiaUTe Algebra by 
Independent Poatnlatea, Tram. Am$r. Math, Soe,, Vol. IV (1908), p. 21. 

47 
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tranaformation (3) is a projectivity. That every projectivity in a properly 
projectiTe space can be represented by (2) tbeu follows at once from' the fact 
that any auoh projectivity is uniquely defined vhen three pairs of homologons 
points are given. This leads to three linear houK^eneous equations for the 
determination of the ratios a:h:c:d, and these equations are necessarily 
solvable in the field. 

The double ratios of four points are now defined in the usual manner and 
their invariance under projective transformations follows immediately from their 
evident invariance under each of the three types (1). Further, the double ratio 
of a harmonic form (a, b, c, d) in which a, c are conjugate is clearly 

c — b c — a ' ^ ' 

since — 1 is the harmonic conjugate of 1 with respect to and k> (by definition 
of — 1 as — 1) and all harmonic forms are projective. 

The exceptional character of the point P^ in the point-algebra may be 
removed in the usual manner by the introduction of homogeneous coordinates 
and the ordinary analytic methods may be developed for the plane and for space 
without difSculty, 

§ 3. Nett of RaHoadlity. 

Definition. A point P of a line is said to be harmonically (gtuxdrangulaTly) 
fixated to three given distinct pointe A^ B, C of the line, provided P is one of a 

aequence of points A, B, C, Si, H,, B^, of the line, finite in number, such 

that 3i is the harmonic conjugate of one of the points A, B, C with respect to 
the other two, and such that every other point Hi is harmonic with three of (is 
one of a quadrangular set of which the other five belong to) the set A, B, C, 

J?! , Hf, , Hi_i . The class of all points harmonically related to three distinct 

points A, B, O ona, line is called the net of raiionatity (on the line) defined by 
A, B, C\ it is denoted by R {A, B, O). 

Theobbm 16. ^ A, B, C, D and A!, B', C, D are respectively points of two 
tinea stieh that {A, 5, 0, D) A {A', B, C, L/), and if D is harmonically {qtiadran- 
gtdarly) related to A, B, O, Man If is harmonically (qiuidrangularly) related to 
A', B>, C 

This follows directly from the fact that the projectivity of the theorem 
makes the set of points H^ which defines D as harmonically (quadrangularly) 
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related to A, B, C projective with a set of points H^ such that every harmonic 
(quadrangular) set of points of the sequence AyB^ CyHifH^^ .... ^ Z) is homologous 
with a harmonic (quadrangular) set of the sequence -4', B^ G\ jffj, W^y . . . , /y 
(Theorem 8). 

CoBOLLABY. If a closs of poititB en a line ia projective with a net of rationality 
on a linCy it is itself a net of rationality. 

Theobem 16. If KyL.M are three distinct points of R{Ay B, G), -4, JB, G 
are points of R(K^ i, M). 

Proof From the projectivity {A, B, G, K) A (-B, A, K, G) follows by 
Theorem 15 that C' is a point of R{A, B, K), or R{A, B, C) = R{A, B, K) 
= R{A, KyM) = R{K, L, M). 




Fio. 4. 



CoBOLLABY. A net of rationality on a line is determined by any distinct three 
of its points. 

Theobem 17. If all but one of the six {or five, or four) points of a quadran- 
gular set are points of the same net of rationality R^ this one point is also a point of R. 

Proof Let the sides of the quadrangle PQRS (Fig. 4) meet the line I as 
indicated in the points A^ Ai; B^ B^] C, CT^; and suppose that the first five of 

these are points of a net of rationality R = R{A, -ij, B^) = R{Ai, JBj, f7)= 

We must prove that Gi is a point of R. Let the pairs of lines PS, QR and PQ, 
RS meet in A', Bf respectively, and let A^B* meet 2 in X We then have 

{A,, B, B„ C) £ (i2, B; B„ S) f (^1, -T, B„ A), 

A A 
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whence (ilj, 5, JBj, C7) A {Ai^ X, -Bj, -4.), so that if j9 is a point of R{A^j ^i, C7), 
X is a point of R{Aif Bi,A)i but these two nets are identical with R, so that 
JT is a point of B. Now, 

{A, B„ X, A{) ^ {S, B„ B', R) ^ {A, B„ B, G,), 

which shows that 6^ is a point of R. 

CoROLLABT. The closs of all points qiuzdrangularly related to three distinct 
paints A,B,C is R{A, B, C). 

Although the fundamental theorem of projective geometry can not be 
deduced in general from the assumptions a and e, the corresponding theorem 
for a net of rationality on a line follows almost immediately from the preceding 
theorems. It may be stated as follows : 

Theorbm 18 : The Fundamental Theorem of Projegtiyity for a Net of 
Bationalitt on a Line. If A^ B^ Oy D are distinct points of a net of rationality R 
on a line^ and A'^ B, C, any three distinct points on another or the same line, (hen 
for any prqjectivities giving {A, jB, C, D) A {A\ 5', O, D) and {A, -B, C, D) 
7\ {A', B\ a, D[) we have D= D[. 

Proof Let 11 and IIi be the two projectivities respectively. Then clearly 
the projectivity IIi 11"* leaves A', B', C unchanged and transforms D' into D(. 
But it is easy to see that a projectivity which leaves three distinct points of a 
line unchanged leaves all the points of the net of rationality defined by these 
points unchanged, since if three points of a line are fixed the harmonic conjugate 
of one with respect to the other two is also fixed. 

Corollary. If two nets of rationality on different lines are projective and have 
a self-corresponding point, they are perspective. 

Definition. If A^ B^ C, D are the vertices of a quadrangle, a point P of 
their plane is said to be rationally related to them, if P is one of a sequence of 
points Ay By Cy Dy Diy D^y .... finite in number, such that Di is a diagonal 
point of the original quadrangle and such that every other point D^ is a diagonal 
point of a quadrangle whose vertices are contained in the set 

^, X>, G, Uy IJ\ y X/2 >••••! -^i — 1 • 

A line is said to be rationally related to Ay By (7, Z), if it joins two points 
rationally related to them. The class of all points and lines rationally related 
to four distinct coplanar points is called the net of rationality (in the plane) 
defined by the four points. It is denoted by R{Ay By (7, D). 
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The following is a consequence of this definition and the corollary of 
Theorem 17: 

Theorem 1 9. TJie points in which the lines of a net of rationality in a plane 
meet any line of the plane form a net of rationality on this line. 

Definition. If A^ B^ G, D, E are the vertices of a complete space five-point, 
a point P is said to be rationally related to them, if P is one of a sequence of 
points A^ By Cy Dy Ey I\9 I%f hi j finite in number, such that /i is the inter- 
section of three distinct faces of ABGDE^ and such that every other point /« is 
the intersection of three distinct faces of a complete space five-point whose 

vertices belong to the set A^ B^Gy Dy Ey I^y I^y ^ ^<-i* A line is said to be 

rationally related to Ay By Gy Dy E if it joins two, a plane if it joins three non- 
collinear, points which are rationally related to Ay By Cy Dy E. The set of all 
points, lines, and planes rationally related to Ay By Gy Dy E is called the net of 
rationality (in space) defined by A, By Gy Dy E\ it is denoted by R{Ay By Cy Dy E). 

This definition gives 

Theorem 20. The points and lines {points) in which the lines and planes 
{planes) of a net of rationality in spoice meet any plane (line) form a net of 
raiumality on this plane {Jtine). 

Theorems analogous to Theorems .15, 16, 18 can readily be derived for nets 
of rationality in a plane and in space. 

This leads to the important result : 

Theorem 21. A net of rationality in space is a space satisfying the assumptions 
A and E and also p ; i.e.y anet of rationality in space is a properly prqjeclvoe spaoe^ 

Corollary. If P^y Piy P^ are three distinct points of any linSy the points of 
R{Pot Ply P J) form a commutative number-system or field. 

This follows directly from the last theorem in connection with Theorem 14. 

'' Rational'' geometries would result, if we added to our assumptions a and e 
another assumption of closure (E3'(r)) to the efiect that all the points of space 
belong to the same net of rationality. In general, any five-point in any properly 
or improperly projective space determines a sub-space which is rational and 
therefore properly projective. 

§ 4. Assumption H and the Definition of Separation. 

Definition. Any sequence of points. . . ., H^y JBTj, J5^, j5^, • • • • on a line is 
called a harmonic sequence, if it has the properties: 1) that the middle one of any 
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three coDsecutire points of the sequence ia the harmonic conjugate, with respect 
to the other two, of a fixed point H of the line ; and 2) that, if Et, Bi+i are any 
two consecutive points of the sequence, the harmonic conjugate of Hi with 
respect to Hi^i and ^ is a point of the sequence. The point H is called the 
UmU point of the sequence. (Cf. Fig. 6.) 




If the limit point of a harmonic sequence is associated with «> * and two 
successive points of the sequence with and 1 respectively, it follows (cf. Fig. 6) 
at once, from the definitions of § 2, that the sequence consists of the points 

,—1—1— 1, —1 — 1, — 1, 0, 1, 1 + 1, 1 + 1+1, ; 

or if we adopt the usual symbols to denote these numbers, of the points 



It should here be noted that the assumptions thus far made do not imply 
that this sequence contains an infinite number of points. 

Clearly all points of a harmonic sequence belong to the same net of ration- 
ality. Moreover, it follows from Theorem 21, corollary, that if x and y belong 
to the net B(0, 1, « ) so also do x-\-y,x~ y, xy, and xfy, so that ^(0, 1, oo ) 
contains all numbers that can be obtained from 0, 1 by a finite number of the 
rational operations. Further, from (3)t (p. 356) of § 2, it follows that the 
fourth harmonic of any point in iZ(0, 1, w ) with respect to two others can be 
obtained by a finite number of rational operations on a, h, c. Whence follows 

< For couTenlenee wb nw tbe ijniboli D, 1, s, .. .., z, v l" plws olp,, P,, J"^, , P,,P^, 

t (!) It c1«m1j applleabU, tinea mnlUpUcttlon It oanutnUUTa In mij net of nUoa«Ut j. 
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that the number-eystem associated with every net of rationality consists of aU numbers 
that can he obtained by a finite number of rational operations on and 1^ and only 
these. 

Betuming to the harmonic sequence, two possibilities present themselves : 
Either all the points of a harmonic sequence are distinct from their predecessors, 
in which case the number-system contains all the ordinary rational numbers ; or 
some point of the sequence coincides with one of the preceding points, in which 
case the number-system consists of all integers mod. p {p being any prime).* 
The net of rationality may in this case be called modvlar. These results we 
combine as follows : 

Theorem 22. Every net of rationality determines a number^ystem which con- 
sists either of all integers mod. p {p any prime), or of the set of all rational numbers. 
In the first case the whole space in which the net lies may contain either a finite or an 
infinite number of points, but it has the same modulus for all of its nets of rationality. 
In the second case the whole space and all of its nets of rationality are infinite. 

CoROLLART. Any {not necessarily commutative) number-system is such that any 
two numbers a, b, {e. g., 0, 1) determine a set of numbers rationally related to them 
which is either finite and prime or infinite and isomorphic with the set of all 
rationals. 

Working now toward the characterization of the ordinary real and complex 
projective spaces, we eliminate the possibility of a modular number-system by 
the following : 

Assumption h: 

H. If there is any harmonic sequence, there is one such ihat every point of it 
is distinct from aU the points of the sequence that precede i^.f 
By virtue of this assumption we have clearly : 

Theorem 23. The points of any net of rationality on a line give rise to a 
number-system which is simply isomorphic with the field of all rational numbers. 

We proceed to define a fundamental relation between pairs of points of a 
net of rationality on a line for which n is satisfied : 

Definition. Two points A, Co{ h non-modular net of rationality on a line 
are said to separate two others B, D of the net (in symbols AC \\ BD), if and 

* The modnlot mast be a prime number, since diyision mnst be always possible. 

tTbis has as part of its eoatant «*Fano's Axiom," that the diagonal points of a complete quadrangle 
are non-coUinear. Gf. Giho Favo, Oior. di Mat.^ Vol. XXX (1892), p. 100. 
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only if the assignment of the numbers 0^ 1, <x> to the points A^ B, C respectively 
assigns a negative number to D. 

This definition is dependent on the order in which the points are taken. 
The following theorem shows/ however^ that the relation of separation is inde- 
pendent of the order of the pairs of points or of the order of the points within 
the pair: 

Theorem 24. 1) The relation AC\\ BD implies the relations BD \\ AC and 
AG \\ DB^ and excludes the relation AB \\ CD. 2) Given any four distinct points 
of a net of rationality on a line, we have either AB \\ GD, or AG \\ BD, or AD \\ BC. 
3) From the relations AG \\ BD and AD \\ CE follows the relation AD \\ BE* 

This theorem follows at once from the following two : 

* 

Theorem 26. If AC \\ BD and {A, B, G, D) A (^', Bf, C", D), then also 
A'C'WBfD'. 

Proof Since any projectivity transforms every quadrangular set into a 
quadrangular set, it is clear that the number assigned to H by the assignment of 
0, 1, 00 to A', B', O must be precisely the same as the number assigned to D by 
the assignment of 0, 1, <x> to A, B, C. 

Theorem 26. Two points a, c of the net R{0, I, oo) separate two others h, d 
of this net if and only if one and only one of the numbers a, c lies between the two 
numbers b, d. 

Proof If we project a, 6, c, supposed finite, into 0, 1, oo respectively by 

the transformation 

b — c X — a 



a/= 



a X — c' 



it is readily seen that xf is negative if and only if one of the numbers a, c, and 
only one, lies between b and x. The necessary modification of this argument in 
case one of the numbers a, b, c, c2 is oo is obvious. 

CoROLLART. 71^0 Jiarmonic pairs always separate each other. 

§ 6. The Assumption of Continuity and the Definition of a Chain. 

Definition. Given three distinct points A, j8, C7 of a net of rationality on 
a line, the segment ABG (seg ABG) of the net consists of B and all points X of 

* The properties expressed in this theorem are safflcient to define abstractly the relation of separation. 
Of. Vailati, Bhme de Mathimatiqvetf Vol. V, pp. 76, 188 ; also, Padoa, lUvue ds Mathhnatiqueif Vol. V, p. 185. 
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the net such that A^ G do not separate j8, X. The totality of points Y such that 
A, C do separate B^ T constitutes the segment complementary to seg ABC. The 
points A, C are called the extremities of each of the two segments. 

Clearly seg ABG and seg GBA contain the same points. 

Any two distinct points of a net of rationality on a line divide the net into 
two segments S and S' such that the two given points separate every pair of 
points of which one belongs to S and the other to S', and such that no pair of 
points of JS separates any pair of points of S'. It is clear also that any point P 
of a segment S (of a net of rationality on a line) of which A and G are 
extremities divides the segment S into two segments Si, S^ such that no pair of 
points of Si separates any pair of points of S^^ and such that the pair AP and 
the pair PG each separates every pair of points of S, of which one belongs to Si 
and the other to S^* 

Definition. Any division of the points of a non-modular net of rationality 
on a line into two classes Ki and ^ such that 

1) Every point of the net belongs either to iTj or to ^, 

2) No pair of points of Ki separates any pair of K2, 

is called a cut in the net. The classes Ki^ K^ are called the sides of the cut. 

Any two distinct points of a net of rationality on a line determine a cut, 
therefore^ in which the two segments defined by the two points are the classes 
Ki and K^ respectively^ provided the extremities of the segments be assigned to 
the classes Ki , K^ in any one of the possible four ways. 

From Theorem 26 follows at once that the projective transform of a cut 
is again a cut. 

Definition. Given a cut Ei, K2 in a net of rationality on a line^ and let 
Aiy Ai be any two points of Ki, K^ respectively; then a point X of the net 
which divides seg Ai XA^ into two segments Si and S^ such that Si contains only 
points of Ki^ and S^ only points of K^^ is called a cut-point of the cut. 

li is evident from this definition that a cut can not have more than two 
cut-points. 

Definition. A cut in a net of rationality on a line is said to be closed, if it 
has two cut-points in the net ; it is said to be singly open, if it has a single cut- 
point in the net ; and doubly open, if it has none. 

Any closed cut JTi, fi^ with cut-points Gi, C^ we will denote by K{Gi, C2). 
Such a cut clearly divides the net of rationality into two segments Si, S^ such 
48 
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that all poiota at Si are in K, and all poiots of S, io K^. A nogly open cat with 
ent-point C we will denote similarly by K(C). 

We DOW introduce continuity into the nets of ratiunali^ on a line by the 
following 

Aflsoiipnoir ov CoimiruiTT, c : 

C. If there exieU any non-modtUar net of ratumaliiy, at least one pohU Q of 
tome line I and at leatt one net of rationality R onl contatning Q i$ mek 
that assucialed with every eingly open cut S'{Q) in R it a point Xi, 
tueh that: 1) X^ison I; 2) if two cuts Ki{Q) and K,{Q) an dialinet, 
the point* Xfc, and X,^ are diHind; 3) if two cut* fi(Q) and Xg{Q) 
are projective, the points X^ and Xt, form a homologoue pair. 

Theorbm C. The point Xjtianota point of R. 

Proof. 1) Xt ia not identical with Q, by c, 2) and c, 3). 2) Suppoae X^ not 
identical with Q but in R, and let / be the involution* with double pointa Q 
and Xt. Then K{Q) is transformed into a different cut X'(Q). For if A, B 
are pointa on opposite sides of the cut K( Q) and in the same seg ( (^AX^), they 
are transformed into points of the complementary segment which are evidently 
on the same side of X{Q). Hence, by c, 3), we ahould have two distinct cats 
having the same X^, which is contrary to c, 2). 

The last assumption then implies the existence on some one line of more 
than one net of rationality, and hence by projection implies the existence of 
more than one net of rationality on every line. It is then in contradiction with 
■^(r) (cf. end of § 3), which we mentioned as an assumption of closure for 
" rational " spaces. 

We proceed to prove the properties expressed in Assumption o and 
Theorem C for every net of rationality on every line. We note first that every 
singly open cut in any net of rationality R' on I containing Q has associated with it a 
unique point. For, let K' ( Q) be such a cut and let n be any projectivity on I which 
transforms Bf into R and Q into itself. The cut K' (Q) is then transformed into a 
^{Q). By this projectivity a definite point X' of I is transformed into the point X 
amociated with this ir(Q). Moreover the point X' is unique ; for, if n, is another 
projectivity transforming R' into R and X'{Q) into Xi(Q), then IIi n~' is a pro- 
jectivity transforming K{Q) into K^iQ). The supposition that X' is not unique 



*lii IiitoIdUod U deDaed umoj proJeetlTllj on a Uae of period two. Bj "tbe" InTolntioa iiiautlon«d it 
■MDt (ha oiw In wUeb lb* tmttaim of u; point P of th« Una ti the hftrntonle conjugate of P with iMpast 
to Q and Xk ■ Tbi* fonn of atataqiont does not uinme tb< fundamental theorem. 
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then leads at once to a contradiction of o« 3). We define X' to he the point 
associated with K' (Q). Clearly also, with this definition, we see that if any two 
singly open cuts fi(Q) and E^iQ) on I are distinct, the points associated with 
them are distinct ; and that in any projectivity on I leaving Q filed whereby 
two singly open cuts are projective, the associated points are homologous. 

Given now any singly open cut K{Q^) in any net of rationality on any line V, 
let E(Q') be projected into a cut K(Q) on Z; the point X associated with K{Q) 
is then the transform of a definite point X' on V which is unique by reasoning 
similar to that employed in the preceding paragraph. We define X^ to be the 
point associated with K{ Q'). The properties expressed by c, 2) and c, 3) are then 
readily seen to hold on every line in space. The point thus associated with a 
singly open cut we will call the irrational cut-point of the cut ; the other cut-point 
is then called rational. The results of the preceding paragraphs are summarized 
in the following: 

Theorem 27. 1) Every singly open cut in any net of rationality on any line 
defines a unique irrational cut-point on the line not in the net. 2) If two such cuts 
on the same line voith the same rational ciU-point are distinct, the irrational cut-points 
are distinct. 3) If two singly open cuts are projective^ their cut-points are homologous. 

Definition. The totality of points of a net of rationality R{A, B, C), together 
with all the irrational cut-points defined by singly open cuts K(G) in R{A, B, G), 
is called the chain defined by A, B, G, and is denoted by ^{A, B, G). The 
irrational cut-points are said to be irrational with respect to A, B, G. 

From 3) of the last theorem then follows directly : 

CoROLLABT. The projective transform of any chain is a chain. 

Theorem 28. If P, Q, R are points of the chain defined by A, jB, C, then 
A, Bj G are points of the chain defined by P, Q, R. 

Proof. As in the proof of Theorem 16 we need only show that if P is a 
point of ®(-4, -B, C), then C^ is a point of ®(j4, B, P) and this only when P is 
irrational with respect to A, B, C. Let P be defined by the singly open cut K(C). 
This cut is transformed by the projectivity {A, B, G, P) 7\ (-B, A, P, G) into a 
singly open cut K{P) of the net R{B, A, P), whose irrational cut-point must 
(by Theorem 27, 3)) be G. 

CoROLLART 1 . A chain is determined by any distinct three of its points. 
Corollary 2. A chain contains the irrational cut-point of every singly open cut 
in any net of rationality in the chain. 
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CoBOLLABT 3. Every point of (i{A^ B,C) irrational uriih respect to A^ B,C 
can be defined by a singly open cut f^{P), tchere P is any point of B{A, J?, Cf). 
We cmn now easily derive 

Theobbm 29: The Fu2n>AMENTAL Thbobem of PBOJEcnviTT FOR A Chain. 
If Af Bf C, D are distinct points of a chain and A\ B^ C any three distinct points 
of a KnCf then for any projectiviiies giving (-4, B, C, D) A (-A', B, C\ I/) and 
{A, B, C, D) A {A!^ B, G\ A') we have D = D[. 

Proof. Let 11, IIi be the two projectivities mentioned in the theorem. 
Tlf ' n then leaves every point of S(^, B, C) fixed ; for it leaves every point of 
B(Af B, G) fixed, and hence by Theorem 27, 3) must leave every irrational cut- 
point of singly open cuts in R{A, B, C) fixed. But Ilf^ 11 is then the identical 
transformation as far as the points of ^{A^ B^ G) are concerned; whence Zy=Z>|. 

This theorem may also be stated as follows : 

Any projective correspondence bettceen the points of two chains is uniquely 
determined by three pairs of homologous points. 

From this theorem follows that the points of a chain determine a com- 
mutative number-system, which by reference to Assumption c will in the next 
section be seen to be isomorphic with the system of ordinary real numbers. 

§6. Ordered Transformaiions in a Chain. 

The relation of separation between pairs of points has been defined ooly 
when the four points belong to the same net of rationality on a line. We proceed 
to extend the definition to any four points of the same chain. 

Definition. A, B^ Cy D being four points of the same chain and D irrational 
with respect to A^ B, C, the pair J., G is said to separate the pair B, Z>, if and 
only if A, O belong to different sides of the cut K{B) of R{A, B, G) defining D. 

This definition is justified by Corollary 3 of Theorem 28. 

This relation of separation is now defined for all the points of a chain, and 
is readily seen to have the fundamental properties expressed in Theorem 24. 
For Theorem 26 clearly holds for the more general use of the term, and this 
leads easily to the properties mentioned. 

Definition. Given any three distinct points of a chain, the segment ABG of 
the chain (Seg ABC) consists of B and all points X of the chain such that J., G 
do not separate B, X; the remaining points of the chain, excluding A^ C, con- 
stitute the segment of the chain complementary to Seg ABG. In the sequel the 
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word ''segment'' will always mean segment of a chain ^ unless otherwise 
specified. 

Clearly Seg ABC^ltA Seg GBA contain the same points. 

Any two distinct points of a chain then divide the chain into two comple- 
mentary segments such that the given points separate every pair of points of 
the chain of which one lies in one of the segments and the other in the other 
segment. Conversely, whenever the points of a chain fall into two classes Ki^ K^ 
such that every point of the chain belongs either to KiOr io K^ and such that no 
pair of points of ^i separates any pair of £^, there exist two points of the chain 
which divide the chain into two segments S^^ S^ such that every point of Si is a 
point of Ki and every point of 4^ a point JT^. 

We may now readily define order in a chain. We have seen that Seg ABC 
and Seg CBA contain the same points. Corresponding, however, to the two 
symbols ABC and CBA we distinguish two orders in the segment. 

Definition. If two points P, Q are two points of the segment ABC of a 
chain, P is said io precede Q{P<^Q) in the order ABC if and only if AQ\\ PC; 
Q is then said io follow P{Q ]>P). Further, A is said to precede and Cto follow 
every point of the segment in the order ABC. The phrase "P, <?,...., etc., are 
points of the directed segment ABG^^ will in the sequel imply that P, Q, etc., 
are points of the segment ABC and that the statement P<^Q means ^^ P<C^Q 
in the order ZB^.'' 

This relation of linear order (<[) is at once seen to satisfy the following 
conditions : 

Theorem 30. l) If we have P<; Qina given order, then Q<^P is impossible 
in that order. 2) If we have P :|: §, then in a given order we have either P^Q or 

Q<C^P. Z) If Py Q, R are points of a directed segment ABC svjch thai we have 
P<C^Qand g< R, then we have P< R^ 

From the definition of order it follows that if P precedes Q in the directed 
segment ABC, then Q precedes P in the directed segment CBA. The order in 
these two directed segments is therefore said to be opposite. 

A chain is now seen to have the following fundamental property : 

Theorem 31. If the points of a directed segment of a chain he divided into 
two classes i?i, H^ such that every point of the segment belongs either to Hi or to H^^ 



* These three properties are safflcient to define linear order abstractly. Of. Huntington, The Continniini 
as a Type of Order, AtrnaU of MathematiM, VoL VI (1905), p. 151. 
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and svch thai every point of Hi precedes every point of H^, then there exists one point 
M of the segment such that every element which precedes M is a point of Hi and 
every point which follows Mis a point of H^. 

Definition. A sequence of points Pj, P^i ^tf > Pn^^ ^ chain is said to 

be an ordered sequence^ if they are points of a directed segment such that 

-Pi -^ -Pf •< Pa • • • • "< Pjn' 

Any three points of a chain are an ordered sequence, but any four points 
are not. 

Theorem 32. If A^ B, C, D are an ordered sequence^ so also are jB, G^ Z), A. 

Proof By definition we have AC\\BD in the directed segment ACD; 
whence in the directed segment BDA, we have BD || CA. 

CoBOLLART. If Pi, Pgi Pzy • • • • f Pn-it Pn form an ordered sequence^ so like- 
wise do Pi, P4 + 1, Pi-\.tt ' ' - ' } Pfij P\} Pfi Pb} ' - • ' f Pi-i and P^, P<_i, - . ., 

•* 2* Pi; Pnf Pn—1) • • • -| Pi + 1* 

Hence, given any ordered sequence of points of a chain and starting with 
any one of the points, it is possible to write them so as to form an ordered 
sequence in two and only two ways. This is expressed by saying that we can 
take the points in two different directions, which are opposite.* 

Definition. A transformation which transforms every ordered sequence into 
an ordered sequence is called an ordered transformation. In all that follows, the 
word transformation denotes a correspondence which is single-valued (one-to-one) 
and whose inverse is also single-valued. 

From Theorem 26 we have at once : 

Theorem 33. Every prqjectivity on a line is an ordered transformation. 
Definition. In the number-system determined by the scale (0, 1, qo) on a 
chain a number a is said to be less than a number &, if a<[ & in the order Oloo . 

Theorem 34. The number-system determined by the scale (0, 1 , 00 ) m a chain 
is isomorphic with the system of real numbers. 

Proof This theorem may be conveniently established by referring to a set 
of postulates descriptive of the real number-system. We shall use the set given 
by Huntington in Vol. VI (1905), p. 39, of the Transactions of the American 

*Tbis establishes the so-called *• cyclical order*' in a chain. Of. Enbiqubs* assnmptioD, Vorlnungen uber 
projektive OeanutrU, Leipzig (1903), p. 28. 
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Mathematical Society. That Huntington's /, //, Al-Ae, Ml, M2, AMI are 
satisfied is equivalent to the fact that we have to do with a commutative number- 
system, which is a consequence of Theorem 29. In consequence of the definition 
above and Theorem 30 the elements of this number-system satisfy the magnitude 
relations '^ greater and less than '^ and the postulate of continuity. This verifies 
Huntington's Bl-Re. The projectivities ocf^zx + a and xf=^ax transform 
Seg ( — aO 00 ) into Seg (Oa oo ) and Seg (0 1 qo ) into Seg (Oaoo ) respectively. 
This, in connection with Theorem 33, shows that if a > and 6 ]> then 
a + by>0 and a6>0. In like manner if a<;0 and 6<;o then a + 6<0. This 
verifies Huntington's BAl, RA2, RAMI, and completes the list of assumptions 
which he uses to characterize the system of real numbers categorically. 

We consider now a projective transformation of a chain into itself. Such a 
transformation is ordered, but the directions of the transformed sequences may 
or may not be the same as those of the original sequences. If the direction in 
a chain is preserved by a transformation, the latter will be. called directly ordered, 
or simply direct; otherwise, if ordered, it is oppositely ordered, or opposite. 

The analytical condition that a projective transformation of a chain into 
itself be direct or opposite is now readily obtained. Let the chain be @^(D1 <x> ). 
We have already seen that for any class of points forming a commutative 
number-system any projectivity is given by 

*' = ^tI' D = ad-bctO. (1) 

If @^(01 oo ) is transformed into itself it is clear that a, b, c, d are all real numbers. 
The projectivity a/=^x + b is direct, x' = - is opposite, while d :^ax is direct 

X 

or opposite according as a is positive or negative. The desired condition given 
in the following theorem is then obtained at once by recalling the theorem that 
the determinant of the product of two projectivities is equal to the product of 
their determinants. 

Theorem 36. A projective tranaformatum (1) transforming @^(01oo) into 
itself is direct or opposite according as D is positive or negative. 

Definition. A point which is made to correspond to itself by a trans- 
formation is called a double point of the transformation. A projectivity which 
transforms a chain into itself is said to be hyperbolic, parabolic, or elliptic in the 
chain according as it has two, one, or no double points in the chain. 



370 Ybbleh and Young \ A Set of Assumptuma for Prcjedive Geometry. 

The doable points of a prqjectivity (1) traDBforming (S(01<x> ) into itself, if 

they exist, are given by the roots of the equation car* + {d — a)x — 6=0, where 

a, b, c, d are real. This equation has roots in the chain if and only if the 

discriminant 

A = {d — ay + 4bc 

= ld + aY—4D 
is positive or zero. 

From this follows at once : 

Theorem 36. In a chain , 1) every opposite projeciivity is hyperbolic; 2) every 
parabolic or eUiptic projectivity is direct 

The proof of this theorem demands at some point a continuity argument 
We have chosen to borrow the desired result from the theory of functions of a real 
variable. It can, however, be proved directly from our assumptions without 
diflSculty. We refer for this proof to Enbiques, Vorlesungen Ober PrqjekUve. 
Oeometrie, Leipzig (1903), pp. 72, 100. 

Also from the definitions preceding we have at once : 

Theoreh 37. A hyperbolic projeciivity in a chain is opposite or direct according 
as pairs of homologous points do or do net separate the double points. 

From the consideration of the fundamental cross-ratio it follows easily that 
if an involution {i.e., a projectivity of period two) which transforms a chain into 
itself has a double point in the chain, it has another, and that the double points 
separate harmonically every pair of conjugate points. From the last two 
theorems and Theorem 26, corollary, then follows : 

Theobbm 38. An involution in a chain is direct and elliptic in the chain or 
opposite and hyperbolic, according as two pairs of conjugate points do or do not 
separate each other. 

Since an involution in a chain is determined by two pairs of conjugate 
points, the existence of both kinds of involutions follows. 

§ 7. The Ordinary Real and Complex Projective Spaces. 

We can now conveniently add the further assumptions necessary to charac- 
terize completely 1) the ordinary real projective space, or 2) the ordinary com- 
plex projective space, of three dimensions. Analytically this is equivalent to 
the identification of our number-system with 1) the system of ordinary real 
numbers, or 2) the system of ordinary complex numbers. 
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1). To characterize the ordinary real projective space we add simply the 
following assumption (of closure) : 

Assumption r. There is not more than one chain on a line. 

A fundamental consequence of this assumption is the existence of pro- 
jectivities on a line without double points. In fact any involution on the line 
determined by two pairs of conjugate points which separate each other is of this 
kind (Theorem 38). 

2). On the other hand, to characterize completely the ordinary complex pro- 
jective space we need only replace Assumption b by the following, Assumptions i. 

Assumption il. If there is a harmonic form^ there is one {ABA'B) such that 
one involution I having AA' and BB' as conjugate pairs has a dofuble point 
on the line AB. 

By Theorem 26, corollary, and Theorem 38, the involution /has no double 
points in the chain (S^{ABA')\ this assumption then implies the existence of 
more than one chain on the line AB. Assumptions R and il are then mutually 
contradictory (in connection with the assumptions already made). 

Assumption 12."^ Through a point P of a chain d on a line I and any point 
J of I not on a there is not more than one chain that has no other point in 
common with ^ than P. 

We are now in a position to prove that our number-system is indeed 
isomorphic with the ordinary system of complex numbers. We will show first 
that every point of the line I is given by the expression A + JB^ where A^ B 
are points of ^ and «7 is a fixed point not on @^. 

Let the point P of 6^ be labelled oo and let any pair of points of ^ distinct 
from P be labelled and 1 respectively. The points of ^ are then isomorphic 
with the system of real numbers and oo (Theorem 34). Without assuming the 
commutativity of multiplication it is readily seen that 

a/ = a + a, x' = ax, a/ = aa, xf = x~^ 

each define a projectivity when a is constant. This follows easily from the Figs. 
2, 3 and 6 (cf. Theorem 12). The totality of points A + J, where A stands for 
any point of @, therefore constitutes a chain di, by Theorem 27, corollary. This 
chain has no point in common with @^ besides P, because if J. -f J'= j8, where 
-B(:^ 00 ) is a point of S, we should have B — A^=J, which would make J a 
point of (&. 

* l2 is an atsnmption of closure. 

49 



»7t TSBUn «nd Tonro: A Set of Amumptioiu far ProfeeUm Gtamtetry. 

Kow let X be any point of / not in e or di- The chain IE (X/P) haa by iS 
a point zj, ^ P, in common with S. The projeetirity 3if^x + J{\ — ^x\ 
{xi ^ 0), transfonna S into l£ (XJP), ao that every point of the latter and hence 
X iMtS the form ^ + /B, where J, B are potnta of &. If a^ = 0, the pro- 
jectirity ^ ^Jx ahows Ukeiriae that X ia of the deaired form (A = 0). The 
points of % alao have thia form. The deaired reanlt ia then establiBbed. 

We ihall now prove the fundamental theorem of projecting for all the 
pmnta of our complex line by ahowing that the nDmber-aTatem determined on the 
fine ia commotatiTe; that the latter ia iaomorphic with the ayatem of ordinary 
complex namben will then follow at once. 




Let the pointa A, B, A' of il be labelled 0, 1, « , so that the chain S {ABA') 
ia made iaomorphic with the system of ordinary real numbers (and oo ), and let 
the double point of/ in il be denoted by t. By the resnit just established all 
the pointa of the line are of the form x + iy, where x, y are real, since i is not 
(m the chain S ( JJ?^'). Moreover, two points a + ih and c-\-id are identical, 
if and only if a^o and h^d, if a, h, e, d are real ; for the equality 
a-^ib^c-\-id implies the relation •= (c — a) (6— <i)~"*, if 6— d:^0. Now, 
each of the projectivities af ^ix and af=:xi, evidently tranaforma the chain 
(E(Oleo) into the chain S(Oiee); this gives artstx,, where x, Xj are real. Also 
each of the projectivitieB sc'=(l — i)z and af = x{l — t) transforms S(Ol<») 
into (E (0, 1 — t, 00 ), whence at once 
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Xi Xi being real, or bj the distributive law (Theorem 13), 

X — cci = Xg — ia^, 
or by the above, 

or finally, 

2/ ^ CEjg = Xi* 

This gives xi = tx, for any real x, and hence follows readily the commutativity 
of multiplication for any two of the numbers x + iy. This in connection with 
Theorem 14 proves the following: 

Theorem 39. The fundamental theorem of prqfectivity holds for all the points 
of a complex line. 

For, if it is valid on one line it is valid on every line by projection. 

In view of the last theorem / is the only involution having AA' and BB' 

as conjugate pairs and is given by a/ = ; this gives at once t^ = — 1, and 

X 

completes the proof of: 

Theorem 40. The number-system on a line in the complex space is isomorphic 
with the system of all complex numbers and oo . 

It is interesting to note here the well-known fact that whereas the property 
of transforming any quadrangular set into such a set is necessary and suflScient 
to characterize projective transformations on a line in the real geometry, it is 
not sufficient in the complex. 

Suppose we have a transformation / which leaves the points 0, 1, oo fixed 
and transforms quadrangular sets into quadrangular sets. It is then necessarily 
an ordered transformation subject to the following functional conditions : 

/(« +y) =/(«') +/(y). A^y)=/{x)/(y), /(o)=o, /(i)=i, /(«.)=«. 

From the equation f{x+ 1) =/(a5)4- 1 then follows at once that f{a)'=za^ 
where a is any positive integer; firom /(»)+/( — a) = follows the same 
relation when a is any negative integer; from f{x)f{l/x)=^ 1 then follows 
readily f{x/y) =/(a;)//(y), whence follows at once the relation /(a) = a, where 
a is any rational fraction or zero. From the last relation and the fact that / is 
ordered then follows at once the fact that / leaves every real number fixed. But 
this is sufficient to identify any transformation which transforms quadrangular 
sets into such sets with a projectivity on the real line. For the complex line we 
have at once f{x + iy)=:x+ f{i)y. Let /(*) = a + ib, where a and b are 
real, then f{i) f{i) = — 1 gives a* — 6* + 1 + %abi = 0, whence a = 0, or 
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6 = 0; the latter leads to the impossible relation a^ + 1 = 0; the former gives 
f{%) = ifc ». By Theorem 40, f{i)z:ii alone gives a projectivity ; the relation 
/{%) = — i leads to the so-called anti-profectivities of Segre.* 

§ 8. Categorical Systems. Qtuidratic IrrcUionalities. 

It is now very easy to see that our sets of assumptions for real and for com- 
plex projective geometry are categoricaLf Confining our attention to the real 
case, it is clear that in any space satisfying assumptions A, e, h, c, b it is possible 
to establish a system of homogeneous coordinates such that every point is 
denoted by the ratios Xiix^ix^ix^, where the Xi are real numbers. Therefore, 
given any two such spaces, a one-to-one reciprocal correspondence is set up 
between them m such a way as to preserve all geometrical relations, provided 
each point in one space corresponds to a point with the same coordinates in the 
other space. Since it is possible to choose the tetrahedron of reference and the 
point (1, 1, 1, l)in<x>^^ ways (corresponding to the collineations of the general 
projective group), we have the following : 

Theorem 41. Any two spaces which satisfy assumptions a, e, h, g, b are 
simply isomorphic in oo ^^ ways. 
In like manner is proved : 

Theorem 42. Any ttoo spaces which satisfy assumptions A, e, h, c, i are 
simply isomorphic in co^^ toays- 

The following considerations will help to make clear the bearing of Assump- 
tions 0, R and I. The points and lines of a two-dimensional net of rationality form 
in their relations among themselves a projective plane (Theorem 21) and may 
be discussed either by synthetic methods or by an analytic geometry in which 
the coordinates are rational numbers. Corresponding lines of two projective 
non-perspective pencils of lines in the net intersect in a set of points in the net 
which lie on a conic section. This conic is said to belong to the net. Denote such 
a conic by G. Let us now recall the definitions of addition and multiplication 
(p. 363) which require that x and y, and x +y shall be pairs of an involution 
of which 00 is a double point, and that x and y, 1 and xy, and oo shall be 



«8bobb, Un NnoTO Campo dl Ricerche Oeometriche, ToHnoAUi.Yoh XXV (1890), pp. 276, 480; Vol. XXVI 
(1891), pp. 85, 593. 

f For a dlscnsslon of this nuttbematico-loglcal term see Vbblbn, Huntinoton^s Types of Serial Order, 
BuU. Amtriean Math. 8oc., Vol. XII (1900), p. 808. 
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pairs of another involution. Projecting these involutions upon the conic G we 
have by a familiar theorem that the lines joining corresponding points of the 
involutions must meet in a point, through which pass the tangents at the double 
points, provided double points exist (cf. Figs. 7, 8). Therefore to construct the 
square roots of a number z^ it is necessary to construct the tangents to C from 
the point of intersection of the lines Ooo and Iz. li z is — 1, then 1 and — 1 
harmonically divide and oo , i. e., the line oo passes through the point of 
intersection of the ti^ngents at 1 and — 1. The existence of V — 1 depends, 





Fig. 7. 



Fig. 8. 




Fig. 9, 



therefore, upon the possibility of drawing a tangent to a conic section from the 
point P of intersection of two chords of the conic, each of which passes through 
the polar point of the other. Assumption il states that this is possible. 
Assumption r states that it is not possible. In the geometry in which B holds 
P is an inside point of the conic. 

For a conic associated with a net of rationality, as C ib above, the interior 
and exterior may be defined as follows : The order of the rational points of the 
conic having been determined by projection from the order of the rational points 
on any line, draw two lines through any point P not on the conic, the first 
meeting the conic in Ai^ A^, and the second meeting the conic in Bi, B^. If 
Ai^ A^ separate Bi^ B^ the point P is an interior point ; if not, an exterior point. 
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Many of the purposes of elementarj projective geometry are served by 
operations which do not introduce into the coordinates of the points considered 
irrationalities of more than a certain degree. For such purposes it is not neces- 
sary to assume as much as Assumption c. The presence of the rational points is 
assured by Assumptions a, e and h. To adjoin to this field the operation Vx, 
where x is positive, we may assume instead of c : 

IfPis any point of a two-dimensional net of rationality R exterior to a conic 
G belonging to the net, then there is at least one tangent to C which passes through P 

Equivalent statements to this are : 

An involution in which points of a given net of rationality are paired with 
points of the same net, and in which two conjugate pairs do not separate each other, 
has at least one double point. (The latter statement is readily seen to be equiva- 
lent to the former by letting the involution lie on a conic.) 

A line joining two points of R, one interior to G and one exteriur, meets G in at 
least one point. 

§ 9. lAst of Assumptions and their Mutual Independence. 

The following is a list of our assumptions for ordinary real projective space. 
The page references are to the definitions of terms occurring in the assumptions. 

a1. If A and B are distinct points, there is at least one line containing both A 
and B. 

A 2. If A and B are distinct points, there is not more than one line containing 
both A and B. 

A3. If A, B, C are points not belonging to the same line, and if a line I con- 
tains a point D of a line joining B and G and a point E, distinct from D, 
of a line joining C and A, then the line I contains a jKjint F of a line 
joining A and B. 

eO. There are at least three points on every line. 

El. There exists at least one line. 

e2. It is not true that every point lies on every line. 

b3. It is not true that every point lies on every plane. (P. 349.) 

e3'. IfSisa three^pa^e, every point lies in S. (P. 349.) 

H. If there is a harmonic sequence, there is one such that every point of it is 
distinct from all the points of (he sequence that precede it. (P. 359.) 
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0. If there exists any non-modular net of rationality, at least one paint Q of 

some line I and at least one net of rationality R on I containing Q is such 

that associated with every singly open cut K[Q) in R is a point X^ 

swih that: 1) Xj^is on I; 2) if two cuts Ki{Q) and J^2{Q) ^^^ distinct^ 

the points Xj,^ and X^ are distinct ; 3) if tux) ciUs K^{ Q) and £^3( Q) are 

projective^ the points Xjc^ and X^form a homologous pair. (Pp. 356, 363.) 

R. There is not more than one chain on a line. (P. 365.) 

For the ordinary complex projective space, Assumption r is replaced by 

the following two : 

il. If there is a harmonic form^ there is one {ABA'Jff) such that one involution 
having AA! and BBf as^ conjugate pairs has a double point on the line 
AB. (Pp. 351, 364, footnote.) 
i2. Through a point P of a chain ^ona line I and any point J of I not in S 
there is not more than one chain that has no other point in common with S 
than P. (P. 365.) 
We are now to prove that the assumptions above given are mutually inde- 
pendent, {. e., such that no one of them is a formal logical consequence of the 
remaining ones. The method of doing this is fully explained in connection with 
Assumption a1, and is only sketched in the other cases. 

Assumption a1. Consider the four letters A^ B^ C7, P. Call them pseudo- 
points and call the set of three A,B^Csl pseudo-line. The whole set A, B, (7, P 
may be Called a pseudo-space. Now, if the words '' point " and '' line '^ in the 
assumptions are taken to refer to these pseudo-points and line, it is evident that Al 
is a false proposition, because there is no line containing both A and P. On the 
other hand a2 is a true proposition because there is only one line in all. a3 is 
true, though trivial. eO, e1, b2 are clearly true ; e3 is true because no plane 
exists (cf. definition, p. 349). The hypotheses of Assumptions e3', h, c, ii and i^ 
are not satisfied by our pseudo-space. To introduce a technical phrase due to 
Huntington for the condition here met. Assumptions b3^, h, i, and c are 
" vacuously satisfied,'' or, as we may say more briefly, are " vacant.*' Clearly 
Assumption r is true. 

Now any proposition which is a logical consequence of Assumptions a2, A3, 
B, H, and R (or i) either must be true of our pseudo-space or may be vacant 
because involving in its deduction one or more of the vacant assumptions. The 
proposition Al is neither true nor vacant of our pseudo-space, but false. There- 
fore Al i0 not a logical consequence of the other assumptions. 
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Assumption a2. Let the pseudoHspace consist of the points of an ordinary 
plane, and let all the usual lines be pseudo-lines, but in addition to these let all 
the points of the plane constitute a pseudo-line. In this pseudo-space every 
three points are collinear ; hence there exists no plane. It is then readily seen 
that Assumptions a1, eO, e1, e2 and B are true, while a3, e3, e3', h, c and i are 
vacant. Clearly also a2 is false for this pseudo-space. This proves a 2 inde- 
pendent of all the other assumptions. 

Assumption a3. Let the pseudo-points consist of the nine digits 1,2, , 9 ; 

and let each row, each column, and each term in the determinant expansion of 

the matrix 

2 3 




6 6 

8 9 

constitute a pseudo-line. In this pseudo-space a3 is false, as can readily be 
verified. Al, a2, eO, e1, e2, e3, b3' and b are true ; H, c, il and i2 are vacant 

Assumption eO. Let the pseudonspace consist of four pseudo-points, where 
the pseudo-lines are the pairs of pseudo-points. It follows that the planes are 
triples of pseudo-points. bO is false, .H, o and il, i2 are vacant, while all the 
other assumptions are true. 

Assumption b1. Let the pseudo-space consist of one pseudo-point and no 
pseudo-lines. All the assumptions are vacant except El, which is false. 

Assumption b2. Let the pseudo-space consist of three pseudo-points il, fi, C 
and one pseudo-line ABC. Here e2 is false. Al, a2, eO, e1 and b are true ; a3, 
b3, b3^, h, g, Il and i2 are vacant. 

Assumption b3. Let the pseudo-space consist of all the points of a single 
real (complex) projective plane, and let the pseudo-lines consist of the lines of 
this plane. All the assumptions for real (complex) projective geometry are true 
except b3, which is false, and b3^, h, o, i, which are vacant. 

Assumption e3^ Let the pseudo-space be an ordinary real (complex) pro- 
jective space of four dimensions. Its points may, for example, be described 
analytically as consisting of all sets of five homogeneous real (complex) coordi- 
nates (X|, Xtf Xs, X4, Xs), except (0, 0, 0, 0, 0), the lines being the sets of all points 
w;hich satisfy three linear homogeneous equations. For such a space all the 
assumptions for real (complex) geometry are true, except e3^, which is false. 

Assumption h. Let the pseudo-space consist of all sets of four homogeneous 
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coordinates which are ordinary integers reduced modulo 2. In this pseudo- 
space H is false, c, il and i2 are vacant, while all the other assumptions are true."^ 

Assumption g. Let the pseudo-space consist of all sets of four homogeneous 
coordinates, except (0, 0, 0, 0), which consist of rational numbers only. Since 
all the assumptions for real geometry are true of this space except c, this 
proves the desired independence in case of the real geometry. For the complex 
geometry let the coordinates consist of all numbers of the form A + Bi^ where 
A^ B are rational. That parts 2) and 3) of c are independent of 1) and the other 
assumptions may be seen as follows : 

c^ 2). Let [x\ be a set of irrational numbers, such that every irrational 
number is of the form ox + i, where a, h are rational, and such that none of the 
numbers x is rationally related to any other a/; i. e., that there is no relation of 
the form xf ^ax + b^ where a and b are rational.f Now, let the pseudo-space 
consist of a three-dimensional projective space of points, whose coordinates are 
rational complex numbers. Using non-homogeneous coordinates let the line I be 
the line y = 0, 2 = and let the point Q be 00 . Then with the cut in the 
ordinary rational numbers which determines the number ax + b in the ordinary 
geometry associate the number a + ih. The same number a + ib is then 
associated with an infinitude of distinct cuts, contrary to c, 2). All the other 
assumptions, including 0, l) and c, 3), are satisfied except i2, which is vacant. 

c, 3). Let the pseudo-space consist of the points of ordinary real or complex 
projective space, and let -ffi(Q) and K2{Q) be any two singly open cuts on 7, and 
Xfc^ and X^ the cut-points determined by them in the ordinary geometry. In 
the pseudo-space associate Xf^^ with K^iQ) ^^^ ^k^ with Ki(Q\ and let all other 
irrational points be associated with their proper cuts in the ordinary way. c, 3) 
is then false, while the other two parts of c and all the other assumptions for the 
real or complex projective geometry remain true. 

*For a detailed dltcntsion of snch finite tpaces, ef. Vbblbn and Busbbt, Tram, Am, Math, 8de,^ Vol. VII 
(1906), pp. 241-259. 

t The attnmption of the existence of a set [z] la closely related to Zbumblo'b asanmption of the existence 
of an ** ausgezeichnetes Element** in any class, thongh oar assumption is weaker. It may be stated as follows: 
Let R{x) denote the class of all numbers of the form ax + 6, where a and b are any rational numbers, and z is a 
given irrational number. Any two distinct classes R(x) are then mutually exclusiye. Consider the class of a 
classes R{x), Our assumption above then states that there exists a class [z] of numbers which contains one 
and only one number from each of the classes R{x\ and no others. The class of classes R(x) has the same 
cardinal (Machtigkeit) as the continuum, whereas Zbbmblo's assumption has reference to the class of all sub- 
classes of the continuum, whose cardinal is greater than thst of the continuum. 

60 
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Assumption r. Let the pseudo-space consist of the three-dimensional pro- 
jective space in which the coordinates are ordinary complex numbers. 

Assumption il. Let the pseudo-space consist of the three-dimensional 
projective space^ in which the coordinates are ordinary real numbers. All the 
other assumptions for the complex geometry are true, except il, which is false, 
and 1 2, which is vacant. 

Assumption i2. Let the pseudo-space consist of all sets of four homogeneous 
coordinates, excluding (0, 0, 0, 0), which are marks of a field, Fj consisting of the 
ordinary complex numbers together with an additional unit, t, and all algebraic 
functions of these. 

Pbinobton Uniybbbitt. 



On the Pentdstroid.* 

By R. p. Stephens. 



I. Introduction. 



In an article entitled '' On a System of Parastroids/' in the July number 
of the Annals of Mathematical the equations of the curves arising from the 
Wallace lines were found to be of the form 

f" + xV'^ + ai <^-«+ oj***-' + . . . . + i2<'+ 61 <* + y< + 1 = 0, 

where x and a« have for conjugates y and h^ respectivelyi and < is a parameter 
which is limited to the unit circle. In the particular case where n = 3, this is 
the equation of a deltoid, or hypocycloid of three cusps ; and where n = 4, it is 
the equation of the parastroid. I propose to discuss the nature of the curve 
when n = 6, but I shall also call attention to a few theorems which are true for 
the general case. The coordinates used are circular or conjugate, however most 
of the work will be done by means of mapping from the unit circle. 

II. Mechanical Oonstruction.'f 

When fi = 5, the equation given above takes the form 

i^ + xt^ + afi+be + yt+l = 0, 
which may be written 

xfi + y=zf{— t—a/t) + {—l/t — ht). 

This second form is obviously the equation of a straight line which always 

passes through the point 

X = — t — ajt. 

But if t is allowed to vary, then this point traces out an ellipse. Whence we 
see that, if a line be fixed to the generating point of an ellipse and given the 

* A preliminary report of this article was made to the American Mathematical Society, Feb. dS, 1907. 
tOf. TranMciUmi of the Ameriean MathemaHedl BoeUty, VoL VII (1906), pp. 907-837. 
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proper rotation about this point, its envelope will be the curve in question. If, 
in Fig. 1, the distance of P from Jf is ^, and if the rotation of the line I about P 
is 3/2 that of M about O, then the equation of { is 

^— arf* + ^— a^ + ay< — a = 0, (l) 

where a is the clinant of the line / when ( = 1. The equation of the ellipse 
generated at the same time is 

«=<+(./<. (») 



B 






/ 




_.--'' 


1 ^^ — >. 






,^''' 








.-'-r 




C^ 







V -^ A 


^ 



Id Fig. 2 is a diagram of the instrument as used in the construction of the 
figures which follow. The gears (?i and Of are to each other as 1 : 2. The 6rBt 
is centered on AB and OA and does not rotate; while Of, centered on AB, 
rotates about P. 

If a different combination of gears — say O^, Gg, Q, where Q^ and Q^ are to 
each other as 6 : 2 and G is any connecting gear — be used, the same curve is 
obtained. In Fig. 1, G^ is to replace Gi\ G, remains unchanged; and O is 
between G^ and (?,. This combination gives the equation 

a(ifi — afy + af~f + !xi—fi = 0. (3) 

Bj means of this double generation, every type of the curve (1), arising 
from varying (t and a, can be drawn. For example, from (1) it is obvious that. 
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when ju = 0, we have the equation of the hypocycloid of five cuspa ; and from 
(3), when ^ = 0, we obtain the cardioid, a curve of one cusp. These two are the 
limiting forms of the curve and we shall see that the curve varies from one to 
five cusps. 

It seems well to give a name to the curve (1). For several reasons the 
name Pentaatroid Beenu appropriate, and so it will be used uniformly in what 

Q 

ffif 




follows to designate the curve (1). In the particular case where the curve is 
regular, that is, when /i = 0, I shall retain the ordinary usage and refer to it as 
a five-cusped hypocycloid. 

III. The E^^wUion. 
1. Let us consider the equation 

(• — arf* + ^ — o/*^ + ay( — o = 0, (1) 
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which as t ymries envelopB a curve of claaa five, for from every point there are 
five tangentB to the canre. If (1) he divided by t and then differentiated with 
respect to t, there results the equation, 

Sx = 4t+ 2fi/t — ofi/e + a/<*, (4) 

the map equation of (1), from which it is seen that the curve is of the eighih 
degree. 

2. If, in equation (1), the point x be allowed to move off to infinity, the 

equation reduces to the form 

f = ay/x. (6) 

But y/x is a turn, hence ay/x is a turn ; therefore, for x at infinity in any 
direction, there are three tangents to the curve. 

Let the roots of (6) be <|, c^, of ti ; then, on substituting these values of t in 
equation (4) and adding, we obtain 

where x^ are the points of tangency of these parallel tangents. Therefore, 

lb a pentastrcid there are, in every direction, three parallel tangents, the centroid 

of whose painte of tangency is constant. 

In a similar manner, it is proved that 
Every curve whose equation has the form 

f + xP"-^ + Oi r-« + a, r-» + . • . . + 6, ^ + 6i <« + y< + 1 = 0, 

has n — 2 parallel tangents in any direction, and the centroid of their paints of 
tangency is constant. 

This fixed point is defined as the center of the curve. For the curve with 
equation as given the center is the origin. 

3. We have seen that the map equation of the basic ellipse is 

x = t + ii/t. (2) 

The clinant * of the tangent to this ellipse is 

*F. Franklin: Some Applications of CirenUr Coordinates, Ambbioan Journal of ICathsmatigb, Vol. 
XII (1890), p. 162. 
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The clinant of the tangent to the curve (4) at the point which has the same 

parameter is 

dx/dy = -J- . 



These clinants are equal, that is the tangents are parallel, when 

^ — ^i*— a/i£<* + a = 0, (6) 

but this is the condition that the two points of tangency shall coincide. 
Therefore, 

The pentastroid touches its basis ellipse in five points, real or imaginary. 
(Pig. 3.) 




Fig. 8. 



^ = . 5 (nearly). 



In the particular case where ^=1, equation (6) can be solved, and the 
roots are db 1, <i, (o^i, a>%, where ti is one of the cube roots of a. Putting these 
values in the map equation (4), we obtain as the points of tangency 
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The ellipw in this cue is the aegment of the line joining + 2 and — 2. So the 
pentastroid passes throogh the points db 2 for every Tslneof a. The three other 
points of tangency are on the axis of reals. Hence we see that 

When fi=zl^ the jpenlastroid paseee through the pcinU ±: % amd the aaae of 
reals is a triple tangent. (Fig. 4.) 




7ie. 4. 



Ai = L 



4. Orthoptic Curve. To the tangent 

f — x^ + lif—afif + atft — a = 0, 

the tangents obtained by giving t the values — t, — gU, — oA, will be perpen- 
dicular. Substituting the first of these values, we obtain 

<• + arf* + fi^ + afif + atft + a = 0. 

If this equation be subtracted from the one above, there results 

x = -a{ii/e+l/t*), (7) 

which 18 the map equation of a limapon. By means of the same method as that 

used in connection with the basic ellipse, it is easily shown that this limapon 

touches the pentastroid in five points whose parameters are given by the 

equation 

2fi + lifi + afif'^ 2a=0. (8) 
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When ^= 2, this equation can be solved and its roots are db i, ^| o^i, o%, 
where t^ is one of the cube roots of — a. Substituting these values in (7), we 
obtain as the five points of tangency : a (which is counted twice and is therefore 
a node)^ fdi + l/<i, itxdti + o'/^i, iJUd\ + o/^j. From equation (4) it is seen that 
a; = a is also a node of the pentastroid. 

On substituting — of and — gH for t in equation (1) and finding the inter- 
sections of the resulting equations with (l), we have 

2a; = (1 — G) )< + /t£(l — u?)lt + aiui?/f + 0X^/1!^ (9) 

and 

2aj = (1 — o«)< + fi{l — Q )/t + af£o /<* + oudV**, 

respectively. These two forms are easily shown to represent the same curve, 
for, when i in the second becomes — c^t^ the first results. 

This curve also touches the pentastroid in five points. The parameters of 
these points of tangency are given by the equation 

(5 + 3a)fi + (i{l + 36)«)<8 + a/t£(3tt + l)f + a(6 + 3o«) = 0. (10) 

TJie orthoptic locus of the pentastroid is composed of a Umagon and the curve {%). 

5. Singularities at Infinity* By comparing equation (1) with the equation 
tAx + t;y = 1, where u and v are 1/a and 1/6 respectively (a being the reflexion 
of the origin in the line), the equation of the curve in line coordinates is derived 
as follows : Equating coeflScients, we obtain 

V =^aif 

w^zfi + fjif — afifi — a, 

where w is introduced for the sake of homogeneity. If < be eliminated from 
these three equations in such a way as to form a homogeneous equation in u, v, 
and Wy the resulting equation is the one required. It is 

auvu^ — [a* li' (ti + iivf + f^{(iu + vY + Suvw (jiu + v){u + ^t?)] =0. (11) 

This equation can be transformed to Boothianf coordinates by the substitution 

Since the coordinates of the line at infinity (0, 0, 1) satisfy equation (11), 
the curve is tangent to the line at infinity. The points / and J, whose equations 

*F. Franklin: loe. HL^ pp. 161-190. 

fBatsett: SlemMtary Tr^tAiu on Cubic and i^wirtie OurveM^ p. 80. 
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are ti ^ and v = respectively^ are such singular points of the curve that the 
tangent at each has contact of the third order. This tangent is the line at 
infinity^ therefore the line at infinity is a double tangent. 

The jtentastrdd is a curve which Tuis the line at infinity for a double tangent 
whose points of tangency are the points I and J^ at each of which tJie contact is of 
the third order. 

From this it follows that aJl the foci of the curve are at infinity. 

6. Cusps. The curve will have cusps when dx/dy = 0, provided the roots 
of the resulting equation are turns. Thus we find the parameters of cusps are 
the roots of the equation 

2i^—(ifi + aiif— 2a = 0. (12) 

This equation may have five turns for roots, hence we say in general that the 
pentastroid has five cusps ^ real^ coincident^ or imaginary. (Fig. 3.) 
On combining equation (1) with equation (12), we obtain 

Zf—xt^ + ayt—3a = 
and 

29sfi — Sfif + Zafd — 2ay = 0, 

of which the first is the equation of a regular pentastroid, i. e., a five-cusped 
hypocycloidy and the second is the equation of a cardioid. Both are concentric 
with (1). Whence we have the theorem, 

The five cusp-tangents of a pentastroid touch a concentric five-cjusped hypocydoid^ 
and also a concentric cardioid. 

Itx and y be written for fi in (12), thus, 

2f — xe + aye—2a=Qy (13) 

it is obvious that for those values of x {i. e. fi) on the axis of reals from which 
five tangents can be drawn to the regular pentadeltoid (13), equation (1) has five 
real cusps ; that for those values for which (13) has three tangents only, equation 
(1) has only three real cusps ; and that for those values for which (13) has only 
one tangent, equation (l) has only one real cusp. 

However, in the special case where a = 1, more definite limits can be stated 
for fi. Equation (12) now becomes 

2{f-l)-(ifi{t-l) = 0, 

from which it is seen that f = 1 gives a cusp for all values of (i. But since the 
curve is symmetrical with respect to the axis of reals — when a = 1 — , if Ms a 
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root then 1/t is also a root. Suppose then that ti and ^ are roots, then 1/ti and 
1/^ are roots also. These relations among the roots make it possible to solve 
the equation. From the symmetric functions we derive 



2a = — l±\/6+2/i£, (14) 

where a = ti + 1/ti. 

Evidently a is real and less than, or equal to, 2 in absolute value when t is 

a turn ; hence, in order that a may be real we must have 

/t£>-6/2. 

The value of a will be less than, or equal to, 2 when 



1) — l+V5 + 2^<4, 
that is, when /i£ < 10 ; or 

2) |_l_V5 + 2^|<4, 

that is, when /£ < 2. From which we conclude 

Far aU values of \l such that — 6/^<(i'S 2, the pentastroid for a = 1 has five 
cusps ; for aU values of (i such that 2 '^ /£ < 10, there wiU he only three real cusps ; 
and for aU other values of (i there will he only one real cusp. 

The special cases /£ = — 6/2, 2, 10, when a = 1, are interesting. Let us 

consider first ^ = — 6/2. Substituting this value of (i in equation (14), and 

solving for <, we obtain 

4< = — 1±$\/16, 

each of which is repeated; that is to say, there are two pairs of coincident cusps. 
(Pig. 6.) 

If /E£ = 10 when a = 1, equation (12) reduces to the form 

(<— l)»(^ + 3<+l) = 0, 

of which < = 1 is a repeated root. Hence three of the cusps coincide. The 

other roots are _ 

2< = — 8db\/6. 

These are not turns and hence do not give real cusps. In Fig. 6 is seen how the 
cusps tend to disappear as ft increases. 

If /£ = 2, equation (11) is solvable for all values of a. It takes the form 

of which the roots are db 1, <i, o^i, a>%, where t^ is one of the cube roots of — a. 
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Fio. 5. 



^ = -5/3. 




Fio. 6. 



= 5. 
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Substituting these values of t in equation (4), we find that the five cusps are as 

^^"^^'- Xi=2 2/3-l/3a, 

aj= — 2 2/3— l/3a, 

ai = 2«i+l/<i, 
x^ = 2iirfi + (i?lti^ 
ar5 = 2o%+ u^jti. 

Now as a varies, the first cusp traces out a circle with radius 1/3 and with 




Fio. 7. 



azz<. 



center at 2 2/3 ; the second traces out a circle with the same radius and with 
center at — 2 2/3; the third, fourth, and fifth trace out the same curve — the 
basic ellipse of the pentastroid. (Figs. 7, 8, 9.) 
The cusp-tangents at these cusps are : 

X — ay = 3 — 3a, 
x + G&y = — 3 — 3a, 
x+ y = 3<i + 3/<i, 
aj+ y=3<irfi+ 36)V<i, 
x+ y=z3(j<i+ 36)V<i, 

of which the first two are perpendicular lines, passing through the fixed points 
3 and — 3, respectively ; and the last three are parallel lines perpendicular to 
the axis of reals. 
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Stipheks: On the Penkuiroid. 898 

7. M%8cellaneou8 Properties. In § 4 it was seen that when /e£ = 2, then 

is a node of the pentastroid. As a varies, this node runs about the unit circle. 
The tangents at this node are 

X — iay = a + f , 

X + ioy = a + f , 

two lines which are perpendicular ; hence, we can say that the curve cuts itself 
orthogonally at this node. (Figs. 6, 6, 7.) 

The equation of the line normal to the tangent 

<* — orf* + /[£<• — atif + ayt — a = 

at its point of tangency is 

6<* — a5<* + /[£<• + anf — ay< — 6a = 0, 

a line which envelops another pentastroid concentric with the first. Hence, 
we have the theorem 

The evdute of the pentastroid is a concentric pentastroid. 

Since all the foci of the pentastroid are at infinity, it follows immediately 
from Laguerre's theorem * that the sum of the reciprocals of the tangents to the 
curve from any paint is zero. 

Wbslbtah Ukiybbsitt, May 28, 1907. 

f 
» 

* 0eu9r€$ de Laguerre^ Vol. II, p. 95. 



A Table of the Valties of m Corresponding to CUven 

Valties of ♦(tn).* 

Bt R D. CARMIGHAEL.f 



f(m) 



m 



f{m) 



m 



f(m) 



1 


1 


2 




36 


2 


3 


4 


6 




4 


6 
12 


8 


10 


40 


6 


7 
18 


9 


14 




8 


15 
24 


16 
30 


20 


42 


10 


11 


22 




44 
46 

48 


12 


18 


21 


26 




28 


36 


42 


16 


17 


82 


34 




40 


48 


60 




18 


19 


27 


38 




20 


64 
26 
60 


33 
66 


44 


62 
64 


22 


23 


46 




56 


24 


35 


39 


45 


58 




52 


56 


70 


60 




72 


78 


84 






90 








28 


29 


68 




64 


30 


31 


62 






32 


51 


64 


68 






80 


96 


102 


66 




120 






70 



37 


57 


74 


76 


114 


126 


41 


56 


82 


88 


110 


132 


48 


49 


98 




69 


92 


47 


94 


65 


104 


112 


130 


144 


156 


180 


210 


63 


106 


81 


162 


87 


116 


69 


118 


61 


77 


99 


122 


154 


186 


86 


128 


160 


170 


204 


240 


67 


184 


71 


142 



63 
108 

75 
100 
150 

86 

138 

105 
140 
168 



174 

93 
124 
198 

186 
192 



72 



78 
80 



82 
84 

88 

92 
96 



100 



102 



73 
111 
146 
182 
222 
252 

79 
123 
176 
246 
330 

83 
129 
196 

89 
184 

141 

97 
194 
224 
280 
312 
390 

101 
260 

103 



91 
117 
148 
190 
228 
270 

168 
164 
200 
264 

166 
147 
258 

116 
230 

188 
119 
196 
238 
288 
336 
420 

126 
206 



95 
135 
152 
216 
234 



165 
220 
300 



172 
294 

178 
276 

282 
163 
208 
260 
306 
360 

202 



'The object of this table It to gire all Talnet of m corretponding to erery poHlble Talne of Enler'i 
f-fnnetion of m up to f(m) = 1000. The table has been dovble checked np to f(m) =: 600. The greater portion 
of the enceeeding part of the table may be derlred from thU part in a timple way. It !• therefore beUeved 
that but Tery few errors will be found in the table. 

tBead before the American Mathematieal Society (Chicago), March 80, 1007. 
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^(m) 


m 


^m) 


m 


^(m) 


m 


104 


159 


212 


318 


160 


187 


205 


328 


216 


247 


269 


327 


106 


107 


214 






352 


374 


400 




333 


351 


399 


108 


109 


133 


171 




410 


440 


492 




405 


436 


494 




189 


218 


266 




628 


600 


660 




618 


632 


648 




324 


342 


378 


162 


163 

486 


243 


326 




654 

702 


666 
756 


684 
798 


110 


121 


242 




164 


249 


332 


498 




810 






112 


113 


145 


226 


166 


167 


334 




220 


253 


363 


484 




232 


290 


348 


168 


203 


216 


246 




606 


726 




116 


177 


236 


364 




261 


344 


392 


222 


223 


446 




120 


143 


155 


175 




406 


430 


490 


224 


339 


435 


452 




183 


226 


231 




616 


622 


688 




464 


680 


678 




244 


248 


286 


172 


173 


346 






696 


870 






308 


310 


350 


176 


267 


345 


356 


226 


227 


454 






366 


372 


396 




368 


460 


634 






450 


462 






552 


690 




228 


229 


468 




126 


127 


264 




178 


179 


368 




232 


233 


295 


466 


128 


255 


266 


272 


180 


181 


209 


217 




472 


590 


708 




320 


340 


384 




279 


297 


362 


238 


239 


478 






408 


480 


510 




418 


434 


568 


240 


241 


287 


305 


130 


131 


262 






594 








325 


369 


385 


132 


161 


201 


207 


184 


235 


376 


470 




429 


465 


482 




268 


322 


402 




564 








488 


495 


496 




414 






190 


191 


382 






625 


572 


574 


136 


137 


274 




192 


193 
357 


221 
386 


291 

388 




610 
650 


616 
700 


620 
732 


138 


139 


278 






416 


442 


448 




738 


744 


770 


140 


213 


284 


426 




476 


520 


560 




792 


858 


900 


144 


185 


219 


273 




576 


682 


612 




924 


930 


990 




285 


292 


296 




624 


672 


714 




1050 








304 


316 


364 




720 


780 


840 


250 


261 


602 






370 


380 


432 


196 


197 


394 




262 


301 


381 


387 




438 


444 


456 


198 


199 


398 






441 


508 


602 




468 


504 


540 


200 


275 


303 


375 




762 


774 


882 




lA ^^ ^^ 

546 


^^ ^^ mm 

570 


630 




404 
606 


500 
760 


550 


266 


257 


512 


514 


148 


149 


298 




204 


309 


412 


618 




644 


640 


680 


160 


161 


302 




208 


265 


424 


530 




768 


816 


960 


156 


167 


169 


237 




636 








1020 








314 


316 


338 


210 


211 


422 




260 


393 


524 


786 




474 






212 


321 


428 


642 


262 


263 


526 





52 



396 



Carm ICHAKL : A Table of the Values of m 



#<IR) 


m 


^(m) 


m 


f(m) 


m 


264 


299 


336 


483 


820 


426 


661 


615 


366 


367 


734 






636 


698 


644 




666 


704 


748 


368 


706 


752 


940 




670 


804 


828 




800 


820 


860 




1128 


1410 






966 








880 


984 


1056 


372 


373 


746 




268 


269 


638 






1122 
1320 

489 
652 


1200 


1230 


378 


879 


758 




270 
272 


271 

289 
678 


542 

411 

822 


648 


324 


513 
972 


667 
978 


380 
382 


673 
883 


764 
766 


1146 




V M \J 


V dJ JJ 


M ^ ^^ 




1026 


1134 




384 


486 


679 


696 


276 


277 


329 


417 




















423 


564 


666 


328 


416 


664 


830 




663 


765 


772 




668 


834 


846 




996 








776 


832 


884 


280 


281 


319 


355 


330 


331 


662 






896 


962 


970 




562 


668 


638 


332 


601 


668 


1002 




1040 


1120 


1152 




710 


862 




336 


337 


377 


609 




1168 


1164 


1190 


282 


283 


666 






646 


674 


688 




1224 


1248 


1326 


288 


323 


366 


466 




735 


764 


784 




1344 


1428 


1440 




469 


666 


684 




812 


860 


980 




1630 


1660 


1680 




586 


692 


608 




1032 


1044 


1176 


388 


389 


778 






646 


728 


730 




1218 


1290 


1470 


392 


691 


788 


1182 




740 


760 


864 


342 


861 


722 




396 


397 


437 


469 




876 
912 


888 
918 


910 
936 


344 


519 


692 


1038 




697 


603 


621 




1008 


1080 


1092 


346 


347 


694 






794 


796 


874 




1110 


1140 


1170 


848 


349 


413 


631 




938 


1194 


1206 




1260 








698 


826 


1062 




1242 






292 


293 


686 




362 


363 


391 


446 


400 


401 


461 


606 


294 


343 


686 






706 
782 


712 
890 


736 
920 




802 
902 


808 
1000 


826 
1010 


296 


447 


696 


894 




1068 


1104 


1380 




1100 


1212 


1600 


300 


341 


463 


604 


366 


637 


716 


1074 




1650 








682 


906 




368 


369 


718 




408 


409 


616 


818 


306 


807 


614 




360 


%* %^ V 

403 


407 


427 




824 


1030 


1236 


310 


311 


622 




tJ w 


TEW 

475 


643 


V 4* • 

649 


416 


796 


848 


1060 


312 


313 


371 


396 




627 


651 


675 




1272 


1690 






471 


477 


607 




693 


724 


806 


418 


419 


838 






626 


628 


632 




814 


836 


854 


420 


421 


473 


497 




676 


742 


790 




868 


960 


1086 




639 


633 


639 




942 


948 


964 




1098 


1116 


1188 




842 


844 


946 




1014 








1264 


1302 


1860 




994 


1078 


1266 


316 


317 


634 






1386 








1278 







Corresponding to Oiven VcUues of ^(m). 
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^m) 


m 


1 




m 




^(m) 


m 


424 


636 


856 


1070 


476 


717 


956 


1434 


620 


621 


683 


656 




1284 






478 


479 


958 






1042 


1048 


1166 


430 


431 


862 




480 


627 


633 


715 




1310 


1672 




432 


433 


481 


611 




723 


861 


916 


622 


623 


1046 






646 


667 


666 




964 


976 


976 


624 


789 


1052 


1578 




741 


777 


819 




992 


1064 


1066 


528 


623 


801 


806 




866 


866 


872 




1144 


1148 


1166 




897 


1005 


1035 




946 


962 


988 




1220 


1232 


1240 




1072 


1196 


1246 




1022 


1036 


1064 




1300 


1400 


1430 




1288 


1340 


1602 




1090 


1296 


1308 




1446 


1464 


1476 




1608 

• 


1610 


1656 




1314 


1330 


1332 




1488 


1640 


1684 




1794 


1932 


2010 




1368 


1404 


1482 




1716 


1722 


1800 




2070 








1512 


1654 


1696 




1830 


1848 


1860 


636 


807 


1076 


1614 




1620 


1638 


1710 




1960 


1980 


2100 


640 


641 


689 


813 




1890 








2310 








837 


891 


1082 


438 


439 


878 




486 


487 


729 


974 




1084 


1178 


1626 


440 


675 


606 


769 




1468 








1674 


1782 






968 


1012 


1150 


490 


491 


982 




644 


685 


867 


1096 




1210 


1462 


1618 


492 


681 


747 


1162 




1166 


1370 


1644 


442 


443 


886 






1494 








1734 






444 


669 


892 


1338 


498 


499 


998 




546 


547 


1094 




448 


449 


493 


666 


600 


626 


763 


1004 


662 


611 


696 


831 




898 


904 


928 




1250 


1506 






987 


1108 


1112 




986 


1130 


1160 


602 


603 


1006 






1222 


1316 


1390 




1356 


1392 


1740 


504 


551 


669 


636 




1662 


1668 


1692 


462 


681 


908 


1362 




637 


783 


903 




1974 






456 


457 


687 


914 




1016 


1102 


1118 


556 


667 


1114 






916 


1374 






1204 


1270 


1274 


560 


726 


843 


967 


460 


461 


517 


922 




1524 


1648 


1566 




1066 


1124 


1136 




1034 


^V ^^ ^% 




1 


1764 


1806 






1276 


1420 


1460 


462 
464 


463 

699 

944 

1416 


926 

885 
1180 
1770 


932 
1398 


506 
608 
612 


529 
609 
771 


1068 
1018 
1024 


1028 


662 


1686 

2130 

663 


1704 
1126 


1914 


466 
468 


467 

553 
1422 


934 
711 


1106 




1088 
1636 
1920 


1280 
1642 
2040 


1360 
1632 


564 
568 
570 


849 
669 
671 


1132 
1138 
1142 


1698 
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f(m) 



m 



^m) 



m 



f{m) 



m 



676 


1 677 




873 




1096 




1184 




1292 




1466 




1620 




1762 


1 


1824 




1938 




2160 




2220 




2620 


680 


649 


684 


879 


686 


687 


688 


1029 


692 


693 




1192 


698 


699 


600 


601' 




766 




909 




1202 




1364 




1660 




1818 


606 


607 


612 


613 




927 




1442 


616 


617 




1334 


618 


619 


620 


933 


624 


689 




939 




1262 




1362 




1670 




1878 




1908 




2370 



629 

969 
1164 
1216 
1368 
1460 
1728 
1776 
1836 
2016 
2184 
2280 
2730 
1298 
1172 
1174 
1372 

746 
1490 
1198 

671 

775 
1023 
1208 
1414 
1750 
2046 
1214 

721 
1226 
1842 

667 

1238 
1244 
786 
1113 
1266 
1378 
1680 
1884 
2028 



679 
1071 
1168 
1268 
1366 
1480 
1746 
1820 
1872 
2142 
2190 
2340 



1768 

2068 
1186 
1788 

707 
876 
1126 
1342 
1610 
1812 
2260 

921 
1228 
1864 
1234 



1866 
846 
1186 
1264 
1484 
1690 
1896 
2226 



I, 



630 
632 
636 

640 



642 
646 
648 



662 
656 

668 
660 



664 



672 



' 631 

961 

749 

'' 1926 

641 

1276 

1394 

: 1600 

:1760 

12112 

2460 

643 

647 

'' 703 

' 981 

i 1197 

1406 

1944 

1998 

2268 

663 
1246 
1992 

669 

661 

847 

1322 

1474 

2178 

835 
2004 

673 
833 
1017 
1346 
1462 
1682 
1720 
2030 
2088 
2436 
2940 



1262 

1268 

963 

697 
1282 
1408 
1640 
1870 
2244 
2650 

1286 
1294 
763 
999 
1216 
1626 
1966 
2062 
2394 

1306 
1328 
2490 

1318 

713 

993 

1324 

1694 



731 
1011 
1131 
1348 
1608 
1624 
1960 
2034 
2262 
2580 



1902 
1498 

936 
1312 
1496 
1700 
1968 
2400 
2640 



815 
1063 
1304 
1630 
1962 
2106 
2430 

1660 



737 
1089 
1426 
1986 



1336 1670 



791 
1016 
1305 
1376 
1568 
1666 
2022 
2064 
2362 
2610 



i; 



676 ' 
682 
684 
688 

690 
692 
696 



700 



704 



708 
712 

716 
718 
720 



726 
732 



677 
683 

1083 
866 

2076 

691 
1041 

767 
1396 
2094 

701 
1662 

1069 
1412 
1664 
2118 
2346 

709 

896 

2148 

1077 
719 
779 
906 
1046 
1209 
1287 
1448 
1676 
1612 
1708 
1860 
2090 
2196 
2376 
2508 
2604 
2790 
3160 

727 

733 

1468 



1364 
1366 
1444 
1384 

1382 
1388 
1047 
1634 
2124 

781 

1173 
1424 
1780 
2136 
2670 

1418 
1432 

1436 
1438 
793 
926 
1086 
1221 
1395 
1485 
1686 
1628 
1736 
1900 
2170 
2214 
2418 
2562 
2700 
2860 

1454 
1101 
2202 



2166 
1730 



2082 
1239 
1662 
2478 

1402 

1336 
1472 
1840 
2208 
2760 

1790 

2164 

803 
1001 
1107 
1281 
1426 
1668 
1606 
1672 
1810 
2002 
2172 
2232 
2442 
2674 
2772 
2970 



1466 
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f(m) 


m 


^m) 


m 


^m) 


m 


736 


799 


1604 


1698 


800 


1026 


1203 


1363 


864 


949 


1236 


1296 




1880 


2266 


2820 




1616 


1604 


1616 




1299 


1377 


1443 


738 


739 


1478 






1804 


2000 


2020 




1533 


1636 


1666 


742 


743 


1486 






2050 


2200 


2406 




1732 


1744 


1756 


744 
750 


1119 
761 


1492 
1602 


2238 


808 


2424 

3030 

809 


2706 
3300 
1618 


3000 




1898 
1996 
2128 


1924 
2044 
2180 


1976 
2072 
2470 


756 


757 


817 


889 


810 


811 


1622 






2690 


2592 


^^ mm ■ ^^ 

2598 




931 


1137 


1143 


812 


841 


1682 






2616 


2628 


^^ ^^ ^^ ^^ 

2660 




1161 


1323 


1514 


816 


959 


1227 


1233 




2664 


2736 


^^ ^^ ^* ^m 

2754 




1516 
1862 

^^ ^^ ^^ ^^ 


1634 

2274 


1778 
2286 




1645 
1918 


1636 
2060 


1648 
2454 




2808 
3024 


2886 
3066 


2964 
3108 




2322 


2646 






2466 


2472 


3090 




3192 


3240 


3270 


760 


761 


966 


1622 


820 


821 


913 


1642 




3276 


3330 


3420 




1628 


1910 


2292 




1826 








3610 


3780 


3990 


764 


1149 


1632 


2298 


822 


823 


1646 




876 


877 


1317 


1764 


768 


769 


966 


1106 


826 


827 


1654 






1766 


2634 






1465 


1638 


1644 


828 


829 


893 


973 


880 


881 


943 


979 




1562 


1664 


1768 




1261 


1269 


1658 




1043 


1266 


1726 




1792 


1904 


1930 




17«6 


1946 


2502 




1762 


1816 


1886 




1940 


2080 


2210 




2638 








1936 


1968 


2024 




2240 


2304 


2316 


832 


901 


1696 


1802 




2086 


2300 


2420 




2328 


2380 


2448 




2120 


2644 


3180 




2630 
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The unique participation in the Abel Centenary from all parts of 
the earth showed how thoroughly his profound genius was valued. It 
was a gathering of the greatest living mathematicians, who on behalf 
of their universities and academies honored his memory. 

It is intended to erect a monument worthy of Abel, and we, his 
fellow countrymen, taking into consideration the international char- 
acter and importance of his work, think we ought not to give the 
undertaking an exclusive character, but should rather invite mathe- 
maticians from all nations to take part and unite their contributions 
with ours. 

The monument, which will be 13 m. high, is now in plaster of 
Paris ready to be moulded in bronze. It is executed by Gustav 
Vigeland, Norway's most eminent sculptor. On a high pedestal hover 
two gigantic genii, who bear on their backs the young seer, in whose 
face the artist has reproduced AbePs features in a masterly manner. 

It may be added that eminent connoisseurs, foreign as well as 
Norwegian, have expressed their admiration for the work. 

This undertaking concerns the memory of that man through 
whom Norway has yielded her best and greatest to the scientific 
knowledge of all lands and times, and we appeal therefore with the 
fullest confidence to the scientific world. 

W. C. BROGGER. ELLING HOLST. 

FRIDTJOF NANSEN. L. SYLOW. 

CARL STORMER. AXEL THUE. 

At the request of the committee, contributions may be sent 

through 

FRANK MORLEY, 

Editor American Journal of Mathematics, 

Baltimore. 
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The unique participation in the Abel Centenary from all parts of 
the earth showed how thoroughly his profound genius was valued. It 
was a gathering of the greatest living mathematicians, who on behalf 
of their universities and academies honored his memory. 

It is intended to erect a monument worthy of Abel, and we, his 
fellow countrymen, taking into consideration the international char- 
acter and importance of his work, think we ought not to give the 
undertaking an exclusive character, but should rather invite mathe- 
maticians from all nations to take part and unite their contributions 
with ours. 

The monument, which will be 13 m. high, is now in plaster of 
Paris ready to be moulded in bronze. It is executed by Gustav 
Vigeland, Norway's most eminent sculptor. On a high pedestal hover 
two gigantic genii, who bear on their backs the young seer, in whose 
face the artist has reproduced Abel's features in a masterly manner. 

It may be added that eminent connoisseurs, foreign as well as 
Norwegian, have expressed their admiration for the work. 

This undertaking concerns the memory of that man through 
whom Norway has yielded her best and greatest to the scientific 
knowledge of all lands and times, and we appeal therefore with the 
fullest confidence to the scientific world. 

KuisTiAMA, Mnrc/t 11)07. 
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The unique participation in the Abel Centenary from all parts of 
the earth showed how thoroughly his profound genius was valued. It 
was a gathering of the greatest living mathematicians, who on behalf 
of their universities and academies honored his memory. 

It is intended to erect a monument worthy of Abel, and we, his 
fellow countrymen, taking into consideration the international char- 
acter and importance of his work, think we ought not to give the 
undertaking an exclusive character, but should rather invite mathe- 
maticians from all nations to take part and unite their contributions 
with ours. 

The monument, which will be 13 m. high, is now in plaster of 
Paris ready to be moulded in bronze. It is executed by Gustav 
Vigeland, Norway's most eminent sculptor. On a high pedestal hover 
two gigantic genii, who bear on their backs the young seer, in whose 
face the artist has reproduced Abel's features in a masterly manner. 

It may be added that eminent connoisseurs, foreign as well as 
Norwegian, have expressed their admiration for the work. 

This undertaking concerns the memory of that man through 
whom Norway has yielded her best and greatest to the scientific 
knowledge of all lands and times, and we appeal therefore with the 
fullest confidence to the scientific world. 

Kkistiania, March 1907. 
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FRIDTJOF NANSEN. L. SYLOW. 

CARL STORMER. AXEL THUE. 
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The unique participation in the Abel Centenary from all parts of 
the earth showed how thoroughly his profound genius was valued. It 
was a gathering of the greatest living mathematicians, who on behalf 
of their universities and academies honored his memory. 

It is intended to erect a monument worthy of Abel, and we, his 
fellow countrymen, taking into consideration the international char- 
acter and importance of his work, think we ought not to give the 
undertaking an exclusive character, but should rather invite mathe- 
maticians from all nations to take part and unite their contributions 
with ours. 

The' monument, which will be 13 m. high, is now in plaster of 
Paris ready to be moulded in bronze. It is executed by Gustav 
Vigeland, Norway's most eminent sculptor. On a high pedestal hover 
two gigantic genii, who bear on their backs the young seer, in whose 
face the artist has reproduced AbePs features in a masterly manner. 

It may be added that eminent connoisseurs, foreign as well as 
Norwegian, have expressed their admiration for the work. 

This undertaking concerns the memory of that man through 
whom Norway has yielded her best and greatest to the scientific 
knowledge of all lands and times, and we appeal therefore with the 
fullest confidence to the scientific world. 

Kkibtiania, March 1907rJ 
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